«Fan va texnologiyalar Markazining
bosmaxonasi» da chop etildi.
100066, Toshkent sh., Olmazor ko‘chasi, 171-uy.

O‘ZBEKISTON RESPUBLIKASI
OLIY VA O‘RTA MAXSUS TA’LIM VAZIRLIGI

SH. R. XURRAMOV

OLIY
MATEMATIKA

MASALALAR TO‘PLAMI
NAZORAT TOPSHIRIQLARI

1QISM

O°“zbekiston Respublikasi Oliy va o ‘rta maxsus
ta’lim vazirligi oliy ta’lim muassasalari uchun
o‘quy qo‘llanma sifatida tavsiya etgan

TOSHKENT - 2015

408



UO*K: 517 (075)
KBK 22.1
X-92

X-92 Sh.R. Xurramov. Oliy matematika (masalalar to‘plami,
nazorat topshiriglari). Oliy ta’lim muassasalari uchun
o‘quv qo‘llanma. 1-qism. —T.: «Fan va texnologiya»,
2015, 408 bet.

ISBN 978-9943-983121[12

Ushbu o‘quv qo‘llanma oily ta’lim muassasalarining texnika va texno-
logiya yo‘nalishlari bakalavrlari uchun «Oliy matematika» fani dasturi
asosida yozilgan bo‘lib, fanning chiziqli algebra elementlari, vektorli algebra
elementlari, analitik geometriya, matematik analizga kirish, bir o‘zgaruvchi
funksiyasining differensial hisobi va bir o‘zgaruvchi funksiyasining integral
hisobi bo‘limlariga oid materiallarni oz ichiga oladi.

Qo‘llanmada zarur nazariy tushunchalar, qoidalar, teoremalar va
formulalar keltirilgan va ularning mohiyati misol va masalalar yechimlarida
tushuntirilgan, mustahkamlash uchun mashqlar, nazorat ishi va talabalarning
mustaqil ishlari uchun topshiriglar berilgan. Har bir mustaqil ish
topshirig‘iga oid misol va masala namuna sifatida yechib ko‘rsatilgan.

UO‘K: 517 (075)
KBK 22.1

Tagqrizchilar:
A. Narmanov — fizika-matematika fanlari doktori, O‘zMU professori;
A. Abduraximov — fizika-matematika fanlari nomzodi, TAQI dotsenti.

ISBN 978-9943-9831121(12

© «Fan va texnologiya» nashriyoti, 2015.

SH. R. XURRAMOV

OLIY
MATEMATIKA

MASALALAR TO‘PLAMI
NAZORAT TOPSHIRIQLARI

1 QISM

Toshkent — «Fan va texnologiya» — 2015

Mubharrir: M.Hayitova

Tex. muharrir: M. Xolmuhamedov
Musavvir: D.Azizov
Musahhiha: N.Hasanova
Kompyuterda

sahifalovchi: N.Rahmatullayeva

E-mail: tipografiyacnt@mail.ru Tea: 245-57-63, 245-61-61.
Nashr.lits. AINe149, 14.08.09. Bosishga ruxsat etildi 30.03.2015.
Bichimi 60x84 1/16. «Timez Uz» garniturasi. Ofset bosma usulida bosildi.
Shartli bosma tabog‘i 25,0. Nashriyot bosma tabog‘i 25,5.
Tiraji 500 . Buyurtma Ne43

407



YI bob. BIR O‘ZGARUVCHI FUNKSIYALARINING
DIFFERENSIAL HISOBI

Funksiyaning hosilasi va differensiali ..........ccccoceevininiiinnininnanns 245
Differensial hisobning asosiy teoremalari...........cccceeevevierereveenneeereenne. 260
Funksiyalarni tekshirish va grafigini chizish ...........cccocovveineiiiciinnenen. 269
6-NAZOTAL 1SN 1..eevtiiieii et 279
S-MUSEAQILISH oo s 282

YII bob. BIR O‘ZGARUVCHI FUNKSIYALARINING
INTEGRAL HISOBI

Boshlang‘ich funksiya va anigmas integral ...........ccccocvverivereenennnnne. 298
Integrallashning asosiy usullari ...........ccceviieieeniiecienceeeeee e 302
Ratsional funksiyalarini integrallash ..........c.ccoooeiiiniiiiiini e, 308
Trigonometrik funksiyalarni integrallash ..........ccccocoviiiiiiniininnenn. 314
Giperbolik funksiyalarni integrallash............cccocoevivinieniiiienieienen. 319
Irratsional funksiyalarni integrallash.............ccccoeevviivienceiiviienicciee, 321
Aniq integralni hisoblash ......... ...t 329
Xosmas integrallar .............cooiiiiiii e 336
Aniq integralning tatbiglari ...........ccccocoeeiiiiiiniie e 341
7-NAZOTAL 1SHT c.eviiiiiiiiiiiiiiice e 358
8-NAZOTAL 1SN 1. e 361
9-NAZOTAL 1SHT .veiiiiiiiiiicee e 364
6- MUSEAQILISH ..eeeeieiiciiee e 367
Foydalanilgan adabiyotlar ..................cccoooiiiiiiinie, 389
JavoDbIar ... 390
Hova ... e 404

406

SO‘Z BOSHI

Qo‘llanma oliy ta’lim muassasalari texnika va texnoligiya bakalavr
ta’lim yo‘nalishlari Davlat ta’lim standartlariga mos keladi va fanning o‘quv
dasturlariga to‘la javob beradigan tarzda bayon qilingan.

Ushbu o‘quv qo‘llanma bakalavr ta’lim yo‘nalishlarining 1-bosqich
talabalari uchun mo‘ljallangan bo‘lib, fanning chiziqli algebra elementlari,
vektorli algebra elementlari, analitik geometriya, matematik analizga kirish,
bir o‘zgaruvchi funksiyasining differensial hisobi va bir o‘zgaruvchi
funksiyasining integral hisobi bo‘limlari bo‘yicha materiallarni o‘z ichiga
oladi.

Qo‘llanmaning har bir bo‘limi zarur nazariy tushunchalar, ta’riflar,
teoremalar va formulalar bilan boshlangan, ularning mohiyati misol va
masalalarning yechimlarida tushuntirilgan, shu bo‘limga oid amaliy
mashg‘ulot darslarida va mustagqil uy ishlarida bajarishga mo‘ljallangan ko‘p
sondagi mustahkamlash uchun masqlar javoblari bilan berilgan.

Har bir bo‘limning oxirida nazorat ishi va talabalarning mustaqil ishlari
uchun topshiriiqlar variantlari keltirilgan. Har bir mustaqil ish topshirig‘ining
oxirgi varianti namuna sifatida yechib ko‘rsatilgan.

Qo‘llanmani yozishda oily texnika o‘quv yurtlarining bakalavrlari uchun
oily matematika fanining amaldagi dasturida tavsiya qilingan adabiyotlardan
hamda o°‘zbek tilida chop etilgan zamonaviy darslik va o‘quv
go‘llanmalardan keng foydalanilgan.

Qo‘llanma haqida bildirilgan fikr va mulohazalar mamnuniyat bilan
qabul qilinadi.

Muallif

O‘quv qo‘llanmada quyidagi belgilashlardan foydalanilgan:
— muhim ta’riflar;
— «alohida e’tibor beringy;
@®. @ — misol yoki masala yechimining boshlanishi va oxiri;

Shuningdek, muhim teorema va formulalar to‘g‘ri to‘rtburchak ichiga
olingan.



I bob
CHIZIQLI ALGEBRA ELEMENTLARI

1.1. DETERMINANTLAR

Ikkinchi va uchinchi tartibli determinantlar. Determinantning xossalari.
n —tartibli determinantlar

1.1.1. a,,a,, —a,a

117722

ifodaga ikkinchi tartibli determinant deyiladi va u

21

a, 4y |
=a,a, —a,da

21 (1.1)

aZI a22

deb yoziladi, bu yerda a, (i=12, j=12)- determinantning i—satr va
j—ustunda joylashgan elementi.
a,, a,, elementlar determinantning bosh diagonalini, «a,, a, elementlar

determinantning yordamchi diagonalini tashkil etadi.
Ikkinchi tartibli determinant bosh diagonal elementlari ko‘paytmasi
bilan yordamchi diagonal elementlari ko‘paytmasining ayirmasiga teng:

a a a a
11 12 11 12
N e
aZl a22 az] azz
+ —

1 -misol. Determinantlarni hisoblang:

1 -5
4 2

tga  sina

1) ; 2)

sina  ctga |

@® Determinantlarni ta’rif (sxema) asosida topamiz:

1 —

1 —1-2-(=5)-4=22;

)4 5 (=5) ;
tgar  sina

2) g =tga -ctga —sinasina =1-sin’a =cos’a. O
sma  ciga
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Ayrim chiziglarning grafiklari va tenglamalari

1-ilova
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a,a,a, +a,a,a, +a,a,a, —a,a,d, —a,d,d, —a,a,a, ifodaga uchinchi

tartibli determinant deylladl vau

3 | T 00,0, +a,0,05 +a,,0,,A5 — 030,08, — 4,00, — A,Ax4;,. (12)

deb yoziladi.

& Uchinchi tartibli determinantlarni hisoblashda (1.2) ifodaning o‘ng
tomonidagi ko‘paytmalarini topishning yodda saqlash uchun oson bo‘lgan
quyidagi sxemalaridan foydalaniladi.

«Uchburchak qoidasi» ushbu sxema bilan tasvirlanadi:

Bunda avval (1.2) determinant bosh diagonalidagi va asosi shu
diagonalga parallel bo‘lgan teng yonli uchburchaklar uchlaridagi elementlar
alohida-alohida chiziglar bilan tutashtirilib, determinantning musbat ishorali
ko‘paytmalari, keyin determinantning yordamchi diagonalidagi va asosi shu
diagonalga parallel bo‘lgan teng yonli uchburchaklar uchlaridagi elementlar
alohida-alohida chiziqlar bilan tutashtirilib, determinantning manfiy ishorali
ko‘paytmalari hosil gilinadi.

«Sarryus qoidalari» quyidagi sxemalar bilan ifodalanadi:

a, 4, 4d; - -
N T 77

ay_ 9y azs/— a, a, 4a; 4, 4a,

a a ><(l \ >< /

1)ay n_ 9y 2)a, ay ay a4y 4,

N, " N

all/aIZ \a13 \ a; a; agi ay da,

a; 4y 4y + \ +\ +\ +

A




I-qoidada avval (1.2) determinant tagiga uning birinchi ikkita satri 7.8. Xosmas integrallar

yoziladi, 2-qoidada esa (1.2) determinant o‘ng tomoniga uning birinchi ikkita . N ) .
ustuni yoziladi. Keyin bosh diagonaldagi va bu diagonalga parallel to‘g‘ri 7:8.1. 1) 7| 2) -4 3) uzoqlashadi; 4) uzoglashadi; 5 6 7 82 9
chiziglardagi uch element alohida-alohida chiziglar bilan tutashtirilib, IO)E ] = =H
determinantning musbat ishorali ko‘paytmalari hosil qilinadi hamda

yordamchi diagonaldagi va bu diagonalga parallel to‘g‘ri chiziqlardagi uch (=]

element alohida-alohida chiziqlar bilan tutashtirilib, determinantning manfiy
ishorali ko‘paytmalari hosil gilinadi.

2 —misol. Determinantlarni hisoblang: 1)A ni uchburchak qoidasi bilan;

2)A,ni Sarryusning 1-qoidasi bilan, A,ni Sarryusning 2-qoidasi bilan. X E & E 4 =] (=l
2 -1 3 1 5 3 3 4 -1 E = B = X
A=3 2 1], A=[3 1 =2/, A,=2 0 3|
13 -2 2 -4 1 3 -1 2 ] ) EIRE = [ (= ERE
@ 1) A, determinantni uchburchak qoidasi asosida topamiz: x] =] = E [x =] [ =]
2 -1 3 2 -1 3 5
5 5 H 5
3%1 = —8+1+27=20, 3%1 = 6-6+6=6, A, =20-6=14. u =] [=] ﬂ =1
173 =2 1”3 -2 £l ] 5] &l
2) A, va A, determinantlarni Sarryus qoidalari bilan hisoblaymiz: B B
1. 5 3
30 -2 - 5
27 = l= A, =1-36-20—-(6+8+15)=-55-29=-84.
1 3
3 1 2

304,13 4
2 0= A, =0+36+2-(0-9+16)=31. O
37 -1 2 =1

Determinant a, elementining M, minori deb, shu element joylashgan
satr va ustunni o‘chirishdan hosil bo‘lgan determinantga aytiladi.

A4, =(-1)"" M, miqdorga determinant a, elementining algebraik
to ‘ldiruvchisi deyiladi.
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1.1.2. Determinant quyidagi xossalarga ega.

1°. Transponirlash (barcha satrlarni mos ustunlar bilan almashtirish)
natijasida determinantning qiymati o‘zgarmaydi.

2°. Determinantda ikkita satr (ustun) o‘rinlari almashtirilsa, determinant
ishorasini qarama-qarshisiga o‘zgartiradi.

3°. Agar determinant ikkita bir xil satrga (ustunga) ega bo‘lsa, uning
giymati nolga teng.

4°. Determinantning biror satri (ustuni) elementlarini A0 songa
ko‘paytirilsa, determinant shu songa ko‘payadi yoki biror satr (ustun)
elelmentlarining umumiy ko‘paytuvchisini determinant belgisidan chiqarish
mumkin.

5°. Agar determinant biror satrining (ustunining) barcha elementlari
nolga teng bo‘lsa, uning qiymati nolga teng.

6°. Agar determinant ikki satrining (ustunining) mos elementlari
proporsional bo‘lsa, uning qiymati nolga teng.

7°. Agar determinant biror satrining (ustunining) har bir elementi ikki
qo‘shiluvchi yig‘indisidan iborat bo‘lsa, determinant ikki determinant
yig‘indisiga teng bo‘lib, ulardan birinchisining tegishli satri (ustuni) birinchi
qo‘shiluvchilardan, ikkinchisining tegishli satri  (ustuni) ikkinchi
qo‘shiluvchilardan tashkil topadi.

8. Agar determinantning biror satri (ustuni) elementlariga boshqa
satrining (ustunining) mos elementlarini biror songa ko‘paytirib qo‘shilsa,
determinantning qiymati o‘zgarmaydi.

9°. Determinantning qiymati uning biror satri (ustuni) elementlari bilan
shu elementlarga mos algebraik to‘ldiruvchilar ko‘paytmalarining
yig‘indisiga teng.

1. Determinant biror satri (ustuni) elementlari bilan boshga satri
(ustuni) mos elementlari algebraik to‘ldiruvchilari ko‘paytmalarining
yig‘indisi nolga teng.

Uchinchi tartibli determinantni uchburchak va Sarryus qoidalari bilan
bir gatorda yuqorida keltirilgan xossalar orqali soddalashtirib, hisoblash
mumkin.

3 —misol. Determinantni hisoblang:

A:

~N A~

23
5 6].
8 9



@ 2- va 3-satrlarga (-1)ga ko‘paytirilgan 1-sartni qo‘shamiz.
Bunda 8’ xossaga ko‘ra determinantning qiymati o‘zgarmaydi.
U holda

1 2 3
A=|3 3 3.
6 6 6
Bu determinantning 2 — va 3 —satrlarining mos elementlari proporsional.
Shu sababli 6° xossaga ko‘ra determinant nolga teng, ya’ni A=0. O

1.2.3. n ta satr va n ta ustundan tashkil topgan ushbu

a, a, .. a,
Ac a, A, . a,,
anl anZ A ann

determinantga n —tartibli determinant deyiladi.

n—tartibli determinant avval xossalar bilan soddalashtirilib, keyin
quyidagi usullardan biri bilan hisoblanishi mumkin:
a) A=a, A, +a,A,+..+a A, , i=1ln, (1.3)

in*~in?

A:aUAlj +a2j.A2/. +...+amAm., j=1n. (1.4)

formulalar bilan biror satr yoki ustun elementlari bo‘yicha yoyib,

b) biror satrdagi (ustundagi) bittadan boshqa barcha elementlarni nolga
aylantirib, so‘ngra shu satr (ustun) bo‘yicha yoyib, ya’ni tartibini pasaytirib;

c) bosh (yordamchi) diagonaldan bir tomonda yotuvchi barcha
elementlarni nolga aylantirib, ya’ni uchburchak ko ‘rinishga keltirib.

4 —misol. Determinantlarni hisoblang: 1) A ni biror satr yoki ustun
bo‘yicha yoyib; 2) A,ni tartibini pasaytirib; 3) A,ni uchburchak
ko‘rinishga keltirib.

2 -1 3 -2 21 3 -5 583 4
4 3 0 -1 14 1 2 2050
A = ;A= ;A= :
2 1 -1 2 32 -1 -2 1040
0 3 -1 0 -13 2 3 4 7 2 1

3| 4) 7.33. 13
2| 5)| 4) sy
6y 7)
g) [ oy
10y & e 12
13) 2 14)
[=] [
[=] [x
5 & =
[=] Bl
= = [x]
- = = IE
[=] & =
[=] 3| =
=] [x
E 2
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7.2.1. 1)

6
722.0[E  |o|H

7.2. Integrallashning asosiy usullari

, 2)

£

3 ) 4)

5

7y =

e 19

&

10)

3y

4= : 5) o 1=
g) = [x]

. .

IE | = E

- :

B IE | |&

B B

[ |

[

= & E |

(x| E] (=] E

. E_] [@ .

[ [=] [=]

[ [
=] | =]
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@ 1) Determinantni biror satr yoki ustun bo‘yicha yoyib hisoblash
uchun odatda nol soni bor satr yoki ustun tanlanadi, chunki bunda nollar
qatnashgan qo‘shiluvchilar nolga teng bo‘ladi. Berilgan determinantni
hisoblash uchun ikkita noli bor 4 -satrni tanlaymiz va (1.3) formuladan
i =4da topamiz:

-1 3 =2

2
43 o0 1 2 3 -2 2 -1 -2
A = =3.(=D" 4 0 —1[+(=D-(=D"4 3 -1|=
121_12()212()()212
0 3 -1 0 B

=3(—6+8-2-24)+12+2-8+12+2+8=3-(-24) + 28 = —44.

2) Determinantni xossalar yordamida tartibini pasaytirib hisoblaymiz.
Bunda 2-satrning 1-ustunida joylashgan elementidan boshqa barcha
elementlarini nolga keltiramiz. Buning uchun avval 2-ustunga (-4)ga
ko‘paytirilgan 1-ustunni qo‘shamiz; 3-ustunga (-1)ga ko‘paytirilgan
1 —ustunni qo‘shamiz; 4 —ustunga (-2) ga ko‘paytirilgan 1—ustunni
go‘shamiz, keyin hosil bo‘lgan determinantni 2 —satr bo‘yicha yoyamiz:

21 3 =5 ]2 -7 1 -9 S o
1 4 1 2 1 0 0 0 B a

A, = = =(-1)*"|-10 -4 -8
32 -1 -2 [3 -10 -4 -8 ;5 s
13 2 3|1 7 3 5

Hosil bo‘lgan uchinchi tartibli determinantning 2 -satrida (-2)ni
determinant belgisidan tashqariga chigaramiz va 2-ustunning 1-satri
elementidan pastda joylashgan elementlarini nolga aylantiramiz. Buning
uchun 2 —satrga (-2)ga ko‘paytirilgan 1-satrni qo‘shamiz, 3 —satrga (-3)ga
ko‘paytirilgan 1-satrni qo‘shamiz, 3-ustunda 4 ni determinant belgisidan
tashqariga chigaramiz, hosil bo‘lgan determinantni 2 —ustun elementlari
bo‘yicha yoyamiz  va kelib chigqan ikkinchi tartibli determinantni

hisoblaymiz:
-7 1 -9 -7 1 -9 -7 1 -9
19 22
A,=2-15 2 4|=2-19 0 22 (=2-4-]19 0 22 |=8-(-D" 7 g =16.
7 3 5 28 0 32 7 0 8




3) Determinantni uchburchak ko‘rinishga keltirib hisoblaymiz. Buning
uchun quyidagi almashtirishlarni bajaramiz:

- 3-satrni o‘zidan yuqorida joylashgan satrlar bilan ketma-ket o‘rin
almashtirib, 1-satrga joylashtiramiz;

- l-ustunning 1-satridan pastda joylashgan elementlarini nolga
aylantiramiz;

- 2-satrda 8ni va 3-satrda (-3)ni determinant belgisidan tashqariga
chiqaramiz;

- 2-ustunning 2-satridan pastda joylashgan elementlarini nolga
aylantiramiz;

- 3—ustunning 4 —satrida joylashgan elementini nolga aylantiramiz;

- hosil bo‘lgan uchburchak ko‘rinishgagi determinantdan tashqaridagi
sonni bosh diagonal elementlariga ko‘paytiramiz.

583 4l 1040

A | 2050|5834
1104 0| 2050/

472 1] 4721

L0 40 10 40
08 -17 4 0 1 -7 1
= :8'(—3)0 82:
00 -30 00 1 0
07 -14 1 0 7 —14 1
10 4 0 10 4 0
o1 -7 1 o1 -2 1
= -24. 8 21_ 4. 8 2
00 1 0 00 1 0Ff
oo 2 00 o -2
8 2 2

9) (0;+w)intervalda o‘sadi, (—;0) intervalda kamayadi, f,,, = f(0)=0; 10) (e;+x)
T 5w

intervalda o‘sadi, (0;1) U (1;¢) intervalda kamayadi, f, , = f(e)=e; 11) [;,T

j intervalda

o‘sadi, [0;%) U (5?”;2”) intervalda kamayadi, f, = f[%r} = 5?” +4/3,

Son = f(%j = %— J3: 12) (0;%) v G—Z,n) intervalda o‘sadi, [%,%) intervalda kamayadi,
) 7m+6/3+12 st) Sm—643+12
= Dl e ea— o = — == .632. )M =2, =-2;
P AR B JE A =
DM =17, m=-10; )M =" ig‘ﬁ = 2”6‘3; M =¢*, m=0. 6.33.v=24 (tez.birl.).

6.3.4.?1) (eni), %D (bo'yi). 6.3.5.%,%. 6.3.6.5 = 24 (yuz birl.). 6.3.7. H = RV2.

6.3.8.H=: % 6.3.9. 1) (—o0;0) U (2;+0) intervalda botiq, (0;2) intervalda qavariq,
V3

M, (0,0), M,(2;-4) egilish nuqtalari; 2) (5;+0) intervalda botiq, (—=;5) intervalda
qavariq, M (5;7) egilish nuqtasi; 3) (—o0;0) U (0;+00) intervalda botiq, egilish nuqtasi yo‘q;
4) (3;+0) intervalda botiq, (~o0;3) intervalda qavariq, M (3;l)egilish nuqtasi; 5) (~1;+w0)
intervalda botiq, egilish nuqtasi yo‘q; 6)(—1;1) intervalda botiq, (-I ;- ) U (I;+I') intervalda

qavariq, . : egilish nuqtalari; 7) = intervalda
botiq, & intervalda qavariq, El R & egilish nuqtalari;
8= intervalda botiq, | ) | intervalda qavariq, |[x] | = |
M Jm ] [ |

(& | = | -

E R | ¥
&

[ & £l
= | [ —
B
[E | [@ R E—
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3)5x-y-4=0,x+5y-6=0; 4)5x+4y-25=0,20x-25y+64=0; 5) x—y=0, x+y—-4=0;
6) 4x+2y-3=0, 2x—4y+1=0. 6.1.16. 1), :%, ?, :arctg%; 2) ¢ = arctg(22) ;

3)(/)—arctg 4)(p_§. 6.1.17.¢, =1,¢, =3. 6.1.18.1)r=2¢; 2)t=1lc. 6.1.19. [ =12a.

6.2. Differensial hisobining asosiy teoremalari

6.2.1. 1)c= 2‘F 37”; 3) yo'q; 4) yo'q. 6.2.2.1)0:?;2)c:1n(e—1); Ne—e—1; 4)
1 1 5 53 T 3 1

—L623. (=13} (23] 624 1)e=Z; 2e=2. 626. D-x; 2) L 31,

- { -2} 2 (3:2) ye=1; 9e=2 y-ms 215 3

2
H0; 5)0; 6)2; 7)%;8)—2;9)3;10)-3;11)0; 12) 0; 13) 1; 14)e; 15)e™; 16)e™; 17) I;

18) 3e. 6.2.7.1) P(x) =19—11(x+2)— (x +2)* + (x +2)*;
2) P(x)—4+13(x—2)+12(x—2)2 +6(x—2)" +(x—2)";

_ 4
6.2.8. 1)2+ (x— 3)——(x 3)* +—( -3y’ —M, c=x,+0(x—x,), 0<O<];
512 128/ +c)’
2) Lty @) @2y +(x+52) L c=x,+0(x—x,), 0<0<1.
2 4 8 16 c
2 3 n n+l
6.29. 1) f(X)=x+—t bt (Grn+l)e™, 0<O<I;
o2 (n=-1)! n
2 e

4
2) f(x)—1+— R , 0<6<1. 2.2.10. 1) 0,587; 2) 0,868;

et + —_—
2 4 @) Qn+)! 2
3) 1,395; 4)1,004.
6.3. Funksiyalarni tekshirish va grafiklarini chizish

6.3.1. 1) (—oo51) U (55+0) intervalda o‘sadi, (1;5)intervalda kamayadi, f,, = f(1)=7,

S =S (5):—25; 2) (—0;—1) U (2;+0) intervalda o‘sadi, (—1;2) intervalda kamayadi,

S =S (=D =7, S =F(2) = —E, 3) (0;2) U (2;+00) intervalda o‘sadi, (—0;=2) L (2;0)
intervalda kamayadl, S =S(0) 70 4) (-2;2)intervalda o‘sadi, (—o0;—2) U (2;+0) intervalda
kamayadi, f,, = f(2)=1 f,.=/f(-2)=-1 5)( j intervalda o‘sadi,

R

(—1;—%)&{%;1] intervalda kamayadi, f,, = f(ﬁ] = %, S = f(_%j - _%;

6) (—o0;—1)U(0;]) intervalda ofsadi, (-1;0)u(I;+0) intervalda kamayadi, f, ., =/f(-1)=2,
Sowa =S D=2, f.. = f(0)=0; 7)(—o;])intervalda o°sadi,(l;+) intervalda kamayadi,

S =S =7; 8) (0;+)intervalda o‘sadi, (—;0) intervalda kamayadi, 1, = f(0)=1
e
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Mustahkamlash uchun mashgqlar

Ikkinchi tartibli determinantlarni hisoblang:

IR IR A

-5 -2 -3 5
1137 7 L4 | boet

X —-x b+1 a+b
1.1.5. s?n a cos a 1.1.6. tg'a+l ctga —1 .

sin® 8 cos’ S sina cosa

Uchinchi tartibli determinantlarni uchburchak va Sarryus qoidalari bilan
hisoblang:

4 3 2 3 4
1.1.7. 1 3. 1.18. |5 -2 1|
3 2 3
5 -1 1 -2 0 -4
1.19.{4 0 -3| 1.1.10. | 3 1 1|
2 -3 1 -1 2 -3

Uchinchi tartibli determinantlarni biror satr yoki ustun elementlari
bo‘yicha yoyib hisoblang:

4 0 -2 31 -1
1.111. |7 1 -3 | 1.112. /2 -1 0
30 4 0o 0 2
b x -1 x
1113. | b 0| 1.1.14. |1 x -1|
b - x 1 x
sina  sinf3 0 tga ctgf 0
1.1.15. | siha 0 siny | 1.1.16. | tgaa 0 tgB |
0 sinf siny 0 ctga tgf
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Uchinchi tartibli determinantlarni xossalaridan foydalanib hisoblang:

1 ¢ ab 1 1 1
1.117. 11 b ca | 1.1.18. ax ay az

1 a bc a’+x* a’+y' a’+z’

a+b b b X xX+y x—y
1.1.19. b a+b b | 1.1.20. | x x+z x-2z|

b b a+b X X X

a a’+1 (1+a) l+cosa 1 l+sina
1.1.21. | » b*+1 (1+b) | 1.1.22. | 1-sin 1 1-cosa |

c c’+1 (1+c¢) 1 1 1

Tenglamalarni yeching:

3 2 2x—1 1
1123, 70 YT, 1124, 77 YT e
6-2x x+2 x+2 x-1
1 1 1 6 3 x—1
1.125. | x4 9|=0 1.126.| 4 x+2 2 |=o.
x 2 3 2x 1 0

To‘rtinchi tartibli determinantlarni hisoblang:

I -1 2 2 I 1 3 2
3-15 -2 200 8
L2r | oo Las. | o)
0 -2 4 4 4 7 5
5 a 2 -1 32 2 2
4 b 4 -3 9 -8 5 10
1.1.29. . 1.1.30.
2 ¢ 3 =2 5 -8 5 8
4 5 -4 6 -5 4 7

6.1. Funksiyaning hosilasi va differensiali

3 5 2
6.1.1. 1) f'(x) = 5 D f' () =—— 3 f()=—-—; 4)f'(x)=2sh2x.
MW= DS = e D= D=2
6.1.2. 1)-3; 2)-4; 3)4, 4)7%. 6.1.3.1)-3, 3; 2)0, 2; 3)1, -2x+3; 4)-1, 1.
1 4
6.1.4. 1)y =12x° —x?%; Dy =x +12x° =2 3)y' =——— + T+ ——
)y )y )y o e
3
- 2-6"In=
, 1 3 1 , xet(x=D+e " (x+2) , 2
4y =—=+5-——7; 5)y'= ; 6)y'=—=
)y 2\/; JRCI )y ) )y (2.\'73))2
2 x .
)y =mxmianl gy 20 Ginxl) gy 28Iy gyl 2
(Inx-1) x(Inx—e") (1-cosx) 1—sin 2x
4 X 42 x Y 4
y'=———; 12)y)=—""—"—: 13)y'=o| ————|; 14)y'=——;
)y sin® 2x )y (xcos x +sin x)* )y (xchx—shxj )y sh*2x
1 3 3x 1
15)y' =- ;16)y'=———; 17)y'=- ; 18)y'= ; 19)y" =-2sin 2x;
)y e )y 10 )y o )y I )y sin 2x
20)y' = 21 ; 21)y' =arcsin x; 22)y':72672(e _1); 23)y':3 1113; 24)y':1;
X" - e +1 1-9° 3
25)y" = (1-1g3x)*; 26)y' =—6e**sin3x; 27)y' = ¢ _1; 28)y' =— ! ;
2 Ccosx
X X +x-1 2 1
29)y'=———=—=;30))y'=—"—. 6.15.1) y)=— ", 2) y'=—; 3
)y P )y 12 )y PR )y'i=-—13)
1 3 b’x x’+y y(1-x)
= 4=~ L 6.1.6.1) y' =—"7; 2)y' = S 3y = .
y o )Yy " )y pE )y 7 )y 1)
ayy = ZEYSND) gy T gy YEOSXESINY g 1) Ay =191, dy =19;
xsin(xy) e’ +x Xcosy+sinx

2) Ay=0,71, dy=0,7, 3)Ay=0,581, dy=0,5; 4) Ay=0,110601, dy=0,11. 6.1.8. 1)2,0125;
2) 1,009;  3) 0,9942; 4)27,351. 6.1.9.1)2,03; 2)0,97; 3)0,31; 4)1,01.
(4u —3)du

Wt —3u+l

dx; 3)dy =-2sin 4xdx;

2_
2.1.10. 1)dy = (21 + 41+ 7)3¢ + 2)dr: Z)dy:—ésin%dt; 3)dy =

I-Inx

2
X

2(4u +1)du
4)dy:%
sin2(2u” +u)

4)dy =3asin® xcosxdx; 5)dy =—sin x3***In3dx; 6)dy = —3tgxIn’ cosxdx.

. 6.1.11. )dy=Inxdx; 2)dy=

6.1.12. 1) y" = 24x(5x> = 3); 2)y" =e**(2cosx —11sin x); 3)y’"=L; 4) y"'=g.
(1+x°) x
6.113. Dsin ™ 2)nsin "5 3)=n(n-Dsin " 4ynn- 1. 6.1.14. 1) 4%; 2%&; 3)
2
1;; 5 H—~1-1. 6.1.15.1)3x-3y+2=0, 3x+3y+4=0; Dx+y-r=0,x—y-7=0;
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2 2
5115 )y=x+12) + 2 -1,
)y=x"+ )9 ,

5.2. Sonli ketma-ketliklar
= 5' ; 3)x, =cosnm; 4)x, =3+2(-1)". 5.2.2.1); 2); 4); 6).

= —
n

1
521. )x, =——; 2
¥, =i 2
5.2.3. 2), 5)- monoton, 1),3),4),6)- qat’iy monoton. 5.2.6. 1) —%; 2) 0; 3) o; 4)8; 5) 4;

6)2; 7)%; 8) —%; 9) 0, 10)1; 11)-%; 12)-%; 13) oo; 14) w; 15)1; 16) 0; 17)=3;

3

1
2 ; 29
5 )

1 1 1 4 1 1 1
18) —; 19) —; 20)—; 21) 0; 22) —=; 23) —; 24) —; 25)——; 26)2; 27)—; 28)—;
) 3: 19) 2020032 65 22) =35 23) T3 24) 51 25) -5 2002 27 28)
e’; 30) e
5.3. Funksiyaning limiti
5.3.2.1) f(x, —0) =2, f(x,+0)=3;2) f(x, —0)=0, f(x, +0) = +00;3) f(x, —0) =2, f(x,+0)=0;

1 3 1; 4 1 1
4 -0)=—, 0)=1.5.3.5. 1)8 2)0, 3)=; 4= 5)—; 6)2; 7)——; 8)—; 9)-1;
/(=0 =1, 15, +0) %20 92598 9L e n-Linko
10)+00; 11)=2; 12)—I; 13)%; 14)=3; 15)0; 16)+o0; 17)&; 18)2; 19)0; 20)235;
21)2 22000 23)% 24)- 31 25)3: 26) L 27y 63 28) Y2 20)0: 30)0; 31y 1: 32) L
2 4 2 8 4 4
33)-1; 34)%; 35)e; 36)e; 37) +oo; 38)0: 39)e’: 40)e’; 41) e; 42)e”; 43)e: 4d)e:

45)1; 37)3; 46)%; 47)1; 48) 4.

5.4. Cheksiz kichik funksiyalar
2 1 In3 2 1 1
54.2. 1)=; 2)—; 3)-1; 49In3; 5)1; 6)5 7)—; 8)2; 9)=; 10)—; 1)L, 12)2; 13)—;
)5 D3 D=k Dk DL 05 DI 9L 9T: 10 1Dk 12)2 13)3

1.9 1 1 1 2 3
14)=In—; 15)——; 16)——; 17)=; 18)-9; 19)3; 20)=; 21)0; 22)In2; 23)-1 24)=.
)yIn i 19)-23 16)-23 1725 18)-9: 193 20025 210 2)n2 23)-1 24)3

5.5. Funksiyaning uzluksizligi

5.54. 1)-3,3; 2)—1. 5.5.5. 1) ikkinchi tur uzulish nuqtasi; 2) birinchi tur (bartaraf
qilinadigan) uzulish nuqtasi; 3) birinchi tur uzulish (sakrash) nuqtasi; 4) ikkinchi tur uzulish

nuqtasi; 5.5.6. 1) x =0 birinchi tur (bartaraf qilinadigan) uzulish nuqtasi; 2) x :§+n7r(n €z2)

birinchi tur (bartaraf qilinadigan) uzulish nuqtasi. 5.5.7. 1) x =-3da ikkinchi tur uzulishga ega;
2) uzluksiz. 5.5.8. 1) [4;5]da uzluksiz, [0;2]da x =1-ikkinchi tur uzulishga ega, [-3;l]da
x=-3,x=1- ikkinchi tur uzulishga ega; 2) hech bir kesmada aniqlanmagan.
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1.2. MATRITSALAR

Matritsalar va ular ustida amallar. Teskari matritsa.
Matritsaning rangi

1.2.1. Sonlarning m ta satr va » ta ustundan tashkil topgan to‘g‘ri
to‘rtburchakli

a, a, ... a,
( ) _ aZl a22 A aZn
a,)=
a, a a

ml m2 A mn

jadvaliga mxn o ‘lchamli matritsa deyiladi, bu yerda
a, (i =lm,j= l,n)—matritsaning i—satr va j—ustunda joylashgan elementi.

Ixn o‘lchamli matritsa satr matritsa yoki satr-vektor, mx1 o‘lchamli
matritsa ustun matritsa yoki ustun-vektor deb ataladi.

nxn o‘lchamli maritsaga n— tartibli kvadrat matritsa deyiladi. Bosh
diagonalidan bir tomonda yotuvchi barcha elementlari nolga teng bo‘lgan
kvadrat  matritsaga  uchburchak matritsa deyiladi. Bosh diagonali
elementlaridan boshqa barcha elementlari nolga teng bo‘lgan kvadrat
matritsaga diagonal matritsa deyiladi. Barcha elementlari birga teng bo‘lgan
diagonal matritsa birlik matritsa deb ataladi va E bilan belgilanadi.

Barcha elementlari nolga teng bo‘lgan matritsaga nol matritsa
deyiladi va Q bilan belgilanadi.

n— tartibli kvadrat matritsaning determinanti det4 yoki |4 |kabi
belgilanadi. Bunda agar det4=0 bo‘lsa, 4 maxsusmas (yoki xosmas)
matritsa, agar det A=0 bo‘lsa, 4 maxsus (yoki xos) matritsa deb ataladi.

A matritsada barcha satrlarni mos ustunlar bilan almashtirish natijasida
hosil qilingan A* matritsaga 4 matritsaning transponirlangan matritsasi
deyiladi. Bunda 4= 4* bo‘lsa 4 simmetrik matritsa bo‘ladi.

Bir xil oflchamli 4=(a,) va B=(b,) matritsalarning barcha mos
elementlari teng, ya’ni a,=b, bo‘lsa bu matritsalarga feng matritsalar
deyiladi va 4= B deb yoziladi.

Bir xil o‘lchamli 4=(a,) va B=(b,) matritsalarning yig ‘indisi deb,
elementlari ¢, =a, + b, kabi aniqlanadigan shu o‘lchamdagi C=4+B
matritsaga aytiladi.
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A=(a,) matritsaning A =0 songa ko paytmasi deb, elementlari ¢, = Aa,
kabi aniglanadigan shu o‘lchamdagi C =24 matritsaga aytiladi.
— A=(-1)- A matritsa 4 matritsaga garama-qarshi matritsa deb ataladi.
Bir xil o‘lchamli 4=(q,) va B=(b) matritsalarning ayirmasi
A - B=A+(-B)kabi topiladi.
& Matritsalarni qo‘shish va ayirish amallari bir xil o‘lchamli
matritsalar uchun kiritiladi.

. 1 2 0 2 -1 0 . .
l1-misol. A= va B= matritsalar berilgan.
3 -2 1 1 3 -1

34 -2B matritsani toping.

@ Matritsani songa ko‘paytirish va matritsalarni qo‘shish ta’riflari
asosida topamiz:
3 0 -4 0
34= 6 9 - 29
9 -6 3 -2 -6 2

3+(—4) 6+2 o+0]_(—1 8 oj

17 -12 5

3A—2B=(
9+(-2) —6+(-6) 3+2

mxp o‘lchamli A4=(a,) matritsaning pxn o‘lchamli B=(b,)
matritsaga ko ‘paytmasi deb, elementlari ¢, =a,b, +a,b, +...+a,b

i pk

(qo‘shiluvchlari quyidagi sxemada keltirilgan) kabi aniqlanadigan mxn
o‘lchamli C = 4B matritsaga aytiladi.

(m ta satr, p ta ustun) (p ta satr, n ta ustun)

& Ikki matritsani ko‘paytirish amali 1-matritsaning ustunlari soni
2 —matritsaning satrlari soniga teng bo‘lgan holda kiritiladi.

4.3. Ikkinchi tartibli sirtlar

43.1. 1) (x=4) +(y+4)2 +(z=2)2 =36; 2)(x=3)>+(y+1)> +(z=1)? =21;
3) (x=3)+(y+5)7+(z+2)>=56;4) (x=1)*+(y+2)* +(z-3)* =49;

S)x? 4 2 4+ 22— 10x+ 15y — 252 = 0.4.3.2.1)m %0 va mz—%; Dm=0.

2 2 2 2 2 2 2 2
433.0) 4y% —xt 14zt =0, =X Y X Y EE ) Y rE
2 16 25 25 16
3)i+x2”2 1, L2 434 P ayio 0. 435 1) ellips; 2)giperbola;

o T =1. 4.34. v =0. 4.3.5. ps; 2)gip >
3) parabola; 4) nuqta. 4.3.6. x” +z* =10y (aylanish paraboloidi). 4.3.7. y*+z° —2x* = -6 (ikki
pallali giperboloid). 4.3.8. 1) ikki pallali giperboloid; 2) sfera; 3) elliptik paraboloid,

4) aylanish ellipsoidi; 5) giperbolik silindr; 6) giperbolik paraboloid; 7) ikki pallali
giperboloid; 8) doiraviy silindr; 9) ellipsoid; 10) parabolik silindr.

5.1. Bir o‘zgsaruvchining funksiyasi
5.1.1. 1) (—0;—2) U (-2;400);  2) (—00;-3) U (-3;-2) U(-2;+0); 3) [-2;2]; 4) (-2;1) U (1;40);

1 11 1 1
5) 4) (—o0;2) L (9;10]; 6)[—1,—EJU[—E,EJU(E,1} 7) [7:10]; 8) [—E,+oo), 9) {2};
10)(2+00); 1) @5 12)(233];  13)(10;+00); 14) Qnm;2n+1)w)neZ; 15) [0%}
33
4’4
5.1.2. 1) [-2i490); 2) [240); 3) [-7-3]; 4) |- v2:v2]; 5) [0:10); 6) (1:3]; 7) [0:3];

4 x

3) (—%%} 9 [—é;m} 10) D) @3 12) 020513 D3 D-f 3 -2

16) [3;6) L (6;7]; 17)[— } 18) [-5:0) U (0:1];  19) (=o)L (1;2) U (2;+0); 20) (=3;2).

1
H2. 5141 [—oo;%j da kamayadi, G;Jrooj da o'sadi; 2) (<oop+00) da o°sadi;
X
3) (—0;0) U (0;+0) da kamayadi; 4) (—oo;+0) da kamayadi. 1.1.5. 1) tog; 2) juft; 3) juft;
4) umumiy ko‘rinishda; 5) toq; 6) toq; 7) juft; 8) toq; 9) toq; 10) juft.
51.6. ) M=nm=k; 2)M=4m=-4 3)M=\2,m=-2;4) M =5m=-5;
SYM=1Lm= %; 6) M =1,m=0. 5.1.7. 1) chegaralangan; 2) qat’iy monoton; 3) qat’iy

monoton;  4) monoton. 5.1.8. 1)6rx; 2)%; Ndr; 42r; S)n; 6)2; 7) =; 8)

L2

2 2’
9)i27; 10)6r. 519 1)y=2"2; 2)y=—""i 3)y=3"% 4) y=Ltarcsin®.
3 l-x 3 2

5.1.10.1) f(g(x)=3x"+1,  g(f(x)=@Gx+1* 2) f(g(x))=sin|x|, g(f(x))=]sinx];3)

flg@)=5-x, g(f(x)= ﬁ; 4) flg®)=x", g(f(x)=3x. 5.1.13. 4C;D. 5.1.14. 4;B.

5
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4.1.Tekislik

4.1.1. M(0;0;4). 4.1.2. M(11;4;0). 4.1.3. 2x—y+3z—-14=0. 4.1.4. 2x-3y+4z+20=0.
4.1.5.1)a) 2y+3z=0, b)3x-y=0; 2)a)y+1=0,b)z-3=0;3)a)z—4=0,b)x-3=0;
4)a)x+z-3=0,b) 7x—y—17=0; 5)a)22x+14y—-5z=0, b) 14x+3y—-8z=0.

4.1.6. A(-3,0:0), B(0;~6;0),C(0;0:2).1). 4.1.7. 1)2x 5y +2-15=0; 2)2x+4y+92—-21=0.
418 x+y+z-4=0. 419. x+3y+z-15=0. 4.1.10. ) x+3y—-z-6=0; 2)x—y—z=0.

L E 2 1m0, 4112, x4y 1z —6-0.

41111 =z
[T TR TR TR
9

4.1.13.1)45°; 2)90°; 3)90°; 4) arccos(0.4). 4.1.14. 1)m:—g,n:—% 2)m=3n=—4.
4.1.15. 1)m=13;2)m=1. 4.1.16. 1) a)x—2y—-3z-4=0;b)2x +3y+z-8=0;
2)a)2x+3y+4z-3=0; b)dx+y—-7z+19=0; 3)a)5x+7y+3=0; b)y—-z+7=0;
c) 5x+7z-46=0. 4.1.17. Tx+14y-2z+6=0.4.1.28. x—y+z+1=0.
4.1.19. x+2y++/52-2=0 vax+2y—+/5z-2=0. 4.1.20. 1) M (-2;1;2); 2) M (2;-1;]).
4.1.21. 4ub). 4.1.22. M(~150;0)va M (1;0,0).4.1.23. 2x—y—2z=0va 2x— y—2z—-18=0.
4.1.24. 8(hb.).

4.2. Fazodagi to‘g‘ri chiziq

4-2.1.1)x—1:y—1:z+2; 2)x72:y+3 z+1 )x+1 +2:z—3;
2 3 -1 0 1 3 -1
| ) | x=13t, x=t,
x+1 y+ z+ X y z
R 1 J JAa P A =1+19, 2)4 y=1-31,
ST 12 0 =T )y
z=2+28t; z=-2t.
+4y-7=0,  [3x=2y-7=0,_ [3x+y—8=0
42.4.5=(-822-91.425. 1) 2) X 3y XY .
x+ z—-1=0; 2y+3z+1=0; 4y-3z-2=0.
x-2_y-2_z+l 427, x+l_y—-2_ z+3 42.8. x+1 y—2_z—3
-5 -3 4 1 I -1 2 -1 0
429,343 v _¢2 z 2)(p—arccos—v 4211, 1) F2_y=3 =+l
-5 1 -3 -5 1 3
2 y-3 z+1 ™
2) XEE VT2 _Z%1 42,12, 1) parallel; 2) ayqash. 4.2.13. )p="; 2) p=".
) ‘ TRREE] )p ) ayq ) 2 )¢ .

4.2.14. 1) parallel; 2) to‘g‘ri chiziq tekisligida yotadi. 4.2.15. 1) M (3;2;1); 2) M (2:;4;6).
4.2.16. 1) m=3, n=-23; 2) m=12, n=-12; 3) m=2, n- chekli son.

4.2.17.1)2x-3y+4z-1=0; 2)d4x—y—-2z-7=0; 3)z+1=0
42.18.1) 7)“4:&5:”6; gy ¥=4_y=5_z+6
20 T 1

42.20. M (23 j 4221 M(23:4). 4.2.22. 1)£( ub): 2) @(u.b.).

. 4.2.19. 3x+5y+2z-9=0.
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2 - misol. 4B ko‘paytmani toping:

4 -1
1 2 -1 3
A=|2 1|, B= .
04 2
0 -3
® Yugqorida keltirilgan sxema asosida topamiz:
4 -1
1 2 -1 3
AB=|2 1 =
04 2 -1
0 -3

414+(=1)-0 4-24(=1)-4 4-(=D)+(=1)-2 4-3+(=1)-(=])
=[2:141-:0 22414 2.(=D+1-2  2:3+1-(-]) |=
0-1+(=3)-0 0-2+(3)-4 0-(-1)+(-3)-2 0-3+(=3)-(-1)

4 4 -6 13
=2 8 0 5. o
0 -12 -6 3

Bir xil tartibi 4 va B kvadrat matritsalar uchun 4B va BA
ko‘paytmalarni topish mumkin. Bunda 4B = B4 bo‘lsa 4 va B kommutativ
matritsalar deb ataladi.

1.2.2. 4 kvadrat matritsa uchun 44"'=A4"'4=E tenglik bajarilsa, 4"
matritsa 4 matritsaga teskari matritsa deyiladi.

Har qanday maxsusmas 4 matritsa uchun 4" matritsa mavjud va
yagona boladi.

A matritsaning teskari matritsasi

A, A, ... A,
PR, A4, A, .. A,,z‘ (1.5)
Al o
Aln AZn Arm

formula bilan aniqlanadi.
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3— misol. 4 matritsaga teskari matritsani toping:

2 -1 0
A=|-1 1 3|
1 2 -1

@ Matritsaning determinantini hisoblaymiz:

2 -1 0
A= -1 1 3|=-16=0.
1 2 -1

Demak, 4™ mavjud. Aning algebraik to‘ldiruvchilarini hisoblaymiz:

1 3 -1 0 -1 0
4, = 2 ] =-T7 4, =- 1 =—0 4, = 1 3 =-J
I e R B O -l PR
? 1 -1~ S N S I T B
I I 4 A I e
BT o2 7 711 2| 7 SN S
Teskari matritsani (1.5) formuladan topamiz:
71 3
-7 -1 -3 16 16 16
a=—L 2 5 g L L 3O
16 8 8 8
-3 -5 1 3 5 1
16 16 16

1.2.3. mxn oflchamli 4 matritsadan k (k <min(m;n)) ta satr va k ta
ustunni ajratib, hosil qilingan & —tartibli kvadrat matritsaning determinantiga
Amatritsaning k —tartibli minori deyiladi.

A matritsa noldan farqli minorlarining yuqori tartibiga A matritsaning
rangi deyiladi va r(4) (yoki rangd) bilan belgilanadi. Bunda 4=Q uchun
1< r(4) <min(m;n), A=0 uchun r(4)=0.

r(A)ni ta’rif asosida topish usuli minorlar ajratish usuli deb ataladi.

3.2.14. 3x+y-4=0, x+5y+8=0,3x+y+10=0, x+5y—-6=0.3.2.15. M(4;4),(p:%.

3.2.16. 3x-3y—-8=0. 3.2.17. 3x+4y—-12=0.
3.218. x+2y—-7=0, 7x+2y-37=0, 5x-2y+1=0. 3.2.19. y =2x.
3.2.20. x—y+7=0, 7x+4y—-6=0, 6x+5y+9=0. 3.2.21. 2x+y+9=0, x—y—-3=0.

3.2.22. 29x—2y+33=0. 3.2.23.29(yh). 3.2.24.%(14.17). 3.2.25. 6\2(ub). 3.2.26. (-12:5).

3.2.27.3x+4y—-20=0va 3x+4y+10=0.
3.3. Tekislikdagi ikkinchi tartibli chizilar

331D+ +(y-3)>=36; 2)(x+3)° +(¥-5)>=50; 3)(x+2)* +(y—-4)*=2
4) (x—4)2+(y+4)2 =16, (x—20)* +(y—¢—20)2 =400; 5) ()6—2)2+(y+1)2 =1.

2
3.3.2. 542 (ub). 333 (x—2)2+(y—%J =B 334 (-5 +(y-1)2 =13.
3.3.5. M,(32), R=5. 3.3.6.0<k<% k =0va k, =—. 33.7. y=0 va dx—3y=0.
33.8. 1) x:8(1.+c052t), 2) x = 2sin 2¢,
y =38sin2t,t €[0;27]; y =2(1-cos2t),t €[0;27];
_ . 2 2 2 2 2 2
3) x =1+sin 2¢ +cos 2¢, 33. )7+y -1 )7+y771;3)x7+y7: :
y =1+sin2t —cos2t,t €[0;27]. 36 100 24 49 36 81

2

2
4) %+% =1.3.3.10. 12(ub). 3.3.11. x+y+5=0vax+y-5=0. 3.3.12. Q(M.b).

3.313.M[—M MJ,M{—M—VUJ 3.3.14. M(30). 3.3.15. 16x + 25" = 400.

4
=5 =5cost, 2 2
336 1) | T y ¥ ERURIRARE T
y=4sint,t e[O‘Zn]‘ y=12sint,t €[0;27]. 16
2 yZ 2 2
B ST A Tl = L IEa e FE LT
)144 25 )16 )25 24 ) 8 )
2 2
Yy y 2
LA XY 1.33.19. 25, 3320. 2. 3.321. | b5 V10, b= +10.
12 27 )24 18 3 \/7 | |>\/7 \/7
3322 -y =6 3323 5 -2 _1 3324 xe—y e by o) o L s
4 12 16 2 10

3.3.25. 1) A(-4D), y=1; 2)A(2;3), x=2. 3.3.26. 1)4x—-2y+1=0; 2)x—y+1=0va
x+2y+4=0.33.27. k <%,k :% 3.3.28. 1) x* —y* =1-giperbola; 2) y* :%xfparabola;

3)giperbolaning pastgi yarim tekislikdagi tarmog‘i; 4) giperbolaning chap yarim tekislikdagi
tarmog'i.
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4){63:63:-21). 2.2.17. 1)—V 2) 9V2; 3)7 2.2.18. S = 14(yb): h = (ub).
J13
2.2.19. M = {~8-9;—4}; M ={10;-2;11}; M = {l;—4;-7}. 2.2.20. & =-9. 2.2.21.a = %,ﬁ =2.

2.2.22. 1){3;2}; 2){-2;3}; 3){————} 2.2.23. 1) yo‘q; 2) ha; 3) ha. 2.2.24. l)a_%
2) a=-3.2.2.25. 1) V =14(hb),h = 14(ub); 2) V =2(hb),h =3J2(u.b);3)
V= 4(hb)h—i(ub) 2.2.26. 1) chap uchlik,V =51(2b); 2) o‘nguchlik,V =12(h.b); 3)

chap uchlik, V' = 18(h.b), 3) chap uchlik,V =27(hb). 2.2.27. % = {2;-1;-2}.

3.1.Tekislikda koordinatalar sistemasi

3.1, 4,(-3:-2), 4,(32), 4,(3:-2). 3.1.2. A(2-1), B(-1:4), C(-3:-2), D(3:4).

3.1.3. A(2;6j B[zf—j (I 3”) [ ’2[] EGim). 3.1.4. A(30), B(1;—3),

c(0;5). [_; ‘F]. 3.1.5.1) 4,3im), 4,(3:0);2) BI[Z;—%} Bz[zi‘%j
3)C[ 23”) c[ ) 3.1.6. [ 9) [5——) 3.17. 7(ub.). 3.1.8.5 = lrlrzsm(% ?1)-

3.1.9. 4 (y5.).3.1.10. 64 (yb.). 3.1.11. 26(yb.). 3.1.12.(3;0), (~7:0).
3.1.13. 1) A(0;0), B(-3;-8), C(-7;-2); 2) A(3:8), B(0:0), C(=4:6); 3) A(7:2), B(4:=6), C(0;0).

3.114. A[‘F ! “(J, B[l 3‘F] cl-33).

2 22
3.2. Tekislikdagi to ‘g ‘ri chiziq

2 2 2
3.2.1.1) 3x—y-3=0; 2) %+%—1:o;3) ¥ yrl=0; 4) =2y =0,
4

3.2.2. 1)k=—%,a=4,b=3; 2)k:7,a— 2, b—f 3)k—f =5,b=—%;
4)k:—g,a:§,b:%.3.2.3. 1)3x+4p+6=0:2)3x+ y+9=0;3)x+2=0; 4) x+y-5=0.

3.2.4. 2va3.3.2.5. DM, (1;2),0=45"; 2)M,(2;-1),9=90"; )M, eD,p=0; 4)M,(2;2),p =45".

326. )m=—6,n#3 vam=6, n#-3; 2)ym=—-6,n=3 vam=6, n=-3; 3) m=0, n—chekli
son. 3.2.7. 1) m:f%da I, mz% da 15 2) m=4da |, m=-9 da 1.3.2.8. (1;6).

3.29. x-y-2=0va x—-4y+4=0. 3.2.10. 3x+2y—-11=0.  3.2.11. x-5y+2=0.
3.2.12. 12x+9y—-17=0. 3.2.13. 5x—y+3=0, x+5y+11=0.

392

Matritsalar ustida bajariladigan quyidagi almashtirishlarga elementar
almashtirishlar deyiladi:

a) faqat nollardan iborat satrni (ustunni) o‘chirish;

b) ikkita satrning (ustunning) o‘rinlarini almashtirish;

¢) biror satrning (ustunning) barcha elementlarini noldan farqli songa
ko‘paytirish;

d) biror satrning (ustunning) barcha elementlarini noldan farqli songa
ko‘paytirib, boshqa satring (ustunning) mos elementlariga qo*‘shish.

Elementar almashtirishlar natijasida matritsaning rangi o‘zgarmaydi.

Biri ikkinchisidan elementar almashtirishlar natijasida hosil qilingan 4
va B matritsalarga ekvivalent matritsalar deyiladi va A~B deb yoziladi.
Diagonal elementlarining ayrimlari (yuqori satrlardagi) birga va
ayrimlari nolga teng bo‘lgan matritsaga kanonik matritsa deyiladi. Kanonik
matritsaning rangi uning diagonalida joylashgan birlar soniga teng bo‘ladi.
r(A)ni A matritsani elementar almashtirishlar orqali kanonik matritsaga
keltirib topish usuliga elementar almashtirishlar usuli deyiladi.

4 — misol. Matritsaning rangini minorlar ajratish usuli bilan toping:
2 -1 3 -2 4
A=14 -2 5 1 7|
2 -1 1 8 2
@ 1<r(4)<min(3;5)=3.
Ikkinchi tartibli minorlardan biri
-1 3
=-54+6=1%0.
-2 5

Uchinchi tartibli minorlarni hisoblaymiz:

2 -1 3 2 -1 -2
MP =4 -2 5|=0 MP=l4 -2 1]|=0
2 -1 1 2 -1 8
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2 -1 4 -1 3 -2
MO =4 -2 7|=0; MP=-2 5 1|=0
2 -1 2 -1 1 8
-1 3 4 3 -2
MP=| -2 5 7|=0; MP =5 1 7|=0
-1 1 1 8 2
-1 -2 4 2 3 4
MP=| -2 1 7|=0; MP=|4 5 7|=0;
-1 8 2 21 2
2 3 -2 2 -2 4
MP =4 5 1|=0; MP=l4 1 7|=0.
21 8 2 8

Barcha uchinchi tartibli minorlar nolga teng. Demak r(4)=2. @

5— misol. Matritsaning rangini elementar almashtirishlar usuli bilan
toping:
0 5 =10 O
-1 -4 5 -3
31 7 9
1 -7 17 3

@ Matritsani kanonik ko‘rinishga keltiramiz.

Buning uchun elementar almashtirishlarni bajaramiz:

— avval matritsaning 1-va 4 -satrlarining o‘rinlarini almashtiramiz,
keyin 2 -satr elementlariga 1-satming mos elementlarini qo‘shamiz va
3-satr elementlariga (-3)ga ko‘paytirilgan 1-satrning mos elementlarini
qo‘shamiz;

— hosil bo‘lgan matrisaning 2,3 va 4 - satr elementlarini mos ravishda
(-11), 22 va 5 ga bo‘lamiz, keyin (-1) ga ko‘paytirilgan 2 —satr elementlarini
3va 4 —satrning mos elementlariga qo‘shamiz;

— hosil bo‘lgan matritsaning 2,3 va 4- ustun elementlariga mos
ravishda 7, (-17) va (-3) ga ko‘paytirilgan 1-ustun elementlarini qo‘shamiz,

1.3.13. x, =-2, x, =1, x, =2.1.3.14. x, =0, x, :l, x, =0, a(a—1)(a+2)=0.
a

1.3.15. x, =-1, x, =-2, x,=-3.1.3.16. x, =2, x, =-2, x; =1.

1.317. x, =1, x,=-1, x;, =-1, x,=1.1.3.18. x, =2, x, =-1, x;=-2, x, =1.

1.3.19. x, =2, x, =k +1, x, =2k -1, x, =k. 1.3.20. x, =5k, — 13k, -3, x, =5k, -8k, -1, x, =k,
x, =k, 1.3.21. x, =—k, x,=0, x;,=k.  1.3.22. x, =—15k, x, =11k, x, =14k.

1.3.23. x, =7k, x, =-11k, x; =-5k. 1.3.24. x, =x, =x,=0. 1.3.25. x, =x, =x;, =x, =0.
1.3.26. x, =2k, x, =7k, x,=0, x, =3k.

2.1. Vektorlar

G+2b

21.1.aG1b. 212.4AM = .2.1.3. BC = 2(ii — i), AM =2ii +m, AN =ii+3m,

NM =7i—2i. 204, m=23. 2.1.5.G=2b+¢, b= ,G=d—2b.2.1.6. m=1, n=-3.
2.1.7. d=2d-3b+¢. 2.1.8.1p,AB =22 , Ilp, AD =2 , Ilp,DC =+/2, IIp, AC =0.

2.1.9. IIp, AB =3, IIp,BC =0, IIp,CA=-3, [Ip, AD =3, leﬁ“:—%, np,CTZ:—%.

2.1.10. 1) {-717:-12}; 2) {5 —1;§};3) {%;—%%};4) 0;-9:14}. 2.1.11. B(5-3;-3}.

2102 A(-3—1-3}.  2.1.13.|G+b =6, |d—b|=14. 2.1.14. 1)| 4B |= 25, \/TBV:{E;E;—E};
25°5 25
(4 3 12
2)| 4B=13, | 4B :{76;7555} 2.115. 1)(1L0), (<7:0); 2)(=10), (9:0).

2.1.16. 1)(0:-4); 2)(0:5). 2.1.17. | 4D |=7. 2.1.18. M(+3:43:443).

2119, G = 222} 212000 =-3. 2.1.215 = {%;—156;9}. 2.1.22. :{—

>

=2
ESHON

= |w

2)

2.1.23. 1) (<21); 2) (-%;2} 2.1.24. 5“:{7%;%;%}.

2.2. Vektorlarni ko ‘paytirish
2.2.1. 1)-12; 2)112; 3)68; 4)252. 2.2.2. 1)-16; 2)3; 3)-89; 4)86. 2.2.3.1) m=1;
) m=6; 3) m=-5m=5; 4 m=2, m=3. 2.2.4.—%. 2.2.5. % 2.2.6. %

227.10) 5 D 7 228, 1)%; 2)-4: 3)%. 2.2.9. 10 (ishb). 2.2.10. 5 =27 =37,

2211, 5 =77 +57 +k. 2.2.12.1)128°; 2) 132. 2.2.13. l)%(y.b.); 2) 4242(yb); 3)

6633 (b)) 2.214. 253, 2.215. +15. 2.2.16.1){9;9;-3}; 2) {27;27,-9}; 3) {~ 18,-18:6}
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JAVOBLAR

1.1. Determinantlar

LLL 14. 1.1.2. 2. 1.13.-x> 1.14. —b(a+b). 1.L5. sin(a - fB)sin(a + B).
1.1.6. 2sine. 1.1.7.40. 1.1.8.-10. 1.1.9. —47. 1.1.10.-18. 1.1.11.22. 1.1.12. -10.
1.1.13.52(b-2).1.1.14. 4x. 1.1.15. —2sinasin Bsiny. 1.1.16. —rga —tgf3.

1.1.17.(a -b)(a—c)(b-c).1.1.18. a(x—y)(x—z)(z—y). 1.1.194%(a+3b). 1.1.20. — xyz.
1.1.21. 0. 1.1.22. cos2a. 1.1.23. x, =-2, x, =1. 1.1.24. x, =1, x, =5.

1.1.25. x, =2, x, =3. 1.1.26. x, =—4, x, =1, x, =2. 1.1.27. 63. 1.1.28. 100.
1.1.29. 2a-8b+c+5d. 1.1.30. —6.
1.2. Matritsalar

3 7 i 3 12 0 1 -2 2-v -1 2
1.2.1.( 4 3 _4} 122,13 5| 1.23./3 =7 6| 1.24.| 5 -3-v 3

4 23 2 -3 -7 -1 0 -2-v
10 -1 7 6 2 -1 4
2 -2 —4
1.2.5. (8 ; 2]. 12.6. |-2 -3| 1.27.]-1 10| 12.8./-8 -3 13|
16 0 2 5 2 1 -2
8 20 35 67 0 6 0 8 -6
1.2.9.( R j 1210.[ ] 1.2.11.( ] 1212.] 6 1 -13| 1.2.13.3.
~38 30 154 166 9 -3
20 1 27
0 -2 -
1(-5 -6 |
1.2.14. 2. 1.2.15.2. 1.2.16.3 1.2.17. - . 1218. 4| -6 2
3(-2 -3 2
2 0 1
0 0 4 —4
8 14 —10
1 -4 6 -3 5
12.19. -4 -1 2| 1220 -
6 gl 0 -4 6 -2
2 -4 2
4 2 -5 3

1.3. Chiziqli tenglamalar sistemasi

1.3.1. Birgalikda emas. 1.3.2. Birgalikda, aniqgmas. 1.3.3. Birgalikda, aniq.
1.3.4. Birgalikda emas.1.3.5. x, =-1, x, =3, x, =2. 1.3.6. x, =3, x,=-3, x,=1.

1.3.7. x, =3, x,=2, x;=1. 1.3.8. x, =1, x, =1, x;=-1. 1.3.9.x, =3, x, =-2.
1.3.10. x, =3, x, =-2. 1.3.11. x, =1, x, =2, x,=0. 1.3.12. x, =1, x, =-2, x, =2.
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keyin 3- ustun elementlariga 2 ga ko‘paytirilgan 2 —ustun elementlarini
qo‘shamiz.

Bajarilgan elementar almashtirishlarni sxema tarzida keltiramiz:

0 5 -10 0 1 -7 17 3
S| FT A s -3 31—1 -4 5 -3

31 7 9 553 1 79

1 -7 17 3 0 5 -10 0

1 -7 17 3 1 -7 17 3
((-1Djo -11 22 0 0 -2 0[

T2 0 22 —44 owjo 1 -2 0

5 o 5 -10 0 0 1 -2 0

1@1?7_ 1 02% oy (10 0 o0

o 1 -2 0[]0 1 -20[]01 00
0 0 0 0[|00O 0 0[]0 O0OOf

0 0 o0 ojJloo o0 o0/looo0o0

Demak, r(4)=2. O

Mustahkamlash uchun mashqlar

A, B matritsalar va A, u sonlar berilgan. 14 + pB matritsani toping:

1 -1 -1 2 3 -1
1.2.1. 4= , B= L A=-1, u=2.
2 -3 0 ~10 2

0 -3 -1 2
1.2.2. 4=|-2 1| B=| 3 -1|, A=2, u=-3.
1 4 2 =5
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2 -1 0 -3 1 1
1.23. 4=|-1 3 -2 B=| 0 -1 0} A=-3, u=-2.
2 3 1 -4 -3 2
2 -1 2
1.24. 4=| 5 -3 3| B=E, A=1, u=-v.
-1 0 -2

A va B matritsalar berilgan. 4B matritsani toping:

2 0 1 -1 -2 21 4 2
1.2.5. 4= , B= . 1.2.6. A=|0 -1|, B= .
-1 3 32 0 s 2 3

1 3 1 -1 2 4 0 -2
1.2.7. 4=|3
2

—_ O —

1 1 -1 0 0 -1 3

A,B va C matritsalar berilgan. (4B)C matritsani toping;:

1.2.9. A=(2 _2], B=( ! 4} C=B-3E.
2 3 -2 5

A,B va C matritsalar berilgan.  4(BC)matritsalarni toping:

1.2.10. A=(3 _IJ,B:(4 Sj,c{_l 4}
2 4 2 6 5 3

1.2.11. 4= (; (2)} f(x)=-2x"+5x+9 bo‘lsa, f(4)ni toping.

1 2 0
1212, 4=| 0 2 -1}, f(x)=3x"-5x+2 bo‘lsa, f(4)ni toping.
-2 1 4

A matritsa berilgan. »(4)ni minorlar ajratish usuli bilan toping:

1 -1 2 3 1 -2 3
1.2.13. 4=|-1 3 0 1| 1.2.14. 4=|-1 4 -2}
3 411 2 =2 7

20

4 -1
1, B=| 0 —-1| 1.2.8. 4=|-2 0 3| B=|2 -1 0|
0 2

FOYDALANILGAN ADABIYOTLAR

1. A.Sa’dullayev, G.Xudoyberganov, X. Mansurov, A.Vorisov,
R.G’ulomov. Matematik analizdan misol va masalalar to‘plami. —T.,
«O*‘zbekistony, 1992.

2. Yo.U. Soatov. Oliy matematika. III tom, —T., «O‘zbekiston». 1992.

3. X. Latipov, Sh.Tojiyev, R.Rustamov. Analitik geometriya va
chizigli algebra. —T., «O‘qituvchi», 1995.

4. F.R. Rajabov, A.N.Nurmetov. Analitik geometriya va chiziqli
algebra. —T., «O‘qituvchi», 1990.

5. Sh.LTojiyev. Oliy matematikadan masalalar yechish. -T.,
«O“zbekiston». 2002.

6. B.A.Shoimqulov, T.T.To‘ychiyev, D.H.Djumabayev. Matematik
analizdan mustagqil ishlar. —T., 2008.

7. H.C.ITuckynos. JuddepeHnmansHoe 1 HHTEIPaIbHOE HCUNCIICHHUE.
4.l — M., 2001.

8. A.Il.Pa6ymko u ap. COOpHUK 3a/1a4 WHIUBUAYATbHBIX 33aJaHUH 10
BeICIICH Matematuke. Y. 2 — Munck: Bricias mkoma, 1991.

9. I1.C. Jauxo, A.I".Ilonos, T.5.KoxxeBuukoBa. Briciras MmaremaTuka
B ynpaxxHeHHsIX U 3afadax. Y.1. — M., 2003.

10. K.H.JIynry, E.B.Makapos. Briciiast matematnka. PykoBojcTBO
K pemenuto 3aaad. 4.2 — M.: ®usmartiut, 2007.

11. Yepnenko B./l. Briciiag maTemaTika B mpuMepax M 3ajadax. 1Tom.
—CII0. «ITonmurexuukay, 2003.

12. O.B 3umuna, A.M.Kupumno, T.A. CanbHuxoBa, Beicmas
MaTeMmaTuka. —M.: @usmataut, 2001.

13. A.C.boprakoBckuii, A.B.Ilantenee. AHanuTHYECKast TEOMETPUS
B IpuMepax u 3aaa4dax —M.: Beicias mkomna, 2005.

14. COopHuk 3a1a4 1o BeIciiei marematuke it BTY3os. 1o obmeit
penaxmueit A.B. Ebumoa u A.C.IlanteneeBa. —M.: ®uzmatnut, 2001.

389



I 1) 32
=-8ya’| -1-1+-+— |=""ya’;
4 ( 3 3) 3

32y’ 4

= =—a.
3-8 3

Ve

Demak, C (m;?j .

10.30. D: X+ % =1 to‘g‘ri chiziq va koordinata o‘qlari bilan chegaralangan.
a

@ To‘g‘ri chiziq tenglamasidan topamiz: y= —éx +b.
a

Quyidagi formulalarni qo‘llaymiz:

b b
J.}ocydx %szdx ,
x, =" , Y, =t m:f;g/dx.
m m a
U holda
“ b x* ‘ ba bay
=y||——x+bldx=y|-—-—+bx| =y|-—+ba|=——;
my{(xjxy(az xjoy(z “]2
a 3 2\|“ 2 2 2
ij —éx+b dx =y —é~x—+bx— :y—ba +ba :bay’
o a a 3 2 . 3 2 6

2 a 2 2
yj(—x+bj dx Zj p -2 x+b—2 dx =
27\ a 23 a a
_Y [y 2T X b7 XY _ably
2 a 2 a 3), 6
x:bazy 2 _a _ab’y-2_ b
‘ 6-bay 3 °° 6-bay 3
Demak,C(a;b). o
33

388

A matritsa berilgan. r(4)ni elementar almashtirishlar usuli bilan toping:

1 -1 3 4
1 -3 2 -1 5 | 3 5
12.15. 4= 2 -1 4 -6| 1.2.16. 4=|" !
1 -4 3 1
-3 -1 -6 11
1 -3 0 -9
A matritsa berilgan. 4" matritsani toping:
11 1
-3 6
1.2.17. 4= ) st 1.2.18. 4=|1 2 -1}
2 2 4
1 01 2
b2 2 1 0 1
1.2.19. 4=|2 6 4| 1.2.20. 4= :
11 2 1
3 10 8
-1 1 2 1

1.3. CHIZIQLI TENGLAMALAR SISTEMASI

Chiziqli tenglamalar sistemasi. Maxsusmas tenglamalar sistemasini
yechish. Chiziqli tenglamalar sistemasini Gauss usuli bilan yechish.
Bir jinsli tenglamalar sistemasi

1.3.1. Ushbu

a,x, +a,x, +..+a,x,=b,

1n"n

a,x, +a,x,+..+a,x, =b,,

2n""n

(1.6)

a,x, +a,x,+..+a,x =b

ml m2 mn”"n m

ko‘rinishdagi sistemaga n noma’lumli m ta chiqzigli algebraik tenglamalar
sistemasi  deyiladi, bu yerda a,,,a,,...,a, —sistema koeffitsiyentlari,
X,,X,,...,x, — noma’lumlar, b.,b,,....b, —ozod hadlar.

(1.6) sistema koeffitsiyentlaridan tuzilgan 4 matritsaga
(1.6) sistemaning matritsasi (asosiy matritsasi) deyiladi.
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(1.6) sistemani matritsalar orqali AX =B ko‘rinishda yozish mumkin,
bu yerda X, B-mos ravishda noma’lumlar va ozod hadlardan tuzilgan ustun

matritsalar.

Noma’lumlarning (1.6) sistema tenglamalarini ayniyatga aylantiradigan
qiymatlariga (1.6) sistemaning yechimi deyiladi.

Kamida bitta yechimga ega bo‘lgan sistemaga birgalikda bo ‘Igan
sistema, bitta ham yechimga ega bo‘lmagan sistemaga birgalikda bo ‘Imagan
sistema deyiladi.

Birgalikda bo‘lgan va yagona yechimga ega sistemaga aniq sistema,
cheksiz ko‘p yechimga ega sistemaga anigmas sistema deyiladi. Anigmas
sistemaning har bir yechimiga xususiy yechim, barcha xususiy yechimlar
to‘plamiga wumumiy yechim deyiladi. Sistemaning umumiy yechimini
topishga sistemani yechish deyiladi.

(1.6) sistema matritsasiga 0zod hadlarni qo‘shish orqali hosil gilingan C
matritsaga (1.6) sistemaning kengaytirilgan matritsasi deyiladi.

Kroneker-Kapelli teoremasi. (1.6) tenglamalar sistemasi birgalikda
bo‘lishi uchun sistema asosiy va kengaytirilgan matritsalarining
ranglari teng, ya’'ni »(A4) =r(C) bo‘lishi zarur va yetarli.

& (1.6) sistemani tekshirish va yechish quyidagi tartibda amalga
oshiriladi.

Tekshirish: sistema asosiy va kengaytirilgan matritsalarining ranglari
topiladi. Bunda:

—agar r(A) = r(C) bo‘lsa, sistema birgalikda bo‘lmaydi,

— agar r(4)=r(C)=n, ya'ni sistemaning rangi uning noma’lumlari
soniga teng bo‘lsa, sistema birgalikda va aniq bo‘ladi;

—agar r(A4) =r(C)<n bo‘lsa, sistema birgalikda va anigmas bo‘ladi.

Yechish: 1. r(4)=r(C)=n bo‘lganda sistemaning umumiy yechimi
topiladi.

2. r(A)=r(C)=r <n bo‘lganda:

— sistema matritsasining biror » —tartibli bazis minori aniqlanadi;

— sistemada koeffitsiyentlari bazis minor elementlaridan iborat bo‘lgan
rta tenglama qoldiriladi (qolgan tenglamalar tashlab yuboriladi), bu yerda

22

3 3 cosstg
:150ﬂjcos4tsintdt:—1507rjcos4td(cost):—1507r~ =30r. O
0 0 0
_ 2
9.30. x:(y 33) , y=6, x=0, Ox.
@® x=0day=3.
d
Uholda ¥ =2x[yg(y)dy formulaga ko‘ra
6 2 6 4 2 6
-3 2z 3 2 2r(y s 9y
v=2x[y Y gy =T [ =6y +9y)dy = Z| Lm0y 4 22| =
!y3 y3!(yy Wdy="5| =2y 2 )

=2”(9-36—2-216+9-18—81+54—81):63n. o
3 4 2) 2

10.15(1). /: x=a(t —sint), y=a(l-cost) sikloidaning bir arkasi.

@ Sikloidaning birinchi arkasi x=7z to‘g‘ri chiziqqa nisbatan
simmetrik bo‘ladi. Shu sababli sikloida og‘irlik markazining abssissasi
x, =ma bo‘ladi.

Sikloida og‘irlik markazining ordinatasini

[wal ,
£ R mzjy-dl

Y. =

formula bilan topamiz.
Bunda

dl = \/(a(t —sin?)')’ + (a(l - cost))dt = \/az((l —cost)’ +sin’ t)dt =
=a~2—2costdt = 2asin%dt.

Egri chiziq bir jinsli bo‘lgani uchun uning zichligi y = constbo‘ladi.
U holda

2z
=8ya;

0

2r 27
m=y jdl = 2ya J.sin%dt = —4yacos§
0 0

27 t 2z t t
2va [ a(l — cost)sin—dt =2ya’ [ 2sin® — - sin—dt =
7! ( )sin i’ ! 5 sin>

2r
:—Syazf 1—cos* L |- d| cos- =—8ya’ cosi—lcos31
0 2 2 2 3 2

27

0
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730 [ 25 g

342+ 3x-2x°

& Ildiz ostidagi funksiyada almashtirishlar bajaramiz:
24+3x—2x" =2—2(x2 —;x]z

2 1—(x2—3x+9j+9 =2 25—(x—3) .
2 16) 16 16 4

U holda

= ——arcsin

AR

o

V2( . 4.2-3 . V2o
:7 arcsin 5 —arcsin( zjarcsml:

8.30. /: x=5cos’t, y=5sin’¢ astroidaning =0 dan 7= % gacha qismi, Oy.

® X=0), y=y (), a<t<p
parametrik tenglamalar bilan berilgan
egri chiziqning Oy o‘q atrofida
aylanishidan hosil bo‘lgan jism sirti
yuzasi
B
o =27 [p(O\@" (1) +y" (t)dt

formula bilan hisoblanadi.
x=5cos’t, y=>5sin’t

astroidaning (Osrsj) Oy 0‘q

S~ JOTAN NS >T5 x

atrofida aylanishidan hosil bo‘lgan
sirt yuazini hisoblaymiz: (10-shakl). 10-shakl.

3
o= 271'JSCos3 t\/(—15cos2 tsint)’ + (15sin’zcost)’dt =
0

T

=1507

O o | N

3
cos’ t\/(costsin 1)*(cos’t +sin’ t)dt = 1507r.[c0s3 tcostsintdt =
0
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koeffitsiyentlari bazis minorga kiruvchi rta noma’lumga asosiy
noma’lumlar, qolgan n —r ta noma’lumga erkin noma ’lumlar deyiladi;

— asosly noma’lumlar hosil bo‘lgan sistemaning chap tomonida
goldiriladi, erkin noma’lumlar sistemaning o‘ng tomoniga o‘tkaziladi;

— asosiy noma’lumlarning erkin noma’lumlar orqali ifodasi aniqlanadi,
ya’ni sistemaning umumiy yechimi topiladi;

— erkin noma’lumlarga istalgan qiymatlar berib, berilgan sistemaning
xususiy yechimlari (zarur bo‘lganda) topiladi.

1-misol. Tenglamalar sistemasini tekshiring:

x, +2x, —4x, =0, X, +x, —5x, =3,
1){5x +3x, - 7x, =8, ; 2) {3x, +x, +x,=5,.

5x, —4x, + 6x, =-1 5x,+2x,—x,=6

@& 1) Sistemaning kengaytirilgan matritsasi ustida elementar
almashtirishlar bajaramiz:

1 2 -4| 0 1 2 -410 1 2 -4] 0
CE%S 3 -7 8 0 -7 13 |8 1|~| 0 -7 13| 8
:|§ )

=315 -4 6|-1 0 —14 26 |-1 0 0 0]|-17

r(A)=2%3=r(C).
Demak, sistema birgalikda emas.

2) Sistemaning kengaytirilgan matritsasi ustida elementar almashtirishlar
bajaramiz:

1 1 -5|-3 11 -5|-3
C= 301 1| 5|2 0 -2 16 |14 |~
2 —1] 6] =30 -3 24|21

1 1 -5]|-3 1 1 -5|-3
[ 0 I =8 |=-7|~| 0O I -8|-7
S\ 0 1 -8[-7) {0 0 0] 0
r(A)y=2=2=r(C)<3.
Demak, sistema birgalikda va anigmas.
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1.3.2. n=m Dbo‘lsin. Bunda (1.6) sistemaning A4 matritsasi kvadrat
matritsa bo‘ladi. 4 matritsaning  Adeterminantiga (1.6) sistemaning
determinanti deyiladi.

Agar A=0 bo‘lsa, (1.6) maxsusmas (yoki xosmas) sistema, agar A=0
bo‘lsa, (1.6) maxsus (yoki xos) sistema deb ataladi.

n noma’lumli » ta chiziqli maxsusmas tenglamalar sistemasi yagona
yechimga ega bo‘ladi. Bu yechim matritsalar usuli bilan yoki Kramer
formulalari bilan topiladi.

1). Cizigli tenglamalar sistemasi yechishning matritsalar usulida
(1.6) sistemaning yechimi

X =A"B. (1.7)

formula bilan topiladi.

2 —misol. Tenglamalar sistemasini matritsalar usuli bilan yeching:
3x, —x, +x, =4,
2x, +x, —2x, =2,

x, —3x, +x, =6.

® 3 -1 1 3 -1 1
A=[2 1 =2|, A=|2 1 -2|=3+2-6-1-18+2=-18.
1 -3 1 1 -3 1

Demak, sistema maxsusmas.

Sistema determinantining algebraik to‘ldiruvchilarini topamiz:

1 -2 -1 1 -1 1
4, = 3 1 =-5 4, =- 31 =-2 4, = 1 -2 =1
2 =2 31 3 1
A12:_ 1 1 =4 4, = 11 =2 4, =- ) =38,
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530, [ 4

0cos3x
@ Aniq integralni bo‘laklab integrallash usuli bilan hisoblaymiz:

5 xdx u=x, du=ds, 1 g 1%
_ d 1 =—xtg3x| ——|tg3xdx=
{cosz3x dv= zx L v=igde| 37 0 3{8
cos’ 3x 3
:l(7rtg£—0j+lln\cos3x|9 =”—\5+l 1ncosf‘—1n\cos0\ =
30973 9 o 2709 3
:”ﬁﬂ(ml_mlj:l(nﬁ—31n2)- o
27 9 2 27

6.30. Izssin6 xcos’ xdx.
@ Integral ostidagi funksiyaning darajasini pasaytiramiz:
2%sin® xcos® x =2*(27sin* x)(2% sin” xcos’ x) =16(2sin’ x)* (2sinxcos x)* =
=16(1 —cos2x)’sin’ 2x =16(1 — 2cos2x + cos’ 2x)sin’ 2x =
=16sin’ 2x —32cos2xsin’ 2x + 16sin’ 2xcos® 2x =
=8(2sin’ 2x) —32cos2xsin’ 2x + 4(2sin 2xcos 2x)* =
=8—8cos4x —32cos2xsin’ 2x + 2(1 — cos8x) =

=10—8cos4x —2cos8x —32sin’ 2xcos 2x.

Integralni hisoblaymiz:

N —

2%sin® xcos” xdx = IOIdx - 8Icos4xdx - 2Icos8xdx - 3’2J'sin2 2xcos2xdx =

. in 4x|" in8x[" <,
10 -8 SNy SINBYE i 2 (sin 2x) =
2 r z

-2

2

=10(ﬂ—ﬂ)—0—0—16-sm>2x
2 3

n

=57. @
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3.30. r/(x +3)* +4x+3

x+3+3x+3.

@® x+3=1° belgilash kiritamiz, chunki EKUK(2,3,6)=6.

Bundan x=¢"-3, dv=6¢dt.
U holda

Ii/(x+3 +\/x+ ftz +1¢ 685 dt =
+3+3

x+3 £+t
_6jtt+1 t'dr=6[t'(t* —t +1)dt =
+

6 6

:;f —t5+gt5 +C:g<’\/(x+3)7 +g§/(x+3)5 -x+C. O

4.30. jV(”

) Integral ostidagi funksiyani standart shaklda yozib olamiz:

o 1\3
X (l+x].

Demak, m:—1—7, n=l, p=g. Bundan mt1
12 4 3 n

+p=-1.

Chebishevning uchinchi o‘riga qo‘yishidan foydalanamiz:

1 1

1
I+x*=x* yoki x*(£ -1)=1.

Bundan I
U holda
e (itfg)z de=—12[( ~1)* (0 -(° - 1)) -2

17_2_5
=—12[(F -1)° * Pdt=—12]t'dt =

12 1+4/x
5 0= [ i/x

]c.o

-)7dt=

384

2 1 3 -1
A13_ 1 -3 =-T Azs__ 1 -3 =8 3=
U holda
-5 -2 1
A =—L_4
18
-7 5

Tenglamaning yechimini (1.7) formula bilan topamiz:

-5 -2 1) (4 —20-4+6
8|2 =—$ 1644448 |=—1
-7 8 5)l6 ~28+16+30

Demak, x, =1, x,=-2, x;=-1. Q@

3

2) (1.6) sistema yechimini

(1.8)

formulalar orqali topish mumkin. Bu formulalarga Kramer formulalari
deyiladi. Bunda Ax determinant A determinantdan x, noma’lumlar oldidagi
koeffitsiyentlarni ozod hadlar bilan almashtirish orqali hosil gilinadi.

3 —misol. Tenglamalar sistemasini Kramer formulalari bilan yeching:

2x, + x, +3x,=-1,
x, +2x,— x,= 0,
3x, +4x, +2x, = 1.

@ A va Ax, determinantlarni hisoblaymiz:

21 3
A=| 1 2 —1[=8-3+12-18+8-2=5;

3.4 2
-11 3 2 -1 3 2
A= 0 2 —1|=-15; Ax,=|1 0 -1|=10; Ax,=| 1
2 301 2 3

A~ o=
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Tenglamaning yechimini (1.8) formulalar bilan topamiz:

-1 1 Ax
xl:AZ]:755:—3; xZZAZZZ?OZZ, x}: Azzgzl o

Agar (1.6) sistema maxsus bo‘lsa:

— Ax,,Ax,,...,Ax, lardan birortasi noldan farqli bo‘lganda sistema
yechimga ega bo‘Imaydi;

— Ax,=Ax,=...=Ax, =0 bo‘lganda sistema cheksiz ko‘p yechimga ega
bo‘ladi yoki birgalikda bo‘lmaydi.

1.3.3. n=m bo‘lganda (1.6) sistemaning yechimi noma lumlarni ketma-
ket yo ‘qotishga (chiqarishga) asoslangan Gauss usuli bilan topiladi.

Tenglamalar sistemasini Gauss usuli bilan yechish ikki bosqichda
amalga oshiriladi.

I-bosqgich (1.6) sistemani pog‘onasimon (trapetsiyasimon yoki
uchburchaksimon) ko‘rinishga keltirishdan iborat. Buning uchun birinchi
tenglamaning chap va o‘ng tomonini «, =0 ga (agar a,, =0 bo‘lsa, u holda bu
tenglama sistemaning x, noma’lum oldidagi koeffitsiyenti nolga teng
bo‘lmagan tenglamasi bilan almashtiriladi) bo‘linadi va birinchi tenglama
qilib yoziladi. Birinchi tenglamani (— G”J ga ko‘paytirib, i-—tenglamaga
qo‘shiladi va i-tenglama qilib yoziladi. Bunda sistemaning ikkinchi
tenglamasidan boshlab x, noma’lum yo‘qotiladi.

Agar sistemada x, noma’lum oldidagi koeffitsiyenti birga teng bo‘lgan
tenglama bor bo‘lsa, bu tenglamani birinchi yozish orqali hisoblashlarni
osonlashtirish mumkin.

Shu kabi 420 deb, sistemaning uchimchi tenglamasidan boshlab
x,noma’lum yo‘qotiladi va bu jarayon mumkin bo‘lguniga gadar davom
ettiriladi.

Bu bosgichda, agar:

— 0=0ko‘rinishdagi tengliklar hosil bo‘lsa, u holda bu tengliklar tashlab
yuboriladi.

— 0=b" (b*#0) ko‘rinishdagi tengliklar hosil bo‘lsa,  jarayon
to‘xtatiladi. Chunki berilgan sistema birgalikda bo‘lmaydi.
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A, B, C koeffitsiyentlarni topamiz:

x=1:16=84,
x': 4=A4+B,
x': 5=54-C.
Bundan 4=2, B=2, C=5.
Shunday qilib,
2 2
J- 4x +27x+5 dx=2_[ dx +J~ 22)c+5 dx=21n|x—1|+_[d()§ +2x—i—5)+
(x—D(x" +2x+5) x—=1 7x"+2x+5 X +2x+5
+3j%:2m|x—l|+ln|xz+2x+5|+garctgx—+1+C. ()
(x+1)"+2 2 2

2.30. "-2—51nx+3cosxdx'

1+cosx

@ Integralda almashtirishlar bajaramiz:

12—smx+3cosxdx:j3+3cosx—1 smx _3J~d I1+s1nxd =3x—1 +C.

1+ cosx 1+cosx 1+cosx

I, integralni universal trigonometrik o‘rniga qo‘yish orqali
ratsionallashtiramiz:

x . 2t 1-¢
t=tg—, sSiInx=——, COSX =
2 1

1:J-1+sinx _ e 1+ |
1+ cosx dre 2dt B
X=—">, X=arcigt
1+¢

1+i

1+ 2dt 1+ +2t 2tdt d1+1¢)

= : = dt=|dt+ =t+ =

-[ 1-¢2 1+¢ J 1+¢° J I1+t2 J 1+¢°

1+¢

=t+In|l+£'=tg>+1n
g2

1+1g” T =tg>~2In
g =85

x
Cos—.
2

Demak,

2 —sinx+3cosx X
j—d =3x—tg—+2In
1+ cosx 2

+C. O

X
COS—|
2
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30-variant
J- 4> +7x+5 e ) J-2—sinx+3cosxdx
(x=D(x* +2x+5) ) 1+ cosx
3 4 2
3.j«/(x+3) +8x+3 4-j 1+4x) d
+3+4x+3 1S
3 .
S.J m:); 6. j28sin6xcos2xdx.
COS O>Xx 7
‘ 5
Jz- 2x -5 dx
V243 —2x"
4

8. /: x=5cos’t, y=35sin’¢ astroidaning =0 dan t:%gacha qismi, Oy.
2
9. xz%, y=6, x=0, Ox.

10. D: T+ % =1 to‘g‘ri chiziq va koordinata o’qlari bilan chegaralangan.
a

B. NAMUNAVIY VARIANT YECHIMI

4% +7x+5 5
(x—D(x* +2x+5)

1.30. |

@ Integral ostidgi funksiya to‘g‘ri kasrdan iborat. Kasrning

maxrajidagi x* + 2x+ 5 kvadrat uchhad ko‘paytuvchilarga ajralmaydi, chunki

p
i q=-4<0.

U holda kasrni

4x* +7x+5 A + Bx+C
(x=D(x*+2x+5) x—1 x*+2x+5

ko’rinishda yozib olamiz.

Tenglikning chap va o‘ng tomonlarini umumiy maxrajga keltiramiz va
suratlarni tenglashtiramiz:

4 +7x+5=A(x" +2x+5)+ (Bx + C)(x - 1).
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2-bosgich pog‘onasimon sistemani yechishdan iborat. Pog‘onasimon
sistema  yagona yoki cheksiz ko‘p yechimga ega. Agar sistema
uchburchaksimon ko‘rinishga kelsa, ya’ni tenglamalar soni noma’lumlar
soniga teng (k=n) bo‘lsa, sistema yagona yechimga ega bo‘ladi. Agar
sistema trapetsiyasimon ko‘rinishga kelsa, ya’ni £ <n bo‘lsa, sistema cheksiz
ko‘p yechimga ega bo‘ladi. Bunda sistemaning oxirgi tenglamasidagi
birinchi noma’lum x,tenglamaning chap tomonida qoldiriladi va qolgan
erkin noma’lumlar deb ataluvchi x,,,..,x, noma’lumlar tenglamaning o‘ng
tomoniga o‘tkaziladi. Keyin x, oldingi (k-1)-tenglamaga qo‘yiladi va x,_,
erkin noma’lumlar orqali ifodalanadi. Bu jarayon shu tarzda davom ettirilib,
birinchi tenglamadan x, ning erkin noma’lumlar orqali ifodasi topiladi.

4 —misol. Tenglamalar sistemasini Gauss usuli bilan yeching:
2x, —4x, —x, =-2,
3x, + x, —2x,=-11,
X, —2x, +4x,= 8.
@ Sistemada quyidagicha almashtirishlarni bajaramiz:
— birinchi va uchinchi tenglamalarning o‘rinlarini almashtiramiz;

— (-3) ga ko‘paytirilgan birinchi tenglamani ikkinchi tenglamaga va
(-2) ga ko‘paytirilgan birinchi tenglamani uchinchi tenglamaga hadma-had
go‘shamiz;

— ikkinchi va uchinchi tenglama hadlarini mos ravishda 7 ga va (-9) ga
bo‘lamiz

— x, ning qiymatini birinchi va ikkinchi tenglamalarga qo‘yamiz;
ikkinchi tenglamadan x,ni topib, uning qiymatini birinchi tenglamaga
qo‘yamiz;

— sistemaning yechimlarini x,, x,, x, ketma-ketlikda yozamiz.

2x, —4x, —x, =-2, x, —2x, +4x, = 8,
3x,+ x,-2x,=-1,=<3x,+ x, - 2x,=-11,=
X, —2x,+4x,= 8 2x, —4x, —x,=-2
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X, —2x, +4x, = §, X, —2x, +4x, = §,

= Tx, —14x, =-35,= x, - 2x,=-5,=
9x3=18 .X3= 2
x3: 29 x3: 2, X1:—2,
= x,-2-2=-5,= x, ==L, =qx,=-1,

X, —2x,+4.2= 8 x-2-(-D=0 |x,=2

Gauss usulining 1-bosqichini sistemaning o‘zida emas, balki uning
kengaytirilgan matritsasida bajarish qulaylikka ega. Masalan, yuqoridagi
tenglamaning 1-bosqichi quyidagicha bajariladi:

2y -4 -1|-2 -2 4 8
3) 1 -2 |-11]|~ 1 =2 1=11l~

17-2 4 8 -4 —1|=2

1 -2 4 8 1 -2 4] 8

=7 0o 7 -14|-35|~0 7 -=-2|-5

(=90 o0 -9|-18 0 0 1 2

1.3.4. Ozod hadlari nolga teng bo‘lgan sistemaga bir jinsli tenglamalar
sistemasi deyiladi.

Bir jinsli tenglamalar sistemasi hamma vaqt birgalikda (chunki
r(4)=r(C)) va nolga teng bo‘lgan (trivial) x, =x, =...,=x, =0 yechimga ega.

Bir jinsli tenglamalar sistemasi nolga teng bo‘lmagan yechimga ega
bo‘lishi uchun uning asosiy matritsasining rangi » noma’lumlar soni
n dan kichik, ya’ni » <n bo‘lishi zarur va yetarli.

n noma’lumli » ta chiziqli bir jinsli tenglamalar sistemasi nolga teng
bo‘lmagan yechimga ega bo‘lishi uchun uning A determinanti nolga
teng, ya'ni A=0 bo‘lishi zarur va yetarli.
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28-variant

1. IZx—j—de 2.‘[ d —.

(x+3)(x" —x+1) 5+3cosx —5sinx
3 J‘ \/;dx 4 J-A(I‘FWY dx
5. f(x5 + 5)cos 2xdx. 6. j|£24 sinsgdx.
7.2l

:[2\/ 2x* =5x+1
8. 1: r=,Jcos2¢ limniskataniing ¢=0 dan ¢ :% gacha qismi, Ox.

2 2

_2 =1, -b<x<b, Oy.

— =

9.

QN‘X
>

10. D: x’+y’=9 aylananing Ox o°‘qdan yuqori yarim qismi
chegaralangan.

29-variant
T L S U 2. | L
(x+2)(x" —2x+10) 3cosx+4sinx+5
3. dx . 4. '[ Lo dx.
Yx+2) —x+2 x-Ax
3 2
5. J'e*' sin xdbx. 6. jsins xdx.
0 0

7 jﬁdx

3 —4x —4x°

2
8. /. x’ =3y egri chiziq yoyining x=0 dan x=1 gacha qismi, Ox.
9. x=acost, y=bsint, OSxS%, Ox.

10. D: r=4(1+ cosp) kardioida bilan chegaralangan.

bilan
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26-variant
2
e, N
x +1 7sinx —3cosx
1++x Ya+Vx)*
3. j dx. 4. jidx.
l—“\/? x'sx/F
i . X x
5. _[x2 arcsin(1 — x)dx. 6. J.sméfcoszfdx.
0 v 4 4
£ 2x-8
7. | ——dx.
jflx/l—x—xz
2

8. I: y=cosxkosinusoidaning x = —% dan x :% gacha qismi, Ox.

3

2
9. =X y=2 o
y 5 y ]

10. D: y=¢ -t , x=t’ -1 chiziq va Ox0’q bilan chegaralangan.

27-variant
4dx +2 dx
1. [—=ax 2. [——M.
J.x“+4x2 * J4sinx—3cosx
_3 2 3 3 23\2
x-3x dx. 4. _[de.

T e

6. JZ“ sin® X cos? X dx.
° 2 2

5. [(x* =1)e™dx.
0
j- 2x -5 I
C3Bx—15-x°
8.1 x=2Rcost—Rcos2t, y=2Rsint — Rsin2¢ egri chizigqning x=-7 dan
x=0 gacha qismi, Ox.

9. x=acos’t, y=asin’t, Ox.

10. D:x=2(¢t-sint), y=2(1-cost) ning bir arkasi va Ox o0°q bilan
chegaralangan.
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5 —misol. Bir jinsli tenglamalar sistemasini yeching:

2x, +3x, - 2x, =0,
X, — x,+3x,=0,
4x, + x, +4x,=0.

2.3 =2 1 -1 3 1 -1 3
o a1 1 5| 222 32| o5 g
4 1 4 -414 1 4 0 5 -8
1 -1 3
~ -8

0O 0 O r(A)=2, n=3, r<n.
Demak, sistema cheksiz ko‘p yechimga ega.
Ularni topamiz:

{2)51 +3x, —2x, =0, {2x1 +3x, = 2x,,
=

x,— x,+3x,=0 X, — x,=-3x,.
2 3
A= =-5,
1 -1
2x, 3 2x,
Ax, = ' Tx,, Ax,= T | =—8x,.
- 3x, 1 1 —3x,
Ax, 7x, Ax, 8x,
X = = > 2 = ="
A 5 A 5

Erkin noma’lumni x, =5k (k —ixtiyoriy son) deb, sistemaning umumiy
yechimini topamiz:
x,==Tk, x, =8k, x, =5k.
Sistemaning xususiy yechimlaridan birini, masalan k =1da, topamiz:

x,=-7,x,=8 x,=5. O
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1.3.3.

Mustahkamlash uchun mashgqlar

Tenglamalar sistemasini tekshiring:

X, —x,+x,=2,

1.3.1. § x, +x,—x, =1,

5x, —x,+x, =7

X+ x,+ 5x,+2x,= 1,
2x, + x, + 3x,+2x,=-3,
2x, +3x, +11x, +5x, = 2,

X, + x,+ 3x, +4x,=-3.

X, —x,— x,=-1,
5x,—x, +2x,= 3,
4x, +3x, = 4.

X, +x,— x,+2x, =3,
2%, —x,+ x,— x, =1,
3x, +x,+2x, — x, =5,
X, —x, +4x, —5x, =2.

Tenglamalar sistemasini matritsalar usuli bilan yeching:

X, +2x,—x,= 3,

1.3.5. 12x, —x, +2x, =1,

X, +3x, —x, =6.

X, +2x,+ x,= 8§,

1.3.7. 9 x +2x, +3x, =10,

2x, —3x, —4x, =-4.

1

2%, + x,— x,= 2,
2x, +2x, = 3x, =-3,
X, +2x, = 2x, =-5.

2x, +7x, — x, =10,
X, +2x,+ x,= 2,
3x, —5x, +3x, =-5.

Tenglamalar sistemasini Kramer formulalari bilan yeching:

3x, —4x, =17,

1.3.9. {
S5x, +2x, =11.

X, +2x,+3x,= 5,

1.3.11. <3x, — 2x, +3x, =-1,

2x, +3x, —2x, = 8.

1.3.10. {

Sx, +7x,= 1,
6x, +4x, =10.

2x, = 2x,+ x,= 8§,

X, +3x,+ x,=-3,
3x, +2x, —2x, =-5.
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24-variant

2
1ol g p J R —
(x—D(x"—6x+13) 2cosx—4sinx+5

3 4 (LA
Jx+1 1 * oAl
0 0
5. j(x+1)e'2‘dx. 6. f2ssin4xcos4 xdx.
’ Sz
0
4
g e S
Jz\/x2+2x+4

8./: x=4cos’t, y=4sin’t astroida, Ox.
9. r=a(1-cosg), qutb 0’qi.

10. D: x+y=6, y=0, x=0 chiziqlar bilan chegaralangan.

25-variant

2
[2X 00 p Y S—
x +27 5+ 2sinx +3cosx

Vx+2 d J\/1+
x-x+2+2

5. jxarctg\/;dx. 6. _[24 cos*%dx.
0 0

3.

j- 2x—4

8+2x—x’

1
2

8. 1. y=e" egri chiziq yoyianing x>0 ga mos qismi, Ox.

9. y=sinx, y=cosx, OSxS%, Oy.

10. D: y=cosx kosinusoida va koordinata o‘qlari bilan chegaralangan.



22-variant
1. | 2x2+ 22 dx. 2. IL
(x+2)(x" —2x+10) sinx —3cosx + 2
3. [—T 3 ix. 4. 17(1 T/%) dx

x+3+3x+3

E 4 2n
5. +1 2cosfd . 6. [sin® Zdx.
_[(x ) /x ! 1 x

dx.

8+ 6x —9x?

8. /: x=2(t—sint), y=2(1-cos?) sikloidaning bir arkasi, Oy.

i

3 2x+3
‘][ X
3

9. x=¢>, —l—ft b.h., Ox.
10. D: y:(x—2) , x=0, y=0 chiziglar bilan chegaralangan.

23-variant

2x° +Tx+7 dx
i : dx. p Y S —
(x—=D(x" +2x+5) 2sinx —3cosx

3 J- dx J.\/(1+
. 7x(3\/;+\/;).

e 0
5. j3lr12x dx. 6. J-2gcos8 xdx.

T X

wln

0 4x -3

7. [————adx
j[\/Z —6x—-9x°
3
8. I: r=5(1+cosp) kardioidaning ¢=0 dan ¢= % gacha qismi, Oy.

9. x=acost, y=bsint, —%Sxﬁ%, Oy.

10. D: x* +y°=16 aylananing ¢ = 60°1li markaziy burchagi bilan
chegaralangan.
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ax, + ax, + x, =1,
1.3.14.% x, +d’x,+ x,=a,

X, +2x,+3x,= 6,
1.3.13. § 4x, +5x, + 6x,
Tx, + 8x, =-06.

I
o

X, + ax, +ax, =1.
Tenglamalar sistemasini Gauss usuli bilan yeching:

2x, + x, +3x,=-13, 3x, +2x, =3x, =1,

1.3.15. 9 x, +2x,— x,= -2, 1.3.16. <2x, + x, +2x, = 4,
3x, + x,—4x,= 7. x, —=3x,+ x,= 9.
X, +2x, +x,—2x, =4, 2x, +x, + x,= 4,
X, +x,+3x,= 1, X, =X, +2x,+2x,= 1,
1.3.17. P ) 1.3.18. ’ ’
2x, +x,- x,= 0, X, +3x, +2x, =-5,

3x, + x,+4x, =-2. 3x, —x, +2x, = 3.

2x, +3x, - x,—x,= § x, —2x,-3x,+ 5x,=-1,

1.3.19. 3, + x,— x,+x,= 8§, 1.3.20. 2x, =3x, +2x, + 5x, =-3,
x,— x,+ x,—x,= 0, 5x,—Tx, +9x, +10x, =8,
3x, +7x, —3x, —x, =16. X, — X, +5x, =-2.
Bir jinsli tenglamalar sistemasini yeching:
1.3.21. 2x, +3x, +2x, =0, 1.3.22. 3x,— x,+4x, =0,
3x,— x, +3x,=0. 5x,+3x,+3x, =0.

2x, +3x, + x,=0,
1.3.24. <3x, — 2x, + 3x, =0,
4x, +3x, +5x, =0.

3x,+ x, +2x, =0,
1.3.23. 5 x, +2x, —3x, =0,
5x,+5x, —4x,=0.

x, +3x, —6x, +2x, =0, X — x,—2x,+ 3x,=0,
2x, — X, +2x, =0, 1.3.26. X, +2x, - 4x, =0,
3x, —2x, +2x, —2x, =0, x,—4x,+ x,+10x, =0,

2x, + x, +4x, +8x, =0.

1.3.25.

2x,+ x,-2x,— x,=0.
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I-NAZORAT ISHI

1. Determinantni xossalar bilan soddalashtirib, hisoblang.
2. A va B matritsalar berilgan. 4B, (4B)" (agar mavjud bo‘lsa)

matritsalarni va r(4B)ni toping.

3. Tengla

malar sistemasini tekshiring.

_ 9 N =

I-variant
3 0 -1
2 4 -1 b
2. 4=
1 -1 4
-3 3 2
X, — x,+3x,+3x,= 6,
3 3x, +2x, — x, +2x,=-3,
X, —4x,+ x,= 0,
x, +3x, -2x,= 3.
2-variant
1 -2 2 -1
5 2
31 3 4
2. 4=|-2 0}, B=
1 -3 2 -1
0 4
2 4 -2 1
2x, + x, =3x,— x,=-3,
3 3x, +2x, — X, =2,

—x, +4x,+ x,+3x,= 6,

5x,+3x, —4x,— x,= 0.

[

3 11
-2 40

0 -1 3
0] B= .

-1 2 0
5

|

32

4x+3

1. J.—Z x
(x=2)(x"+x+1)

3. _[ %/;x dx.

1++/x

3
5. [(3x —x7)sin2xdx.
h

¢ 2x+5

7. | —————dx.
lx/4x2+8x+9 3

20-variant

2

4. J'Lwdx.

x° -

dx
3cosx —4sinx +4

B

2%sin* xcos* xdx.

6.

N —

2 2
8.1: % +%=1 ellipsning y=0 dan y=35 gacha qismi, Oy.

2 2

9. x—2+£—2=1, Ox.
a

10. D: r=2(1-cos¢) kardioida bilan chegaralangan.

5x° +17x+36

- - x
(x+D(x" +6x+13)

~ xdx
3. )
J.1 +ix’
5. sz In(1 - x)dx.

3
7. [0 g

) 2V4x-3-x’

8./1: r=

sin” —
2

9. 2x+2y—-3=0, y=%, Ox.

2 2

10. p: 2 +2 o1
25 16
chegaralangan.

ellips va koordinata o‘qlari

21-variant

2 J- cosdx
"2+ cosx’

Y1++/x
dx.

4'.[ 32

X-\NX

6. _[24 sin® X cos* X dx.
v 2

egri chiziq yoyining ¢ =0 dan ¢ = % gacha qismi, Ox.

(y=0, x>0) bilan

377



18-variant

2x> +2x+10

- X 2. I dx
(x—D(x"+2x+5)

1|

3sinx —4cosx

3. IM 4. I;\de
Vx+3x A

0
6. .[2* sin® xcos® xdkx.

-

5. [(x* —4)cos3xdx.

fo
0 \/2)(72 —-x+7

8. 1: x=cost, y=1+sins egri chiziq yoyi, Ox.
9. x=acos’t, y=asin’t, Oy.

10. D: y* =3x va x* =3y egri chiziglar bilan chegaralangan.

19-variant
LT g p Y S
(x+2)(x" +2x+3) 8+4cosx
\/; 5 (1+3 x2)4
3 dx. 4, [FY—F"dx.
11_4\/; J. xZ .5\/;
% dx T
5. (2 6. {2'sin® xdx.
isinzx i o
4 2
. 2x+3
7. | —————dnx.
Jl.\/x2 —-2x+10

t2 3

8./: x=4- Y =% egri chiziq yoyining =0 dan
¢ =2+/2 gacha qismi, Oy.

9. y=arcsinx, y=arccosx, y=0, Oy.

10. D: x=4cos’t, y=4sin’¢ (0 <t< Zj astroida yoyi bilan chegaralangan.

376

— N oW N

—_— N N —

=)

-3

-3

— N A~ W

0 -1
4 -1
-1 0o}
32

3
0
2
-2

3.

3-variant

2x, —4x, + 3x, +5x,= =8,
=3x,+2x,+ 5x,-2x,= -1,
—4x, +13x, + x, =-10,

—2x,+3x,+ 3x,+5x,= 8.

-2
4

-3

1

3.

4-variant

1

4
2

1], B=
3 1 2

3x,+ x, - 2x,+ x, =5,

-1 0

2x, — x, +2x, +2x, =1,

—x, +3x, +3x, =1,
x, +4x, +3x, =3.
5-variant
3 -1
2 3 -1
2. 4=|2 2|, B=
4 5 0

X, + x,+ 3x, +4x,=-3,

2x, + x, + 3x, +2x,=-3,

2x, +3x, +11x, +5x, = 2,

X+ x,+ 5x,+2x,= 1.

4
-1 2 1
1|, B= .
2 0 -1
1

}
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6-variant

1 5 -1 2 ! !
4 1 2 2 5 -3 0
. 2. 4=|3 -2}, B= .
3 -3 4 -1 1 4 6
4 0
2 2 -1 -4
2%+ x,— x,+ x,= 1,
3x, —2x, +2x, = 3x,= 2,
S5x,+ x,— x,+2x,=-1,
2x,— x,+ x,—=3x,= 4.
7-variant
-1 1 3 -2
-2 0
0 2 4 -1 -2 3 2
. 2. A=| 3 2|, B= .
3 52 3 0 1 -1
-1 4
-4 3 1 5
4x + x, + x, +2x, =13,
3 2x, +4x, +3x, + x, =21,
) X, —2x,— x,+3x,= 5,
Tx, +4x, +3x, + x, =21.
8-variant
-1 2 23
-2 1
3 0 -1 4 -2 0 1
. 2. A=|-2 4|, B= .
1 -2 3 2 3 2 2
3 2
-2 1 21

2%, +2x,— x,+ x,= 4,
4x, +3x,— x,+2x,= 6,
3x, +3x, —2x, + 2x, =
8x, +5x, —3x, +4x, =12.

|
)

34

16-variant

) J. 5x-3 2.-[ dx

— —  _dx _—
(x+D(x*+1) 3sin x —cos x

1+¥x V1+x
3. jmdx. 4.J T dx.

6. j24 sin® Y cos® X dx.
1 0 2 2

8.1: x=¢'sint, y=e¢'cost egri chiziq yoyining =0 dan
tzg gacha qismi, Oy.

9. r=a(1-cosp), qutb o‘qi.

10. D: r’=9cos2¢ limniskataning birinchi halgasi bilan chegaralangan.

17-variant
1. J- 12 2— 6x o
(x +2)(x*~4x +13)

3 g g (O
x(1+¥/x) x-3x°

2 J- dx
"J3cosx+5°

T 27
5. jx3 sin xdx. 6. J-sin6 xcos® xdx.
0 0

8.1: x= yj - thy egri chiziq yoyining y=1 dan y =egacha qismi, Oy.

9. y=(x-2)*, x=4, y=0, Oy.

10. D: y=sinxsinusoida va Ox o‘qining [0;7]
chegaralangan.

kesmasi bilan
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14-variant
L2, Vb
(x+D(x"+2x+2) cosx —3sinx
3/, 4
3. (vl 4 [ 1+
Vx -1
3 .
5.] xdzx 6. IZ“sin“xcosAxdx.
0 COS” X
1
2
7._[ rl dx.
oN2+x—x°

8. I: r=4cose egri chiziq yoyi, Ox.

X
9. y=ach=, —a<x<a, Ox.
a

10. /: x=3cos’ %, y= 3sin3§ astroidaning uchinchi kvadrantdagi qismi.

15-variant

sin xdx

I S5x+2 dx. Z.J‘

x _—
(x+3)(x2 +2x+2) 1+ sinx + cosx

4 Iis 1+5\/Fdx

'[\/x+1+1 ' BRI
Ve 27 X
5. Ixz In xdx. 6. fcosxfdx.
° 4
3
T L B
iAxXT +4x+17
2
8. I: r=2(1-cosp) kardioidaning ¢=-r dan ¢ = —% gacha qismi, Ox.

2 2

9.’“—+Z—2:1, Oy.

10. /: r=2cosg egri chiziq yoyining ¢ = —% dan ¢ = % gacha qismi.
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N = N =

N = = O
I

5
4
2
3

-5

-3

9-variant

-2 2
16 bl
2. 4=|2 3|, B=
-1 2
4 -1
2 1
2x, +3x, — x, +2x, =10,
x, —6x, + X, =-0,
4x, +3x, —-3x,=-4,
3x, = 5x, — x, +2x,= 2.
10-variant
-1 3
3 2 -3
. 2. 4=|3 -1}, B=
0 -1
4 0
1 -3
3x, = x,+2x,— 5x,=1,
-5x,— X, + X, =2,
—2x, —2x, +3x, - 5x,=3,
-9x, —5x, +7x, —10x, =8.
11-variant
-1 -2
L3 -1 2
2. A=|-3 4|, B
-3 4
4 2
4 3
X, +2x,— x,+2x,= 4,
3 5x,— x, +3x, =7,

2x, +3x, +4x, - x, = §,

x, + x,—7x,=-5.

(1

35

(

:(—

2

0 -

23
2 0

)

3 4
3 5)

1
-3

}
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12-variant
1 3 -2 0
2 2
2 5 -3 2 -2 21
. 2. A=|3 -1}, B= .
3 -1 4 -2 0 3 4
4 -2
1 2 -2 -3
x, + x,—3x,+2x,= 6,
3 2x, —3x, +2x, = 6,
) x, + x,+3x, =16,
- X, +2x, + x,= 6.
13-variant
-4 1 1 -2
3 -1
1 3 2 =2 3 0 -1
. 2. 4=|1 0}, B= .
2 02 1 52 2
1 -3
-4 31 3
X, —2x, +2x, — 4x,=-2,
3 —5x, +8x, —4x, +12x, =4,
) 4x, —Tx, +5x, —12x, =—1,
2x, -3x,+ x,— 4x,= 3.
14-variant
2 3 -20
5 =2
1 5 -11 0 -3 1
2. 4=|3 -3, B= .
-2 -2 3 2 1 4 2
3 1
-3 1 4 5

2x, +3x,— x,— x,= 7,
X, +4x,-3x,= 0,
5x, +2x, —3x =10,

3
X, +2x,=3x, +5x,= 1.

36

36dx

1. |

& xdx
3. .
‘[l +/x

5. [in* (x + .

Im

(x+2)(x* —2x+10)

12-variant

2. J- dx

2cosx—sinx+3

AESETIN

0
6. JZS sin’ xcos® xdx.

[SIE]

8. /: y* =2x+1 parabolaning x=0 dan x=7 gacha gismi, Ox.

9. x=a(t —sint), y=a(l-cost), b.a., Oy.

10. /: y= ach™ zanjir chiziq yoyining x=-a dan x=a gacha qismi.
a

i x+3x+1 5
(x+D)(x*—x+1)

13-variant

2. I dx

2sin x + cos x

0 ey

6. _[sin2 xcos® xdx.
0

8. 7: r’=9cos2¢ limniskataniing ¢=0 dan ¢ :% gacha qismi, Ox.

9. xy=6, x=1, x=4, y=0, Ox.

10. /: x* +y’=16 aylananing Oy o‘qdan o‘nq tomonda yotgan yarim qismi.
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10-variant 15-variant

x+2x-1 dx
1. [—————adx S 3 4 -1 1]
(x+2)(x"+x+1) cosx(l+ cosx) 2 3
1 -2 4 -3 4 2A—02B—_234
x x4 3x Ja+Vxty o o-1 2 T 30 -1
3. [T, 4. [V 2 -1
x(1+x) x> -Alx 23 0 1
5. jxlnzxdx. 6. _[24sin2xcos“xdx. 2x, +3x, = x,=3x,= 3,
1 0 3 -2x,+ x, +4x, =—1,
3 ’ 3x, — x, +3x,— x,=-6,
o 2x+7
7 '[ 45 4dx. 2x, —=5x,+ x, —5x,=-1.
1VX X —
8. [: x* =2y parabolaning y =0 dan yz% gacha qismi, Oy. 16-variant
9. r=acos’ ¢, qutb 0’qi. 0 -1 -2 1 .
10. /: x* +y*=25 aylananing Ox o‘qdan yuqori yarim qismi. 1. 2 2 -5 -2 ' 2. 4=|-2 4| B= 5 -1 3 .
3 -4 1 -1 5 5 0 -1 2
) 13 1 3 -
11-variant
1 J.xz+3x+2dx 2 I dx 3x, —x,+ x,+5x, =17,
' x -1 ' "Jsinx+3cosx+5 3 2x, +3x, +2x, =11,
3 I(%/?+1)(«/§+1)dx 4 I%/H%/}dx 4%, +x, =%, =9,
: x ’ ) - 3x, —x, + 6x, = 7.
1 T
5. | x*e™dx. 6. [2°cos’ xdx.
! i 17-variant
2
3 47 -4 1 2 =2 .
7. dx. -
J; 3x* —2x+1 L (3) i _12 : 2.4=[5 0 ,B=@ ; _2‘]
8.1: r= ! egri chiziq yoyining ¢ =0 dan (nggacha gismi, Ox. -4 1 1 3 33
cos’ = 2
) 2x, +3x, - x,+ x,= 5,
9. y=1 x=0, y=0, x=1 Ox 3 )3 w3 =-l
X, +2x, +2x, =5,

10. /: »=4(1+cose) kardioidaning ¢ =0 dan ¢ = gacha qismi. 4x, +3x, +3x, + 5x, =10.
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18-variant
-2 -3 -2 3
1 -1
1 3 -1 2
. 2. A=|3 -2}, B=
2 -1 0 2
4 0
-3 1 41
2%, +3x, - x,+ x,= 7,
3 —2x, +4x, —5x, =11,
’ x, —2x, + 3x, =-3,
-x, +9x, —10x, + x, =16.
19-variant
4 5 -1 1
1 3 -2 3 > 2
. 2. 4=3 1
-1 1 -4 2
-2 3 0 1
4x, — x, +3x, —2x, =10,
-2x, +2x,— x,= 1,
x, +3x, +3x, =-5,
5x, + x, +2x,= 2.
20-variant
1 -3 -3 2
1 -4
2 0 -3 -1
. 2. 4=|0 1| B=
3 -4 1 -3 4 s
4 1 2 3 -
—x, +3x, - 2x, +4x, =1,
3 3x, + x, -2x, =1,
| 2x, +5x, - x,=7,

4x, +4x, +3x, + x, =8.

(

-2 10
-3 3 2

5 -3 0
1 4 6)

|
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L
(x+D(x"+1)

8-variant

dx
sinx+cosx+3

2.

Vx+x Ya+4x')*
3. jmdx. 4. J'de.

1 0
5. jxarctgxdx; 6. J.ZS sin® xdx.
0 —

ola

7 j‘&dx
a2t —x+5

2 2
8. [ % +i}—6 =1 ellipsning x=0 dan x=35 gacha qismi, Ox.

9. x>’ =(y+4)’, y=0, Ox.

10. /: x=3(cost +tsint), y=3(sint —tcost) (0<t<r) egri chiziq yoyi.

9-variant
L[ 2X* 4 pJi L LS
(x=2)(x"—x+1) sinx + cosx + 1
Vx Y1+3x
3 4. | dx.
x—4/x’ x - ¥’

0 X 27
5. J'(x—l)e 2dx; 6. _[sin"?»xcos4 3xdx.
-2 0

8.1: y= 2ch§ zanjir chiziq yoyining x=0 dan x=2 gacha qismi, Ox.

9. y=sinx, y=cosx, Oﬁxﬁg, Ox.

10. 7: :asin3§ egri chiziq yoyi.
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6-variant

1. ILSTA 2. J‘L
(x+ (x> +2) 3cosx—5
3 j \/;dx (l+
RETTE X r
5. T(x2 +1)cos xdx. 6. Ism 7608 de
7 3
'[x/4+2x x’

2
8.1: y= % - IHTx egri chiziq yoyining x =1 dan x=egacha qismi, Ox.
9. x> +(y—-2)" =1, Oy.

10. /: »=2(1-cos¢) kardioidaning ¢=-7 dan ¢ = —% gacha qismi.

7-variant
3
T N
(x+2)(x" +2x+3) Scosx+3
/ 3/ 3 3
3. J'—x+l+ x+1dx. 4.j 1ﬁL\/;abc.
Vx+1 x-xt
1 X T
5. sze 2dx. 6. j285in2xcos6xdx.
4 z
j’- 6x—1
W2 =3x—x°

8. /: y=sinxsinusoidaning x=0 dan x=x gacha qismi, Ox.
9. y=¢", x=0, y=0, (x=0), Oy.

10. I: x=+/3, y=1—1¢ egri chiziq yoyining /=0 dan /=1 gacha qismi.
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NN = W

-2

-1
—4

3

3

DN = W =

-3

—4

N O W =

-3
-1
-1

4

-1
-5

1
-1

—_ NN O W

1
2

5 I

1

21-variant
+ 2 3 -1
2. 4=|1 3|, B= .
4 5 0
2 -2
3x, - x, +4x,= 0,
2x, + x,+ 3x, = 4,
X, +2x,— 6x,— x,= -6,

5x, +3x, —12x, + 2x4 =-12.

0
—4

—2 1

1

—x, —3x, +9x,

22-variant
-1 3
1 -2 0
2. 4=| 3 2|, B= .
1 3 4
-4 0
2x,— x, +5x,— x,= 9,
x, +3x, —4x, =-5,
5x, =2x,+ x,=-6,
3x, +4x, — x, = 1.
23-variant
- -2 2 1
2. 4=| 3 , B=
1 0 2
2x, +3x, —4x, =-1,
4x, — x, +2x, =-5,
X, +2x,-3x,+ x,=-1,

—Tx,= 2.

4
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2 -3
1 3
-2 =2
-3 3
-3 2
-2 3
1 2
2 3
2 =2
3 4
1 -4
2 3

24-variant
-4 3
) 3 1
2. 4=|3 -1}, B=
0 1
0 -2
11
2x,— x,+ 4x,+ x, =6,
3 X, +2x,— 3x,+ x, =1,
© ) 5x, - X, +2x, =6,
x, —3x, +13x, + x, =8.
25-variant
-1 2
1 4 > !
. 2. 4=|1
-1 5
2 -3
4 1
—x, +3x, +2x, +2x, =1,
3 2x, — x, +6x, =8,
) 3x, +2x,— x,=6,
X, +5x, -3x, =4.
26-variant
-3 1
4 -1
-3 -2
. 2. 4=|1
bl 3 -1
2 5 -

2x, +2x, - x,+3x,= 6,

—-x, + x, +3x, =3,
3x, — 2x, —4x, =-3,
X +6x, —4x, = 2.

1 37 Ty

1], B=

-3, B

:

&

-2 4 1
1 35

0 -1
1 3/

}
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4-variant

1. jx —4x+12 2 J cosxdx
P "1 +sinx +cosx’
3 5 4
3, (A g g, [VLENX 4y
\/7+3\/7 x> -Nx

5. _[xln(3x + 2)dx.

5
2 5x+2
7. | ————dx.
'L/x2 +3x+4
2

8. 1. r=4sing aylananing ¢=0 dan ¢= % gacha qismi, Ox.

9.y’ =(x+1)’, x=0, Oy.

10. /: x=5cos’t, y=5sin’¢ astroidaning Oy o‘qdan chapda yotgan qismi.

S-variant
.[ 3x2+13 dr. 2. J-6smx—SCosx+7dx.
(x—-D(x"+2x+5) 1+ cosx
32l g f“
xo141

2 27 . x x
5. sz In xdx. 6. J.sm“fcos“fdx.
1 s 4 4

L,
) Sa/x =5x+1 '

3

8.1 x=_ , y= 4—— egri chiziq yoyining =0 dan

24
¢ =2~/2 gacha qismi, Ox.

9. x=a(t —sint), y=a(l-cost), b.a., Ox.

10. /: x* +y°=9 aylananing ¢ = 60°1i markaziy burchagi orasidagi qismi.
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2-variant

2
s L R
(x+D(x"+6x+13) 4cosx +3sinx
V1+¥x
3. 4. dx.
J.l+\/x+ J.x_lsx4

5. J.\/;lnz xdx.
1

T
6. J2“sin(’ xcos’ xdx.
0

¢ x+5

7. | ———
:.-2\/3—636—362

8./: x=2cos’t, y=2sin’¢ astroida, Oy.

dx.

9. y*=3x, x* =3y, Oy.

10. 7: r=2sing egri chizigning ¢ =0 dan ¢ = gacha qismi.

3-variant

| X' =3x+1 0 ) ,[ sin xdx
(x+2)(x> +4) "5+ 3sinx’

1+x NI+ 4x
3. 4. dx.
I P

2

3
5. [(x* = 3x)sinxdx. 6. [2*sin‘xcos* xdx.
0 0

3
f -10
TAl+x—x°
2
8. [: x=3(t—sint), y=3(1-cost) sikloidaning bir arkasi, Ox.
9. r* =acos2p, qutb 0’qi.

10. /: y =3ch(x —3) zanjir chiziq yoyining x=-3 dan x=3 gacha qismi.
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-3
4
2

-1

— O W N

-2
1
-1
4

0
2
5

-1
-2
3
0

-2
-1
-2

3.

W NN =

—_— W N =

27-variant
-2
2. A= —1 3 5 B:(
3 2
2x, +3x,— x,— x,=3,
x, —4x, +5x, =2,
4x, +3x,+ x, =8,

2x, +8x, +3x, —9x, =4.

28-variant
1

2. A=|3

2

2

~2|, B=|

-3

3x, +2x,— x, —2x,=2,
-Xx, +3x,— x,+2x, =3,

2x, +5x, — 2x,

=5,

x, +8x, =3x, +2x, =8.

29-variant
2 -5
2. 4=|1 1}, B=
2 -2
5x,— x,— x,+2x,=-3,
- X, +2x, -3x,= 0,
2x, +3x, + x,=-4,
6x, + x,+2x, =-7.

(

20

3

1

-1
4

J
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30-variant

0 -2 1 2
1 -2 -5 -4 bo-4 5 -3 1

1. . 2.4=|3 -3| B=|_ .
2 —4 2 -3 s 2 30
31 -1 0

4x, +2x, — x, +2x, = 2,
x, =3x,+ x,— x,= 5,
2x, — x,+2x, =7,

x, +6x, —4x, +3x, =-8.

1-MUSTAQIL ISH

1. Berilgan determinantni hisoblang: a) i-satr elementlari bo‘yicha
yoyib; b) j— ustun elementlari bo‘yicha yoyib; c¢)j— ustundagi bittadan
boshga elementlarni nolga aylantirib va shu ustun elementlari bo‘yicha
yoyib.

2. 4, B matritsalar va «, B sonlari berilgan. ad+ B, AB, A
matritsalarni toping va 44" = E ekanini tekshiring.

3. Tenglamalar sistemalarini tekshiring. Birgalikda bo‘lgan sistemani
Kramer formulalari orqali, matritsalar va Gauss usullari bilan yeching.

4. Bir jinsli tenglamalar sistemalarini yeching.

1-variant

1 2 3 4
5 4 2 5 4 -5

-2 1 -4 3
1. id=1,j=2. 2.4=|3 2 4,B=|3 -7 1],

34 -1 2
1 0 5 1 2 2

3 -2 1

a=-1, p=4.

2x, - x,=3x, = 4, 3x, + x, +2x, =1,
3. a)<3x, +2x, —3x, =15, b)s x +3x,+2x,=7,

x, —4x, —3x, =6. 2x, + x, +3x,=6.
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6-MUSTAQIL ISH

1 - 4. Anigmas integralni toping.

5 - 7. Aniq integralni hisoblang.

8. Berilgan / egri chizigning ko‘rsatilgan o°‘q atrofida
aylanishidan hosil  bo‘lgan sirt yuzasini hisoblang.

9. Berilgan egri chiziglar bilan chegaralangan figuraning
ko‘rsatilgan o‘q atrofida aylanishidan hosil bo‘lgan jism hajmini
hisoblang.

10 (10.1-10.15). Bir jinsli / egri chiziq og‘irlik markazining
koordinatalarini toping.

10 (10.16- 10.30). Berilgan chiziqlar bilan chegaralangan bir
jinsli D vyassi figura og‘irlik markazining koordinatalarini
toping.

1-variant
Lo— 7T p Ji SR S—
(x+D(x"—4x+13) 2 +4sinx + 3cosx
3/4.2 6 3/,.2
3. Ide. 4. _f 1+2 Y.
x(1+¥x) x
0 T
5. j(x+2)2cos3xdx. 6. I24cosgxdx.
-2 0

AR
04 3x°—x+5

8.1: x=¢'sint, y=e¢'cost egri chiziq yoyining =0 dan
t:% gacha qismi, Ox.
9. y=xe', x=-2, y=0, Ox.

10. /: x=2cos’ %, y=2sin’ i astroidaning birinchi kvadrantdagi qismi.
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. x=4cos’t, y=4sin’t.

. x*=9y, x=3y.

.y =2-x, y=+/x.

cy=xi4-x*, y=0(0<x<2).

. r=4(1-cosp).

. y=xarctgx, y=0, x=+/3.

. y=x"-6, y=—x>+5x-6.

o y=(x+2), y=4-x, y=0.

. xy=4x+y=5

. x=3cost, y=2sint.

. y=x"-2x+3, y=3x-1.

20-variant

4
2. r=2e", —Eﬁgosg.
2 2
21-variant
2. x=4cos’t, y=4sin’t, OStS%.
22-variant
2. y=2-¢", Iny/5<1<In+8.
23-variant

2. x=5(¢t —sint), y=5(1-cost), 0<¢< 7.

24-variant
2. r=4p, OS(pS%.
25-variant
2. r:cos3£, 0£(p£3—ﬂ.
3 2
26-variant

2. yzlni, V3 <x<8.
2x

27-variant
2. =% I
4
28-variant
2. r=1-sing, Tep<E
¢ > ® 6
29-variant
2. x=8cos’t, y=8sin’t, OSIS%.
30-variant
2. y=3+e’+e 2, 0<x<2,
366

2x, —-3x,+ x,=0,

x, +3x,— x,=0,

4. a) 5x,+2x, =0, b)<4x, —5x,+ x, =0,
4x, —x, +4x,=0. 3x, —x, +4x,=0.
2-variant
-1 1 -2 3
3 -10 -1
12 23
1. , 1=3,j=2. 2.4={3 5 1|, B=| 1
-23 10
4 -7 5 3
23 -20
a=-3,=5.
4x, — x, +2x, =1, 2x, —x, +2x,= 3,
3.a)< 2x,-3x,- x,=7, b)< x +x,+2x,=—4,
—2x, +8x, +5x, =10. 4x, + x, +4x, =-3.
4x, —2x,+ x,=0, 4x, —3x,— x,=0,
4. a){3x, + x,—3x,=0, b)<3x, + x, -2x,=0,
2x, +4x, —Tx, =0. x,+ 6x, =0.
3-variant
2 - 0 3
5 -8 -4 1
3 1 -1 .
1. , i=3, j=4. 2. 4=|7 0 -5| B=|1
1 -2 1
4 1 0 2
3 4 -4 0
a=5 g=-1.

3x, +x,— 5x,=0,
3.a)<2x, +x, + 3x,=7,
4x, +x, —13x, =2.

2x, + 5x,— x,=0,
2x, +11x, = 5x, =0,
2x, —

x, +3x,=0.

3x,+ x,-2x,= 6,
b)1 5x, —3x, + 2x, =4,
4x, —2x, —3x, =-2.

2x,— x, +3x, =0,
b)<3x, +2x, —2x, =0,
x,—3x, +4x,=0.

5
2
-1

-3
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4-variant
6 0 -1 1
2 -2 0 1/, i
1. =2, j=2.
1 -3 3
4 1 -1 2
5 -8 -4 1 5 5
2. 4=|7 0 =-5|, B=|1 2 1| a=-3, B=1.
4 1 0 2 -1 -3
4x, +2x, — x, =11, 3x,— x,+ x,=-11,
3.a)q 3x,— x, +4x,=-6, b): 5x, + x, +2x,= 8§,
5x, +5x, — 6x, =26. X, +2x, +4x, = 16.
S5x,— x,—3x,=0, x, +7x, =3x, =0,
4. a2)<3x, +2x, + x,=0, b){4x, — x, +3x,=0,
X, +5x, +5x,=0. 6x,+4x, —2x,=0.
S-variant
1 -1 0 3
32 11
1. ,i=3, j=1
1 2 -1 3
4 1 2
1 2 1 7 5 1
.A=|1 =2 4|, B=|5 3 -1|, a=-1 g=-3.
3 =53 1 2 3
2x, +4x, — 5x, =10, X, =3x,— x,= 1,
3.a)< 3x, = 3x, + 4x,= 1, b){2x, +x,+ x,=-7,
x, +11x, —14x, =18. 2x, —x, =3x,= 5.
4x, + x, —3x,=0, 2x, +3x,— x,=0,
4. a)<5x, +2x, — x,=0, b) x - x, +3x, =0,

X, + x,+2x,=0. 3x, +5x,+ x,=0.
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. y=3x-x, y=—x.

10-variant

. x=(y-2), x=4y-38. 2. y= ,0<x<2.

11-variant

2. x=3(t—sint), y=3(1-cost), 1 <t<2r.

12-variant

. Y =4x, X’ =4y. 2. r=2(1-cosp), —ﬂﬁ({)ﬁ—%.
13-variant

. y=27, y=2x-x>, x=0, x=1. 2. y=+1-x" +arcsinx, OSxﬁg.
14-variant

3
o x=4-y°, x=y" -2y, 2. r=3e", —ES(/JSE.
2 2

15-variant

. y=4-x*, y=0, x=0, x=1. 2. x=5co0s’t, y=>35sin’t, OStS%.
16-variant

. F=cosQ—sing. 2. r=25in3%, OS(DS%.
17-variant

. x=2(t —sint), y=2(1—cost?). 2. y=¢" +12, Iny/15<1<In~/24.
18-variant

. 1

. y=sinx, y=cosx, x=0. 2. y=In(1-x?%), OStSZ.

19-variant
2 . T T
. y==x’, x+y+2=0. 2.y:1nsmx+3,§StS§.

365



9-NAZORAT ISHI

. dy=x’, 2y=6x—x".

cy=x’, y=2x, y=x.

. y=arccosx, y=0, x=0.

. y=x"-3x, y==x.

c Y=y =x-1

. r=3cos3p.

ﬂ .

. y=Incosx+3, 0<¢< 3

4
. r=3p, 03<ps§;

.« y=xv9-x*, y=0, (0<x<3).

I-variant
T

2. y=—Incosx, 0<x< .

2-variant
2. r=3(1+sing), —%SgoSO.

3-variant

2. x=2co0s’t, y=2sin’t, 0<¢<

BN

4-variant
2. y=chx+4, 0<x<I1.

S-variant
2. x=2(t —sint), y=2(1—cost), 0<¢< %
6-variant
2. r=4(1-sing), OS(DS%.
7-variant
2. y=Incosx+3, OStsg.
8-variant
4
2. r=3p, OS(pS?
9-variant

2. y=+1-x" +arccosx, Ostg.
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W W W =

6-variant

0 -4 2
-1 2 1| | 5y 4
, L=4, =a.
120 /
1 -1 1
31 0 -1 2
2. A=|-1 0 2|, B=|2 1 1| a=1, =1
1 21 7 1
5x,—4x,+ x, =6, X, +2x,+ x,=8,
3x, +2x, — x, =3, b)<4x, —3x, - 2x, =1,
x, +8x, =3x,=2. 2x, — x,+3x,= 1.
Sx,+ x,— 4x,=0, 4x, +2x, —3x, =0,
2x, — 3x,+ 2x,=0, b){ x + x,+2x,=0,
x, —10x, +10x, =0. 3x, +2x, —2x, =0.
7-variant
8 2 -3
-2 0 4 L oic4
, 1=1, =
~3 7 -1 /
2.0 2
7 3 2 0 5
2. 4=|3 1 0|, B=|4 -1 2|, a=1, B=3
21 4 37

4x, + x, —=3x,= 3,
5x, +2x,— x,= 5,
X+ x, +2x, =-2.

2x, — x, —3x, =0,
3x,+2x, —3x, =0,

x, —4x, —3x, =0.

2x, +3x, — x,= 2,
b){ x, -

3x, +5x, +x, = 4.

x, +3x, =-4,

3x,+ x, +2x,=0,
b) x, +3x, +2x,=0,
2x, + x, +3x,=0.
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8-variant
2 -3 4 1
4 -2 -3 2
1. , i=2, j=4
3 0 21
3 -1 -4 3
-2 3 4 3 31
2. 4=| 3 -1 -4|,B=|0 6 2| a=2, B=-
-1 2 2 1 9 2
Sx,+ x,— 4x,=-3, 4x, +2x, =3x, =-2,
3.a){2x, — 3x, + 2x, =13, b){ x, + x, +2x,= 5,
x, —10x, +10x, =30. 3x, +2x, - 2x, =-1.
4x, — x, +2x, =0, 2x, —x, +2x, =0,
4.a)< 2x,—3x,- x,=0, b)J x, +x, +2x,=0,
—2x, +8x, +5x, =0. 4x, +x, +4x,=0.
9-variant
041 1
-4 21 3
1. ,i=4, j=3
01 2 -2
1 3 4 -3
-3 4 2 1 4 4
2. 4= 1 5 3|, B=|1 3 2|, a=-5 B=1
01 2 4 1 2
2x, + 6x, —3x,=-3, 2x, — x,+ 5x,=27,
3.a) 3x, - 2x, + x, =12, b)1 5x, +2x, +13x, =70,
x, +14x, = 7x, =-8. 3x, - x,= -2
4x, + x, —3x, =0, 5x,+ x,—2x,=0,
4. a) -2x,+ x,=0, b){2x, — x, +3x, =0,
—2x,=0. 2x, +7x, =0.
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j dx

e

3
. fxzx/9—x2dx.
0

Ve
_"«/3+x2dx.
0

5
. _[x/ZS — x7dx.
0

. j:\/(9—x2)3dx

116+ x°)

) :
dx.

i1
4
X

20-variant

21-variant

22-variant

23-variant

24-variant

2.

25-variant
2.

26-variant
2.

27-variant

2.

28-variant
2.

30-variant

2.

30-variant

2.

2
lx2—4x+3

Tq/ arctg3x dx.

T 149x

+0

x dx

L/81x4+1'

dx
X =3x+2

[N ——

= xldx
—.

03/(x* +8)

2

2 dx
,J;x +16
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2 x'dx
-]

10-variant

11-variant

2.

12-variant

2.

13-variant

2.

14-variant

15-variant

16-variant

17-variant

18-variant

19-variant

*j-‘ dx

A+ 2x+2

‘2[ dx
Wax—x* -4

362

e

0 -2 1 7
4 -8 2 -3
,i=4, j=2.
10 1 -5 4
-8 3 2 -1
-1 0 2 30
A=| 2 3 2|, B=[-3 1
37 1 1 3
3x, - 2x,+ x,= -6,
a):7x, —9x, + 5x, =-10,
2x, +3x, - 2x,=2.
4x, —x, + 3x,=0,
a)] Sx, - Tx, =0,
x, +x, —10x, =0.
5 -3 7 -1
3 20 2
,1=3, j=4
2 1 4 -6
3 -2 9 -4

5x, +2x, =2,
4x, —x, +4x, =-3.

2x, +3x,— x,=0,
5x, — x, +2x, =0,
x,—7x, +4x,=0.

10-variant

1
7, a=-1, p=4.
2

4x, + x, —3x, =6,
b)<8x, +3x, — 6x, =—15,

X+ x,— x,=—-4.

2x, — x, =3x, =0,
b)s x, +5x,+ x,=0,
3x,+4x, +2x, =0.

11-variant

X, +3x, - x,=0,
b){4x, —5x,+ x,=7,
3x, —x, +4x, =—4.

2x, — x, +2x,=0,
b) < x, + x, +2x,=0,

4x,+ x, +4x,=0.
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4 -1 5
0o 2 -2 3
1. ,i=1 j=2
3 4 2
4 1 1 2
2 6 1 4 -3
0 1 1 3 2

2x, + 5x,— x, =1,

3. a)4 2x, +11x, —5x, =3,

4. a)

— N W N

2x, — x, +3x, =1.

3x,-2x,+ x,=0,
4x, — x, —2x,=0,
2x, =3x, +4x, =0.

3x,+x,— 5x,=0,
2x, +x, + 3x, =0,
4x, +x, —13x, =0.

12-variant

2
5|, a=1, p=2
-3
2x, — x, +3x, =1,
b)<3x, +2x, - 2x, =1,
X, —3x, +4x, =3.
2x, + x,+3x, =0,
b): x -5x,— x,=0,
3x,+4x,+ x,=0.
13-variant
1
3La=5 pg=2.
2

b)

b)

4x, —Tx, =1,

2x, +x, = 3x, =-1,
3x, +5x, =16.
3x,+ x,—2x,=0,

5x, —3x, +2x, =0,
4x, —2x, = 3x,=0.

8-NAZORAT ISHI

1. Aniq integralni hisoblang.

2. Xosmas integralni yaqinlashishga tekshiring.

I-variant
t o xldx w5 o2
. | —_— 2. dx.
-([‘\/16—x2 ‘([4+x2
2-variant
4 x2 —4 % etgx
dx. 2 dnx.
'[ x* '([ cos’ x
3-variant
242 2 _ %
J- X . 2 d 2. J- dx .
AX o (Bx+1)
4-variant
j dx T xdx
x4 2] Tooxt 41
3
S-variant
¢x* =9 xdx
dx. 2. dx.
J; x* ’<[ -x'
6-variant
4Jﬁ dx 2 j- dx
01(64_x2)3. .0x2—2x—3
7-variant
8 dx T dx
— . . .
ExINxT -9 '[':x (x+1)
8-variant
—_— e
i =3 1 (1+x)°
9-variant
V3 2
. 2. [ &
0 (4 —_ xz )3 1 xln X
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—

1L J- 3cosx +2sinx

k.

I dx

X

xdx

J-\/)c" +2x° 45

. Jctgxln(sin x)dx

(2cosx — 3sinx)’

J. dx

T -1
J- dx

RSN

J- dx

. thx In(cosx)dx

J-3+1n2x

X

x +1n9x’
=

2 2
J-x +Inx i

xX’Ax*+4

dx

—dx

20-variant

21-variant

22-variant

23-variant

24-variant

25-variant

26-variant

27-variant

28-variant

29-variant

30-variant

2. J~3x3 -4

2

2. [

2. Imdx

. dex
(x—=D(x+1)

J-x3 +3x—2dx

dx.

X =X

x =3

X +x-6

2x* —2x -1

x2_x3

X' =3x+2

x’=3

x(x+1)°

2. J dx de.

J- x-=3

2.

2. [=

2. J- 3x’+4

3
x -

xt+4x°

dx

2 =3x+2"

2x—1

X +Xx

X' —x-2

dx.

dx.
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14-variant

3 2 0 =2
1 -1 2 3
1. ,i=3, j=
4 5 1
-1 2 3 -
1 0 3 35 4
2. A4=|3 1 7|, B=|-3 0 1, a=-5 p=-2.
2 1 8 5 6 -4
4x, + x, —3x,=-4, S5x, +7x, — x, =1,
3.a):2x, — 3x,+ x,=6, b): x +7x, =6,

2x, —10x, + 6x, =10.

2x, + 6x, —3x,=0, 2x, — x,+ 5x, =0,

4.a) {3x,— 2x,+ x,=0, b)<5x, +2x, +13x, =0,
x, +14x, = 7x, =0. 3x, - x,=0.
15-variant
31 2 -3
4 -1 2 4| .
1. L 11 1t i=1, j=3.
4 -1 2 5
51 =2 355
2.4=1 3 J,B 71 2|, a=-2, f=-2.
8 4 - 1 6 0

3x, +7x,— x, =1, 3x, +2x, — x, =6,
3.a):2x, +15x, + x, =10, b)< x, +3x,+2x,=9,

4x, — x, —3x,=10. 4x,—5x,+ x,=5.

3x,—2x,+ x,=0,
4. a):7x, —9x, +5x, =0,
2x, +3x, —2x,=0.

4x, + x, —3x,=0,
b)<8x, +3x, —6x, =0,

x, + x,— x,=0.

2x, —4x, +5x, =-1.
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g

31 20
50 -6 1
=3, j=2
-2 2 13
-1 3 21
-2 5 1 -1 1
A=|3 0 6| B=| 2 3 3| a=-1, f=—
4 3 4 1 -2 -1
S5x,— x,— x,=3, 2x, + x, =3x, =11,
a)] x, +3x,+7x,=38, b)1 4x, +8x, =4,
3x,+ x, +3x,="7. 5x,—6x, =21.

17-variant

5 3 2

! 0 ,i=2, j=4

-2 21

1 -2 4

2 -1 -3 2 -1 =2

A=| 8 -7 -6 B=|3 -5 4|, a=1 pg=2.

-3 4 2 1 2
4x, + x, —3x,=5, 3x, — x,+3x,=2
x, — Ix,+ x,= 14, b)1 3x, + 6x, =3,
2x, +15x, = 5x, =-20. 2x, -5x,=-12
3x,+ x,—2x,=0, 2x, =3x, +4x, =0,
x, +3x, —5x, =0, b)< 3x, + x, —5x,=0,
S5x,— x,+ x,=0. 4x, + x, +6x,=0.

16-variant

x, —2x, = 3x, =0,

2x, + x, —8x,=0.

3x,— x,+ x,=0,
x, +3x, —5x, =0, b){5x, + x, +2x,=0,
X, +2x,+4x, =0.
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. J‘ 4—X2

. J‘ Sx -1

. J‘ 3x+2

) _[ 2x+3

) Ix/16—x2

-2
. Iarctgx X dx

1+x°

dx

x4

J- dx

. J~ 3x—1

A A X
X +2x+2

J‘ 4X+3
. |[———dx
x> +10x+29

. J~ 5x-3

— =
x> +6x+13

dx

NxP—4x+5

dx

V3+2x—x7

dx

N5+4x—x*

—dx

x4

10-variant

11-variant

12-variant

13-variant

14-variant

15-variant

16-variant

17-variant

18-variant

19-variant

5. J-x3+3x—l

2. ~[)637_451’)6

X +3x+2
3 2 _

2 (251,
X +x
2x+3

2. | ——————dx.

'[x3—x2—x+1

2 Ix —2x +1

X —7x+12
3_ 2
2 [ty

2
x —=2x

2. [Z A3,

X +2x

4
2. [ X 7%
Ixz —4x+3
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7-NAZORAT ISHI

1-2. Anigmas integralni toping.

J- 3x—2
| ———dx
x> —6x+10

2x-5

. I—dx.

2

x =2x+2

I x+4

—dx
A3—x"+2x

arcsinx)’ —1
X.

. laresiny 1,

Vl=x°

J- 1+sinx
(x —cosx)’

I CcOoSX +sinx
(sinx — cosx)?

X dx
e

J- X+ COoSx .

2sinx + x°

jxcosx +sinx
(xsinx)’

1-variant
3x° -1
2 _[ T dx.
(x-D(x* -1
2-variant
'[ 3x +1
X (x+1)
3-variant
J 2+ x"—-3x
x(x+1)°
4-variant
2. J.x3 . dx.
S-variant
2 J~ 2x2 +3 dx
) x(x + 1)2 '
6-variant
2
2. al dx
J~xix2 —2x+1)
7-variant
2. '[x‘ — dx.
8-variant
3
2. J X+l dx.
X —x
9-variant
¥
2. jx3 e dx.
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3 1 31
2. 4=|4 3 2|, B=|4 3
2 2 2 2

W N L

g

2 0 -5
3 -5
0 -2
1 -3 4

0

-7

3x, +5x, - x, =17,
2x, +11x, = 5x, =6,
4x, — x,+3x,=6.

4x, +2x, - x, =0,
3x, -

L — X, +4x, =0,

5x, +5x, —6x, =0.

2 10 4
7 -4
4 -2 -6
0 -5

0
A= 4 5 1|, B=|0
33

3x, — x, +2x, =0,
4x, +3x, =4,
X+ x,+ x,=-2.
2x, +4x, — 5x,=0,
3x, —3x, + 4x,=0,

x, +11x, —14x, =0.

Li=l, j=2

0
2, a=2, f=5.
-7
2x, +4x, —x, =7,
b)<4x, — x, +5x,=-11],
x,+3x,—x,=6.
3x,— x,+ x,=0,
b){5x, + x, +2x, =0,
X, +2x, +4x, =0.
19-variant
-1
6|, a=1, f=3.

1

b)

b)

18-variant

3x,+5x, — x, =1,

2x, + x,+ x,=-3,

X, +4x,-3x,=2.
x, —3x,— x,=0,
2x, + x,+ x,=0,

2x, — x, —3x,=0.
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-1 2 4
1. 2306 i=4,j=3.
2 1 4
1 2 -1
-3 4 -3 2
2. 4= 1 2 3| B=|5
50 -1 1
4x, + x,-3x,=1,
3.a)d x, -2x,+ x,=2,
5x, —x, —2x, =-5.
5x, —4x, + x, =0,
4. a){3x, +2x, - x,=0,
x, +8x, —=3x,=0.
11 -2 0
1. 36725 , =4, j=1
1 0 6 4
2 3 5 -1

1 4

3 5 -6 2
2. 4=| 2 4 3| B=|-3
-3

4x, —x, + 3x, =8,
5x, - Tx,=-3,
X, +x, —10x, =3.
5x,— x,—2x,=0,
3x,—4x,+ x,=0,
2x, +3x, —3x, =0.

20-variant
-2 0
4 1|, a=4,p=5.
12
S5x,+ x, —2x, =7,
b)q 2x, — x, +3x, =2,
2x, + 7x, =16.
X +2x,+ x,=0,
b)< 4x, —3x, - 2x, =0,
2x, — x, +3x,=0.
21-variant
8 -5
-1 0], a=3, p=2.
5 3

2x, — x, —3x,=-9,
b)< x, +5x,+ x, =20,
3x,+4x, +2x, =15.

7x, —5x,+x, =0,
b): 4x,
2x,+3x, +4x, =0.

+ x, =0,
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6 A 1, Oy o‘qi;
) 55*7% y 0°qi
7) x=2(t —sint), y=2(1-cost), bitta arkasi, Ox 0°qi;
8) x=¢’, y=t', x=0, y=1,0y 0°qi;
9) r =3(1+cosg), qutb 0‘qi;
10) » =2Rcos¢g, yarim aylana, qutb o‘qi;
7.9.9. r =2Rsing bir jinsli aylananing og‘irlik markazini toping.

7.9.10. x=acos’t, y=asin’¢ bir jinsli astroidaning Ox o°‘qdan yuqorida
yotgan yoyining og‘irlik markazini toping.

4.9.11. 4x+3y-12=0 bir jinsli to‘g‘ri chizigning koordinata o‘qlari
orasida joylashgan kesmasining koordinata o‘qlariga nisbatan statik
momentlarini toping.

4.9.12. x=0, y=0, x+y=2 ciziglar bilan chegaralangan bir jinsli tekis
shaklning koordinata o‘qlariga nisbatan statik va inersiya momentlarini,
og’irlik markazini toping.

7.9.13. y=4-x* va y=0 bir jinsli chiziglar bilan chegaralangan
figuraning og‘irlik markazini toping.

7.9.14. Yarim o‘qlari a=5 va b=4 bo‘lgan bir jinsli ellipsning
koordinata o‘qlariga nisbatan inersiya momentini toping.

7.9.15. x* + y* =R* aylananing birinchi chorakda joylashgan bo‘lagining
o‘girlik markazini toping. Bunda aylananing har bir nuqtasidagi chiziqli
zichligi shu nuqta koordinatalarining ko‘paytmasiga proporsional.

7.9.16. x=8cos’t, 8=4sin’¢ astroida birinchi chorakda yotgan yoyining
koordinata o‘qlariga nisbatan statik momentlarini va massasini toping.
Bunda astroidaning har bir nuqtasidagi chiziqli zichligi x ga teng.

7.9.17. Prujinani 4 sm.ga cho‘zish uchun 24 J ish bajariladi. 150 J ish
bajarilsa, prujinana qanday uzunlikka cho‘ziladi?

7.9.18. Agar prujinani 1 sm.ga siqish uchun 1 4G kuch sarf qilinsa,
pryjinaning 8 sm.ga siqishda sarf bo‘ladigan F kuch bajargan ishni toping.
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10) x=3(2cost —cos2t), y=23(2sint —sin2¢);

11) r=a(l -cosp), r< % kardioida bo‘lagining;

12) r =8cos’ %, p=0 dan ¢ =% gacha.

7.9.3. Chiziglarning berilgan o‘q atrofida aylanishidan hosil bo‘lgan sirt

yuzasini hisoblang:

1) y* =4x, x=0 dan x=3 gacha, Ox o‘q;
2) x*+y*=9, Oy 0'q;

3)x=2(¢t —sint), y=2(1 —cost),bitta arkasi,Ox o0‘q;
4) x =+2cost, y=sint, Ox 0°Q;

7.9.4. R radiusli shar hajmini hisoblang.

2

7.9.5. Asosi T—6 + % =1 ellipsdan iborat bo‘lgan va balandligi #=3ga
teng elliptik konusning hajmini hisoblang.

7.9.6. x> +y* + z* =16 shar hamda x =2 va x =3tekisliklar bilan
chegaralangan jism hajmini hisoblang.

7.9.7. y? + % —x* =1 bir pallali giperboloid hamda x=-1 va
x =2 tekisliklar bilan chegaralangan jism hajmini hisoblang.

7.9.8. Berilgan chiziglar bilan chegaralangan figuraning berilgan o‘q
atrofida aylanishidan hosil bo‘lgan jism hajmini hisoblang:

1) x*=4-y, y=0,0x 0°qi;

2) x* + y* =4 yarim aylana (x>0)va y* =3xparabola, Ox 0‘qj;
3) y=arcsinx, y=0, x=1, Oy 0‘qji;

4) y*=x’, x=1, y=0, Oy 0°qi;

5) x*=4y, x=0, y=1, Oy 0‘qi;
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22-variant

2 0 -1 -3
6 3 -9 0
, i=3, j=3.
02 -1 3
4 2 0 6
2 -1 0 -3 0 -2
A=|3 3 1|, B= -6 3| a=2, p=-3.
-4 -5 0 2
2x, +3x, =-2, 4x, — x,— x, =10,
.a)d x, — x,+2x,=-5, b)q 2x, +6x, =38,
X+ x,+ x, =L 3x, -7x, =5.
5x, —5x, — 4x, =0, X, +x,+2x,=0,
. a)<4x, —4x, — 9x, =0, b)<4x, + x, + 4x, =0,
3x, —3x,—-14x,=0. 2x,—x, +2x,=0.
23-variant
-1 2 0 4
2 -3 11 4 g
3 -1 2 4TI
2 013
2 -1 -4 0 0 -4
. A=|4 -9 3|, B=|5 -6 4| a=-5 p=1.
2 -7 1 7 -4 1
X, —2x,-3x, =3, 3x,— x,+ x, =12,
.a)¢ x, +3x, —5x, =0, b)<5x, + x, +2x,=3,
2x, + x, —8x,=4. X, +2x,+4x,=6.
3x,— x,+2x,=0, 3x,+5x,— x,=0,
. )] 4x, +3x,=0, b){2x, + x,+ x,=0,
X+ x,+ x,=0. x,+4x,-3x,=0.
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4 12 0
-1 2 1 -1
1. , =3, j=2.
31 2
0 4 4
8 5 -1 4 -7
2. A=|1 5 3| B=(3 2
1 1 0 0 1
3x,+ x, —2x, =5,
3. a) x, +3x, —5x, =3,
- x,+ x,=1.
3x, + x,—4x,=0,
4.a): x, +2x,— x,=0,
x, +7x, =0.
4 3 -2 -1
2 1 -4 3
1. , i=2, j=3.
0 4 1 -2
50 1 -1

3
2. 4=|2 -1 1|, B=|2 4
1

1 0 1 -
5x,— x,—2x,=1,
3.a)<3x, —4x, + x,=7,
2x, +3x, - 3x, =4.

4x, + x,-3x,=0,
4.a)< x, - Tx,+ x,=0,
2x, +15x, = 5x, =0.

24-variant

-6
-1, a=-1,=-
2
2x, —3x, +4x, =3,
b)3x, + x, —5x, =10,
4x,+ x, +6x, =1.
4x, —Tx, =0,
b)< 2x, +x, = 3x, =0,
3x, +5x,=0.
25-variant

6|, a=3, B=5.

Tx, —5x, +x, =-33,
b)4 4x, + x,=-7,
2x,+3x, +4x,=12.

3x,— x,+3x,=0,
b)< 3x, + 6x, =0,
2x, —5x,=0.
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Mustahkamlash uchun mashqlar

7.9.1 Berilgan chiziqlar bilan chegaralangan figuralar yuzalarini
hisoblang:

1) y=9-x*, y=0;
3) y=In(x+6), y=3Inx, y=0, x=0;
5) x=y?,

Ny=x*, y’ =—x;

2) y=—x, y=2x-x7;
4) y=lnx, y=0, x=¢’;
x=[y+2|, 6) xy=4, x=5-y;
9) x=4cost, y=3sint, 0<t<2x;

10) x=3(t —sint), y=3(1-cost), sikloida bitta arkasi;

11) r=3y/cos2¢;

13) »=2+3cosgp;

12) r=3sin2¢.

14) r=2¢, bir o’rami.
7.9.2. Berilgan egri chiziqglar yoylari uzunliklarini toping:

1) yz%z, x=0 dan x=+/3 gacha;

2) y=chx, x=0 dan x=1 gacha;

3) y’=x’, x=0 dan x=5 gacha;

4) y=arccosv/x —Vx—x?, x=0 dan x=1 gacha;
1,1
5)x:Zy —Elny, y=1dan y=2 gacha;

6) x=1-In(y* -1), y=3 dan y=4 gacha;

3

)y=x’, y=x', x=-1, x=];

7 x=¢t, y= % —t, koordinata o‘qlari bilan kesishish nuqtalari orasidagi;

8) x=¢*, y=¢, =0 dan ¢=1 gacha;

9) x=2(t —sint), y=2(1-cost), sikloida bitta arkasi;
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16 —misol. y=cosx kosinusoida yoyi va Ox o‘qining - % <x< %

bo‘lagi bilan chegaralangan, zichligi y =1 ga teng figuraning og‘irlik
markazini toping.

@ Kosinusoidaning simmetrikligidan x, =% bo‘ladi.

U holda
M —l} 2olx—l%coszxdx—
x 277)/ PRA
2 2
- 3
ljl+cos2x’ (+sm2x) :%’
:
B P
2 z Z T
=J' cosxdx=siny?, =2, y =-“t=—.
-z 2 2 8
2
Demak,

G (”-”j o
2°8)

7.9.6. Material nuqta o‘zgaruvchan F kuch ta’sirida Ox o‘gi bo‘ylab
harakatlanayotgan bo‘lsin va bunda kuchning yo‘nalishi harakat yo‘nalishi
bilan bir xil bo‘lsin. U holda F kuchning material nuqtani Ox o‘qi bo‘ylab
x=a nuqtadan x=» (a<b) nuqtaga ko‘chirishda bajargan ishi quyidagi
formula bilan hisoblanadi:

A=[F(x)dx, (9.24)
bu yerda F(x) funksiya [a;b] kesmada uzluksiz.

18 —misol. Agar prujina 12 H kuch ostida 4 sm ga cho‘zilsa, uni 22 sm

cho‘zish uchun gancha ish bajarish kerak?
@ Guk qonuniga ko‘ra prujinani cho‘zuvchi kuch prujinaning
cho‘zilishiga proporsional bo‘ladi, ya’'ni F = kx.
Misolning shartiga ko‘ra: F(0,04 m)=12 H yoki 12=0,04k. Bundan k =300.
U holda

0,22

A= j300xdx 150 % =726 (/). @
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35 1 2
01 -1 -2
1. ,i=4,j=1
31 -3 0
1 2 -1
6 1 11 3.0
2. 4= 9 2 5|, B=|0 2 7|, a=2, B=-
0 3 7 1 -3 2
S5x, —5x,— 4x,=-3, X, +x,+2x, =4,
3. a)<4x, —4x, — 9x, =0, b)< 4x, + x, + 4x, = -3,
3x, —3x,—14x, =1. 2x,—x, +2x,=3.
3x,+5x,— x,=0, 2x, +4x, —x, =0,
4. a){2x, +11x, —5x, =0, b):4x, - x, +5x,=0,
4x, - x,+3x,=0. x,+3x,— x,=0.
27-variant
2.7 2 1
11 -1 0
1. ,i=4, j=1
34 0 2
05 -1 -3
3 2 0 -1 2
2, 4=|-1 0 2, B={2 1 1|, a=3 8
1 1 371
2x, +3x, — x, =-7, 2x, — x,+2x, =0,
3.a):5x, — x, +2x, =12, b) x, + x, +2x, =4,
x,—7x, +4x, =20. 4x,+ x, +4x,=6.
2x, +3x, =0, 4x, — x,— x,=0,
4.a)! x — x,+2x,=0, b)< 2x, + 6x, =0,
x+ x,+ x,=0. 3x, -7x,=0.

26-variant
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28-variant
4 -5 1 -5
1 -3 2 8 -2 Lics
s o3 30T T
-2 4 6 8
8 -1 -1 3 25
2. A=| 5 -5 -1, B=|3 2 1| a=4, B=-4.
0 3 2 1 0 2
4x, —2x, + x, =5, 4x, = 3x, - x, =5,
3.a)¢3x, + x, —3x, =5, b){3x, + x, - 2x, =-2,
2x, +4x, = Tx, =4. X, + 6x, =_5.
4x, + x,-3x,=0, 5x, +7x,— x, =0,
4.a):{2x, — 3x,+ x, =0, b)! x +7x, =0,
2x, —10x, + 6x, =0. 2x,—4x, +5x, =0.
29-variant
-1 -2 3 4
2 0 1 =1/,
1. ,i=4,j=4.
3 -3 1
4 2 1
3 -7 2 0 5 -3
2. A=|1 -8 3, B=|2 4 1|, a=-1, B=2.
4 -2 3 2 1 -5
5x, — x, —3x, =19, x, +7x, =3x, =9,
3.a)<3x, +2x, + x,=-2, b)<4x, — x, +3x, =-8,
X, +5x, +5x, =-20. 6x,+ 4x, —2x, =0.
3x, + 7x,— x,=0, 3x, +2x, — x,=0,
4. a){2x, +15x, + x, =0, b){ x, +3x, +2x,=0,
4x, — x,—3x,=0. 4x,—5x,+ x,=0.
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+ 54J.sin2 tsinidt =54 - 2¢° cosi
0 2 2

0

—432‘[ 1—cos’ : L cos Ld cosf =216 2ts1nt
2 2 2 2

+ 4J‘tcos£dt — 216J-tsin2 icosidt +
0 2 0 2 2

T

- stintdt) -
0 2

0

—144_[ta’(s1n ] 432. 100531 +432. lcossi
2 3 2 5 2

0

0

—jsm dt]+144—422

0

= 432(% +2cos—

d — 144 tsin’ —

2|, 2

=432(7r—2)—144%—288J(1—cosz;JJ(CO ’J+238
0

2 5
=288 n—3+1—(cost—lcos3tj =288(7r—14+2j 288( 32),
5 23 2), 5 3 15
[ P t
m=[dl = [6sin—dt =12 cos—
0 0 2 2

T

=12;

0

M 48 M 48 , -
x,=—r=—=4y =—r=—=4 yan C44). O
m 12 m 12

Yassi figuraning momentlari va og ‘irlik markazi. Oxy tekislikda

[a;b] kesmada uzluksiz bo‘lgan y= f(x) funksiya grafigi , Ox o‘q, x=

x=b to‘g‘ri chiziqlar bilan chegaralangan egri chiziqli trapetsiya

a va
(yassi

figura) berilgan bo‘lib, yassi figuraning har bir nuqtasida y =y(x) zichlik
uzluksiz bo‘lsin. U holda yassi figuraning momentlari va og‘irlik

markazining koordinatalari quyidagi formulalar orqali topiladi:

lb , b
=EIW dx, M, =j}ocydx;

b b
:%J;gfdx, J, :f}xzydx;
b ’ lab
f}/xydx Ejyyzdx
xc =4 s yl» =117’
m m

buyerda y=f(x), y=7(x), m:jyxydx,anSb.

(9.22)

(9.23)

(9.24)
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15 —misol. Zichligi y=1 ga teng bo‘lgan
x=3(¢ —sint), y=3(1-cost), t€[0;x]sikloida yarim arkasining statik va
inersiya momentlarini hamda massasi va og‘irlik markazining
koordinatalarini toping.

@ dx=3(1-cost)dt, dy=3sintdtbo‘lgani uchun

dl = \/9(1 —cos?)’ +9sin® tdt =3+/2 — 2costdt = 6sin%dt.
Izlanayotgan kattaliklarni (9.19) - (9.21) formulalar bilan topamiz:

i T .t I SR | i t). t
M =|ydl=|3(1-cost)6sin—dt =36|sin’ —sin—dt =36|| 1 —cos’ — |sin—dt =
(=]l = [301 = cosnjosin dr =36]sin” s !( 2) 2

T T

=72-24=148;

0

= 36]'sin idt + 72J.cos2 td(cost) = —720051
v 2 o 2 2

+72-1c0s31
3

0
M, = [xdi = [3(t - sint)6sin - dr =18 ¢sin - dt — 18] sin ¢sin ~ dt =
0 0 2 0 2 0 2

=18 — 2tcos£
2

+ 2Jcos£dt - 36J.sin2 1cosidt =36/ 0+ 2sin£
2 v 2 2

0 0 20}

—72-24=48;

T

—72jsir12td(sintj:36-2—72-lsin3t
A R 302

0
J, =[ydi=]9(1- cost)6sin - dt =216] sin* Lsin L dr =
B o 2 s 2 2
z tY |t T ¢ z t ¢
=216j(1—c0s2) sindt:216jsindt+864jcoszd(cosj—
0 2 2 0 2 0 2 2

+ 864~100s3 i
0

- 432jcos4 Ld cosi = —432cos£
0 2 2

—432-100551
5 2

0

0

=432—288+%2=“52

5

J, = [¥di= [0 =sin1)’6sin-dr =54]*sin di ~108[rsinsin dr +
0 0 0 0
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30-variant

-4 1 20
2 -1 2 3
1- ,i:2,j=2.
-3 0 11
2 2 3
4 1 -4 0 -1 1
2, A=|2 -4 6|, B=|2 5 0| a=-4, f=4.
1 2 -1 I 12

3x1 —2x2 + X =3, 2'x1 T X, +3x3 =-3,

3. a) 4x, — x, —2x, =6, b) x, —5x, — x,=-10,
2x, —3x, +4x, =2. 3x,+4x,+ x,=4.
5x%x,— x,— x,=0, 2x, +x, —3x, =0,
4.a){ x +3x,+7x,=0, b): 4x, +8x, =0,

3x,+ x,+3x,=0. 5x,—6x, =0.

NAMUNAVIY VARIANT YECHIMI

-4 1 2 0
2 -1 2 3
1.30. i=2, j=2.
-3 0 1 1
2 1 2 3

@ a) Determinantni i =2 —satr elementlari bo‘yicha yoyamiz.
Determinantning 9° xossasiga ko‘ra

A = a21A2] + a22A22 + a23A23 + a24A24 = _a21M2] + a22M22 - a23M23 + a24A24 =.

1 20 -4 2 0 -4 10 -4 1 2
=240 1 1]=1-|]-3 1 1[=-2/-3 0 1|+3:/=-3 0 1]|=
1 23 2 23 2 1 3 2 1 2

=2-3+2+0-0-2-0)—(-12+4+0-0+8+18)-2-(0+2+0-0+4+9)+
+3(0+2-6-0+4+6)=—6—-18-30+18=-36.
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b)Determinantni ;j =2 —ustun elementlari bo‘yicha yoyamiz:

A=a,A, +a,A, +a,A, +a,A,=-a .M, +a,M, —a M, +a,A,=

324732 42°742 42774

23 -4 2 0 -4 2 0
=-1-/-3 1 1|-1-{-3 1 1|-0+1-] 2 2 3|=
23 2 23 -3 1 1

=—(6+4-18—-6-4+18)—(=12+4+0-0+8+18)+
+(-8-18+0-0+12—-4)=—-0—18—18 =-36.

c) Determinantni ;=2-ustundagi bittadan boshqga elementlarni nolga
aylantirib va shu ustun elementlari bo‘yicha yoyib hisoblaymiz.

Buning uchun:

— l-satr elementlarini 2- satrning mos elementlariga qo‘shamiz;

— 1-satr elementlarini (-1)ga ko‘paytirib 4-satrning mos elementlariga
qo‘shamiz;

— determinantni 2-ustun elementlari bo‘yicha yoyamiz

-4 1 20
-2 4 3 -2 43
-2 0 4 3 -
A= =1 (=" =3 1 1|=--3 1 1|
3 0 11
6 0 3 6 0 3
6 0 0 3

Uchinchi tartibli determinantda 2 -ustunning 2-satri elementidan
boshqa elementlarini nolga aylantiramiz. Bunda a,element nolga teng
bo‘lgani uchun faqat @, elementni nolga aylantiramiz. Buning uchun 1-satrga
(-4)ga ko‘paytirilgan 2-satrni qo‘shamiz, hosil bo‘lgan determinantni
2—ustun elementlari bo‘yicha yoyamiz va kelib chiqqan ikkinchi tartibli
determinantni hisoblaymiz:

10 0 -1
A=— =3 1 1|=—1-(-1)*. =-36.
(1) o 3|=% ©
6 0 3
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Bundan

2 3|
HRZ L =17TR2H. o
H” 3 3

0

H 5 HRZ R
V=n|ydi=n|—xdx=
fraceof

7.9.5. Oxy tekislikda massalari mos ravishda m,m,,...m bo‘lgan
A(x;y), A(x,59,), .., 4, (x,;y,) nuqtalar sistemasi berilgan bo‘Isin.

Sistemaning Ox (Oy) 0‘qqa nisbatan statik momenti M (M) deb nuqtalar
massalarini  ularning  ordinatalariga  (abssissalariga)  ko‘paytmalari
yig‘indisiga aytiladi, ya’ni

O
i=1 ’ i=1

Sistemaning Ox (Oy) o‘qqa nisbatan inersiva momenti J _(J,) deb
nuqtalar massalarini ularning ordinatalari (abssissalari) kvadratiga
ko‘paytmalari yig‘indisiga aytiladi, ya’ni

J, :imiyf (Jy =imix,2)
i=1 i=1

i

Sistemaning og ‘irlik markazi deb koordinatalari ( 2 Mj
m m

bo‘lgan nuqtaga aytiladi, bu yerda m= Zm

& Tekis egri chizigning momentlari va og ‘irlik markazi.

Oxy tekislikda 4B egri chiziq y = f(x) (a<x<b) tenglama bilan berilgan
bo‘lib, egri chizigning har bir nuqtasida y =y(x) zichlik va f(x)funksiya
o‘zining f'(x)hosilasi bilan birga uzluksiz bo‘lsin.

U holda 4B egri chizigning statik va inersiya momentlari hamda
og‘irlik markazining koordinatalari quyidagi formulalar bilan aniqlanadi:

M= [pdl, M, =pd (9.19)
J, :jiwzdl, J, :jf}oczdl; (9.20)
j.;/xdl jlyydl
Xo=t—) oy =t ©.21)
m m

b
buyerda y=f(x), y=7(x), dlzwll-i-y'zdx,m:.[;/-dl,aéxéb.
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Yuqoridan y = f(x) uzluksiz funksiya grafigi bilan, quyidan Ox

0‘q bilan, yon tomonlaridan x=a va x=b

to‘g‘ri chiziqlar bilan

chegaralangan egri chiziqli trapetsiyaning Ox o°‘q atrofida aylantirishdan

hosil bo‘lgan jism hajmi
V=n|f(x)dx

formula bilan hisoblanadi.

(9.15)

Bu egri chiziqli trapetsiyani Oy o°qi atrofida aylantirishdan hosil bo‘lgan

jismning hajmi quyidagi formula bilan hisoblanadi:

V= 27ri|ixf(x)dx .

(9.16)

Agar egri chiziqli trapetsiya x = g(y) uzluksiz funksiya grafigi,
Oy (0Ox) 0o‘q, y=c va y=d to‘g‘ri chiziglar bilan chegaralangan bo‘lsa, u

holda

y=rfg 0y O (v =2a]30ay 09,

r=r(p) egri chiziq va ¢=a, ¢=p nurlar bilan chegaralangan

egrichizigli sektorning
jismning hajmi
2 .
V= TIF sinpd ¢

formula bilan topiladi.

y
14-misol. Radiusi R ga va

balandligi H ga teng bo‘lgan
konusning hajmini hisoblang.

& Konusni katetlari R va H
bo‘lgan to‘gri burchakli

r(x)

(9.17)

qutb o’qi atrofida aylanishidan hosil bo’lgan

(9.18)

uchburchakning balandlik bo‘ylab 0
yo‘nalgan Ox o‘q atrofida
aylanishidan hosil bo‘lgan jism
deyish mumkin (9-shakl). Gipotenuza
tenglamasi y = kx bo‘lsin deymiz.

U holda

N

y=kx, k=tgp=

|

R,
> YV 78

SOTTEIEE

S(x)

9-shakl.
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4 1 -4 0 -1 1
230. 4=|2 -4 6] B=|2 5 0], a=-4, [=4.
1 2 -1 I 12

@ a) ad+ BB matritsani topish uchun 4 matritsa elementlarini « ga, B
matritsa elementlarini B ga ko‘paytiramiz va hosil qilingan a4 va pB
matritsalarning mos elementlarini qo‘shamiz:

4 1 -4 0 -1 1
ad+BB=(-4)-|2 -4 6|+4-|2 5 0|=
1 2 -1 1 1 2

16 -4 16) (0 —4 4
=[-8 16 -24|+|8 20 0=
-4 -8 4] (4 4 38

-16+0 —-4+(-4) 16+4 -16 -8 20
=l-8+8 16+ 20 -24+0|= 0 36 -—-24|.
- 4+4 -8+ 4 4+8 0 -4 12

b) 4B martitsani matritsalarni ko‘paytirish qoidasi asosida topamiz:
4 1 -4)(0 -1 1
AB=|2 -4 6|2 5 0]|=
1 2 -1 1 1 2

0+2-4 —4+ 5-4 440-8) (-2 -3 —4
=|0-8+6 -2-20+6 2+0+12|=/-2 —16 14|
0+4-1 —1+10—-1 1+0- 2 38 -1

¢) A matritsa determinantini hisoblaymiz:
4 1 -4
|Al=| 2 -4 6 |=16+6-16-16—-48+2=-56=0.
1 2 -1

A, algebraik to‘ldiruvchilarni topamiz:

2 6
1 -1

2 -4

=8 A=l

-4 6
n = 7 _1

=8, A, =-

>
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PR HEREEIIN A
A L =T 2"
1 -4 4 —4 4 1
i B e T i el PR
Bundan
1 1
A, A, A, -8 -7 —10) | 7 8 28
A=l oa, a8 0 —3n2|=[-1 o 1]
Al 4 4] s 27 _is Z 1 298
n Ay Ay
7 8 28
AA™' = E ekanini tekshiramiz:
1 1 5 4-1+4 4+0-4 20+16-36
4 1 -4\ 7 8 28 7 8 28
i —la 4 el o 16[_[244-6 2-046 10-64+54|_
7 28 7 8 28
2 -1 11 9 1-2+1 1+40-1 5+32-9
7 8 28 7 8 28
3x, = 2x,+ x,=3, 2x, + x, +3x,=-3,
3.30. a){4x, — x, —2x, =6, b): x, —5x, - x,=-10,
2x, —3x, +4x,=2. 3x,+4x,+ x,=4.
@ a) Sistemaning kengaytirilgan matritsasi ustida elementar
almashtirishlar bajaramiz:
m 3 1 3 =213
C=| 4 -1 -2|6|~|2]-2 4 -1|6 |~
2 -3 412 = 4 2 =312
1 3 -2 3 1 3 -2] 3
~ 0 10 -5| 12 |~ 0 10 =5]|12|
o -0 sl-10] 0 0o of2

r(4)=2=3=r(C). Demak, sistema birgalikda emas.

60

Piramidani uning uchidan x masofada asosga parallel kesim bilan kesamiz
va kesim yuzasini S(x) bilan belgilaymiz.
U holda parallel kesimlar xossasiga ko‘ra (7-shakl)

S(x) x° . N
—— = oki S(x)=—>x".
S H’? Y ) H?
(9.14) tenglikdan topamiz:
H " 3| 3
V:jS(x)dx:jizxzdx=iz-i S gy o
0 0 H H 0 H 3
z
3
S(x) LA
/ L e y
3 ==
7-shakl. I 8-shakl.

13-misol. x*+y*=9 va x’+z* =9 silindrlar bilan chegaralangan jism
hajmini hisoblang.

@& 9-shaklda berilgan jismning I oktantda (x>0,y>0,z>0) joylashgan
sakkizdan bir bo‘lagi keltirilgan. Uning Ox o‘qqa perpendikular tekislik
bilan kesimi kvadratdan iborat. Kesim abssissasi (x;0;0) nuqtadan o‘tganda

kvadratning tomonlari a=y=z=v9-x> ga va yuzasi s(x)=9-x’teng
bo‘ladi, bu yerda 0<x<9.
Jismning hajmni (9.14) formula bilan hisoblaymiz:

3
x3

V:8I(9—x2)dx:8[9x—3j =144. O
0

0
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10—misol. Radiusi R ga teng bo‘lgan shar sirti yuzasini hisoblang.

@ Aylana markazi qutb qilib olingan qutb koordinatalar sistemasida
aylana r = R tenglama bilan aniqlanadi (1-ilovaga qarang). Bu aylana
yarmining Ox 0°‘q atrofida aylanishidan shar hosil bo‘ladi.

Sharning koordinata o‘qlariga simmetrik bo‘lishini inobatga olib,
hisoblaymiz:

T

E T
c=2- 27TJ'Rsingo\/R2 +0dp = 47R* (—cosp)|? =4nR*. O
0

7.9.4. Oxyz koordinatalar sistemasida qandaydir V jismning Oxy
koordinata tekisligiga parallel tekislik bilan kesimi yuzasi § ma’lum
bo‘lgan qandaydir D yassi figura bo‘lsin. Agar V» jismning Ox o‘qqa
proeksiyasi [a;p] kesmadan iborat bo‘lib, ¥ jismning Ox o0°‘qqa
perpendikular bo‘lgan va (x;0;0)nugtadan o‘tuvchi kesimining yuzasi S(x)
xning uzluksiz funksiyasi bo‘lsa, u hoda bunday jismning hajmi

V= js(x)dx (9.14)
formula bilan hisoblanadi.
11-misol. x—z + Z—z + Z—Z =1 ellipsoidning hajmini hisoblang.

@ Ellipsoidning koordinatalar boshidan x (-a < x<a) masofada
o‘tuvchi Ox o‘qqga perpendikular tekislik bilan kesamiz. Kesimda yarim

o‘qlari b(x) =b1/1—% va c(x)=c 1—% bo‘lgan ellips hosil bo‘ladi.

Uning yuzasi

s(x)=mb(x)c(x)= ﬁbc(l - xz j

a

U holda

“ 2 3 a
V= _[ﬂbc(l - xz]dx = ﬂbc(x - S j
Za a 3a” ),

12 —misol. Balandligi H ga va asosining yuzasi S ga teng piramidaning
hajmini hisoblang.

@ Oxy koordinatalar sistemasini koordinatalar boshi piramida uchida
joylashgan va Ox o°q balandlik bo‘ylab yo‘nalgan qilib tanlaymiz.

= gﬂabc. )
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b) Sistemaning kengaytirilgan matritsasi ustida elementar almashtirishlar
bajaramiz:

(2 1 3] -3 1 -5 —1]-10
c=l\1 -5 -1 |-10 ~E 2 1 3] 3~
3 04 1] 4]\ 3 4 1] 4
e 1 =5 —1]-10
1 =5 —1(-10 e s L
<40 11 5|17 |~ BT
0 19 4| 34 0 19 4| 34
1 -5 -1 |-10 1 =5 —1]-10
5 | 17
T TR o 4 %
51
-19 0 0 _stp st (_llj 0 0 1] -1
11| 11

r(A)=3=3=r(C). Demak, sistema aniq sistema.

1) Sistemani Kramer formulalari bilan yechamiz.
Sistemaning determinantini va yordamchi determinantlarni hisoblaymiz:

2 1 3 -3 1 3
A=|1 -5 -1|=5] Ax,=| =10 -5 -1 |=-5];

3 4 1 4 4 1

2 3 3 2 1 -3
Ax,=1 —-10 -1|=102; Ax,=|1 -5 -10 |=-5]

3 4 1 3 4 4

Tenglamaning yechimini Kramer formulalari bilan topamiz:

_Av, 102, Ay =51

A _-S1_

X = - H 2 it X3
A 51 A 51 A 51

2) Sistemani matritsalar usuli bilan yechamiz.
Sistema uchun A =51.

61



Sistema determinantining algebraik to‘ldiruvchilarini topamiz:

O B R B I T
= 4 1__7 27 3 117 13_3 4_ ’
1 3 2 3 1
2= |7 R e
1 3 2 3 2 1
A=l o R4 A= _|=S A= s |=1
U holda
-1 11 14
a=t4 27 5|
51
19 -5 -11
Tenglamaning yechimini X = 4'B formula bilan topamiz:
-1 11 14 -3 3-110+56 =51 -1
X:A'IB:i -4 -7 51-10 :i 12+ 70+ 20 :L 102 |=| 2|
51 51 51
19 -5 -11 4 -57+ 50-44 -51 -1

Demak, x, =-1, x,=2, x,=-1.

2 3

3) Sistemani Gauss usuli bilan yechamiz.
Gauss usulining 1-bosqichi yuqorida sistemani tekshirishda uning
kengaytirilgan matritsasida bajarildi va quyidagi ko‘rinish hosil qilindi:

1 -5 —1]-10
o 1 |
1| 11

0 o0 1] -1

Gauss usulining 2-bosqichini bajaramiz:

x, —5x,— x,=-10, x,= -1,

X, +—x, = 17 = x +i-(—1)— 17 =
o S| 1’
x,=—1 x,=5x,- (-)=-10
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3
= 4j3a\/cos2 tsin’t - (cost +sin’ £)dt =
0

=12a costsintdt:6asin2t‘05=6a. )

S| N

9 —misol. »=a(l+cos@), a>0 kardioida uzunligini toping.

@ Egri chizigning simmetrikligini (1-ilovaga qarng) hisobga olib,
(9.9) formula bilan topamiz:

1221 =2[\Ja* (1+ cosp)’ +a* (—sinp) dp =4a || %% gy

0 0

= 4aIcos£dqo =8asin?| =
o 2 2

0

7.9.3. [a;b] kesmada f'(x) hosilasi bilan birga uzluksiz bo‘lgany = f(x)
funksiya grafigining Ox o°‘q atrofida aylanishidan hosil bo‘lgan jism sirti
yuzasi

o =21 ] f1+ /7 (D) (9.10)
formula bilan hisoblanadi.

x=g(y), yelc;d] funksiya grafigining Oy o°‘q atrofida aylantirshdan
hosil bo‘lgan jism sirtining yuzasi

o =27rfg(y)x/1 +g"7 (y)dy (9.11)

integralga teng bo‘ladi.

x=¢(), y=y(), a<t<f parametrik tenglamalar bilan berilgan egri
chizigning Ox(Oy) o‘q atrofida aylanishidan hosil bo‘lgan jism sirti yuzasi
quyidagicha hisoblanadi:

o= 271?!//0) Q") +y"(t)dt [0' = 271'?(/)(0 v () + (p'z(t)dtj , (9.12)
buyerda a =g(a) va b=p(p) (c=w(a)va d=y(B)).

Qutb koordinatalar sistemasida »=r(p), a<@p<p tenglama bilan
berilgan egri chiziqning Ox(Oy) o‘q atrofida aylanishidan hosil bo‘lgan jism
sirti yuzasi

5 8
o= 27[[1/((/)) sin /7 (@) + ' (@)do (cr = Zﬂjl’((p) cos+r’ (p) + r’z((p)d(o] (9.13)
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6 —misol. y= %x%/; - %3\/37 egri chiziqning Ox o‘q bilan kesishish
nuqtalari orasidagi yoyi uzunligini toping.

@ y=0 deb egri chizigning Ox o‘q bilan kesishish nuqtalarini
aniglaymiz: x =0, x, =2+2.
Hosilani topamiz:

272 1( ! 12 122 1 1)?
lzj Il+—|x*—x?|dx=— xX3+x? | dx=
4 2

0

W01 4 2
=l.|. X +x3 x:l ix3+§x3
29 2\ 4 2

7 -misol. x :%y2 —%lny egri chizigning y, =1 dan y,=e gacha yoyi

uzunligini toping.
@& x' hosilani topamiz:
X =2 1 _y-l .
2 2y 2y
Yoy uzunligini (9.7) formula orqali topamiz:

¢ 1) 1 (1+y7) L Til4y?
I=]. |1+ Y y=—| J dyzfj'iydyz
1 2y 21 y 27 y

1 Y\

=—|Iny+—

2[ 4 2)

:1[1+e2—1j:e2+1' o
1
tenglama bilan berigan egri chiziq uzunligini

2 2 4

8 —misol. {x =acos't,
y=asin’¢
toping.
& Berilgan tenglama astroidani ifodalaydi (1-ilovaga qarang).
Astroidaning uzunligini (9.8) formula bilan topamiz:

2
= 4J\/(—3a cos’tsint)’ + (3asin’ tcost)’ dt =
0
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x, = -1, =1,
x,= 2, =>ix,=2 QO
x,—5-2,=-11 ,=-1
S5x,— x,— x,=0, 2x, +x, =3x,=0,
4.30. a){ x, +3x,+7x,=0, b)- 4x, +8x, =0,
3x,+ x, +3x,=0. 5x,—6x, =0.

@ a) Sistema matritsasi ustida elementar almashtirishlar bajaramiz:
5 -1 -1 0 -16 -36 0 -16 -36
-5
A= 1 3 7|~ 1 3 71~|1 3 7.
B3 1 3 k20 s —18) o 0 o

r(A)=2, n=3, r<n. Demak, sistema cheksiz ko‘p yechimga ega.
Ularni topamiz:

5x,— x,— x,=0, Sx, = X, =X,
; =
X, +3x, +7x,=0 x, +3x, =-Tx,.

- L e P A
Tlo3|T TN g 3T BRT g gy T
. :Ax] _ X :Ax2 :_9x3
1

A 4 A T
Erkin noma’lumni x, =4k (k —ixtiyoriy son) deb, sistemaning umumiy
yechimini topamiz: x, =k, x, =9%, x, =—4k.

b) Sistema matritsasi ustida elementar almashtirishlar bajaramiz:

2 1 -3 2 1 -3 1 0 2
A=:4/4 0 8~C1 0 2~"22 1 -3|~
5 -6 0 5 -6 0 5 -6 0

1 0 2 1 0 2
~l6 0 I -7|~]0 1 =7].
0 -6 -10 0 0 -52

r(A4)=3=n. Demak, sistema yagona x, =0,x, =0,x, =0 yechimga ega. Q@
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I1 bob
VEKTORLI ALGEBRA ELEMENTLARI

2.1. VEKTORLAR

Vektorlar ustida chiziqli amallar. Vektorlarning chiziqli bog‘ligligi,
bazis. Vektorning o‘qdagi proyeksiyasi.
Koordinatalari bilan berilgan vektorlar ustida amallar

2.1.1. Tayin uzunlikka va yo‘nalishga ega bo‘lgan kesma vektor deb
ataladi va 4B yoki & kabi belgilanadi. Bunda 4 nuqtaga vektorning
boshlang‘ich nugqtasi, B nuqtaga uning oxirgi nuqtasi deyiladi. B4 vektor
AB vektorga qarama-qarshi vektor hisoblanadi. @ vektorga qarama-qarshi
vektor (- ) bilan belgilanadi.

AB kesmaning uzunligiga 4B vektorning uzunligi yoki moduli deyiladi
va | 4B| ko‘rinishda belgilanadi.

Boshlang‘ich va oxirgi nuqtalari ustma-ust tushadigan vektor nol vektor
deb ataladi va 0 bilan belgilanadi.

Uzunligi birga teng vektorga birlik vektor deyiladi va ¢ orqali
belgilanadi. & vektor bilan bir xil yo‘nalgan birlik vektorga @ vektorning
orti deyiladi va @° bilan belgilanadi.

Bir to‘g‘ri chiziqda yoki parallel to‘g‘ri chiziqlarda yotuvchi vektorlar
kollinear vektorlar deb ataladi.

@ va b vektorlar kollinear, bir xil yo‘nalgan va uzunliklari teng bo‘lsa,
ularga teng vektorlar deyiladi va a=bkabi yoziladi. Teng vektorlar erkin
vektorlar deb yuritiladi. Vektorni fazoning ixtiyoriy nuqtasiga o‘z-o°‘ziga
parallel ko‘chirish mumkin.

Bir tekislikda yoki parallel tekisliklarda yotuvchi vektorlar komplanar
vektorlar deb ataladi.

a va b vektorlar yig‘indisi deb @ va b vektorlar bilan komplanar
bo‘lgana +b vektorga aytiladi. Ikki vektorning yig‘indisi uchburchak yoki
parallelogramm qoidalari bilan topiladi.

Bir nechta vektorni uchburchak usuli bilan ketma-ket qo‘shib borish mum-
kin. Bir nechta vektorni bunday qo‘shish usuliga ko ‘pburchak goidasi deyiladi.
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(9.3) formulalar bilan topamiz:
= gab. ()

z z cos’t
S =2[bsin2tacostdt = 4ab[cos’ tsintdt = —4ab( 3 j
0 0

0

5-misol. r=2cos3¢p egri chiziq bilan chegaralangan figura yuzasini
hisoblang.

@ r=2cos3p tenglama uch yaproqgli gulni ifodalaydi (I-ilovaga
qarang). Uch yaproqli gulning oltidan bir qismi yuzasini hisoblaymiz:

f < ;
éS = %'|'4cos2 3pde = [(1+ cos6¢)dp = ((p + s1n66goj
0 0

Bundan

°
6

0

S=7. O
7.9.2. [a;b] kesmada uzluksiz y = f(x) funksiya grafigining (egri chiziq
yoyining) uzunligi
I=[\1+ £ (x)dx (9.6)
formula bilan topiladi.
Agar egri chiziq x=g(y), ye[c;d] tenglama bilan berilgan bo‘lsa uning
uzunligi

= jxll +g"(y)dy 0.7

integral bilan topiladi.
Agar y=f(x) funksiya x=¢(), y=w(), a<t<f parametrik
tenglamalar bilan berilgan bo‘lsa

A 2 2
I=[o () +y" ()t (9.8)

bo‘ladi, bu yerda, a =g¢(a) va b=¢(p).
Qutb koordinatalar sistemasida r=r(p), a<@<p tenglama bilan
berilgan 4B egri chiziq yoyining uzunligi

/} 2
1=[r (@)+7" (p)dp 9.9)

integral bilan topiladi, bu yerda r(¢), r'(p) funksiyalar [a;8] kesmada
uzluksiz va 4, B nuqtalar qutb koordinatalarida a, 8 burchaklar bilan
aniqlanadi.
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S, ga teng bo‘lgan 40D va AOB parabolik sektorlarga va yuzasi S, ga teng
bo‘lgan BCD parabolik uchburchakka ajratamiz (5-shakl).

U holda
S:2S1+S2=2T\/x+1dx+i(\/x+ —(x-1)dx=
4 £ (2 - Y9
—5\/(x+1) l+(3\/(x+1) -3 +xj0—2. o

Yuzani hisoblashga oid masalalarni yuzaning ko‘chishga nisbatan
invariantlik xossasiga asosan soddalashtirish mumkin. Bunda  figura
yuzasi (9.1) formulada x va y o‘zgaruvchilar (Ox va Oy o‘qlar) ning
o‘rnini almashtirish orqali hisoblanadi, ya’ni

§ =[(/.00— fiGNdx= (.0 - g,y ©.5)

Masalan, 3-misolda berilgan figura yuzasi y o°‘zgaruvchi bo‘yicha
hisoblansa, figurani qismlarga ajratish shart bo‘lmaydi:

S=i(y+1—(y2—l))dy=(y22—y3+2yj

2

3 L2
y
Y T
t==
N 4
7=0
=1 t*ﬁ X
79\ 2
/By =xd N 3g
="
4
5-shakl. 6-shakl.

4-misol. x=asinz, y=bsin2t chiziglar bilan chegaralangan figura

yuzasini hisoblang.
& 6-shakldan ko‘rinadiki, egri chiziqning ¢+ parametr 0 dan r gacha
o‘zgarishiga mos bir halqasining yuzasini hisoblash yetarli.
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i va b vektorlarning ayirmasi deb, bvektor bilan yig‘indisi a
vektorni beradigan a — 5 vektor tushuniladi.

a vektorning A+ 0songa ko ‘paytmasi deb, a vektorga kollinear, uzunligi
|A|-|d|ga teng bo‘lgan, >0 bo‘lsa @ vektor bilan bir xil yo‘nalgan, 1 <0
bo‘lganda a vektorga qarama-qarshi yo‘nalgan 1a vektorga aytiladi.

Agar b=2a bo‘lsa, uholda a(a=0) va b vektorlar kollinear bo‘ladi va
aksincha, agar @ (a@#0) va b vektorlar kollinear bo‘lsa, u holda biror 1 son
uchun 5 =A@ bo‘ladi.

a=lal-a', ya'ni har bir vektor uzunligi bilan ortining ko‘paytmasiga
teng bo‘ladi.

I1-misol. ABCD to‘g‘ri to‘rtburchakning tomonlari 4B=3, 4D=4.
M - DC tomonning o‘rtasi, N —CB tomonning

. DEYVENTYET : M
o‘rtasi (3-shakl). AM,AN,MN vektorlarni mos D ¢
ravishda 4B va 4D tomonlar bo‘ylab yo‘nalgan
i va j birlik vektorlar orqali ifodalang.
@ d= adl-a' bo‘lishidan, topamiz: N
AB=|4B|-i =3i, AD=|AD|-j=4j.
3-shaklga ko‘ra j
DM =MC=1Dc =127,
- 2 2 y = B
. . I N - i
BN:NC:lBC:lAD:2j.
2 2 1-shakl.
Vektorlarni qo‘shish qoidasi bilan topamiz:
AM = AD+DM =4] +37; AN = 4B+ BN =37 +2];

m=M—C+a=M—c_N—C=§z_z;. o

21.2. o4, +a,a,+..+a,a, ifodaga a,a,,..a, vektorlarning chizigli
kombinatsiyasi deyiladi, bunda «,,a,,...,a, —tayin sonlar.

Agar a,d,,.,d, vektorlar uchun kamida bittasi nolga teng
bo‘lmagan shunday «,«,,...,«, sonlar topilsaki, bu sonlar uchun

a,d, +a,d, +...+a,d, =0tenglik bajarilsa, u holda a,,a,,....a, vektorlarga
chizigli bog ‘liq vektorlar deyiladi.
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Agar a,a, +a,a, +...+a,d, =0tenglik faqat o, =a, =...=a, =0 bo‘lganda
o‘rinli bo‘lsa, u holda, a,.d,,..a, vektorlarga chizigli erkli vektorlar
deyiladi.

Ikkita vektor chiziqli bog‘liq bo‘lishi uchun ular kollinear bo‘lishi zarur va yetarli.

Uchta vektor chiziqli bog‘liq bo‘lishi uchun ular komplanar bo‘lishi zarur va yetarli.

Agar R' fazoda ixtiyoriy « vektorni n ta chizigli erkin  &,z,.....¢,
vektorlarning chiziqli kombinatsiyasi orqali ifodalash mumkin bo‘lsa, ya’ni
i=a@ +ae +..+aeé tenglik bajarilsa, u holda ¢,e,,...,e, vektorlar R
fazoning bazisi deb ataladi.

i=aé +ap, +a@ tenglikka o« vektorning &,2,é bazis bo‘yicha
yoyilmasi, «,,a,,a, sonlarga « vektorning ¢&.z,,é, bazisdagi affin
koordinatalari deyiladi.

Uch oflchovli R’fazoda komplanar
bo‘lmagan ¢,é,,e, vektorlar bazis tashkil
qiladi. Ikki o‘Ichovli R* fazoda kollinear

bo‘lmagan ¢,é, vektorlar bazis tashkil etadi.

2 —misol. Uchburchakli muntazam
piramidada 4B,AC,AD - A uchning qirralari,
DO - b uchdan tushirilgan balandlik (2-shakl).
Agar é,é,,e, mos ravishda 4B,4AC,AD qirralar

bo‘ylab yo‘nalgan vektorlar bo‘lsa, DO
vektorning é,¢,,e, bazis bo‘yicha yoyilmasini
toping.

@ Vektorlarni songa ko‘paytirish 2-shakl.
amalining xossasiga asoslanib, topamiz:
AB=2¢, AC=A¢, AD=A@, buyerda A,1,,A, —hagiqiy sonlar.

Piramidada ¢,é, ¢, qirralar komplanar emas. Shu sababli DO vektorni
é,é,,e, bazis bo‘yicha yoyish mumkin.

Piramida muntazam bo‘lgani uchun uning balandligi asosining
medianalari  kesishish ~ nuqtasiga  tushadi, ya’ni  O-uchburchak
medianalarining kesishish nuqtasi bo‘ladi.
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l1-misol. y=x’, y=0 va x=1 chiziglar bilan chegaralangan figura
yuzasini hisoblang (3-shakl).
& (9.2) formuladan topamiz:

2-misol. y=cosx, y=0, x=0 va x=r chiziglar bilan chegaralangan
figura yuzasini hisoblang (4-shakl).

@ 4- shaklda berilgan figurani yuzalari S, va S, bo‘lgan
kesishmaydigan qismlarga ajratamiz. U holda yuzaning additivlik xossasiga
asosan berilgan figuraning yuzasi qismlar yuzalarining yig‘indisiga teng
bo‘ladi.

Demak,

ce—wln

S=S+8,=

x ”
cosxdx — j.cos xdx = sin x‘g —sinx
s

ol-(-D)=2. &

2

3- shakl. 4-shakl.

3-misol. > =x+1 va y=x-1 chiziglar bilan chegaralangan figura
yuzasini hisoblang.

@ Figura umumiy B(0;-1) va C(3;2) nuqtalarga ega bo‘lgan parabola
va to‘g‘ri chiziq bilan chegaralangan. Shaklni uchta qismga, ya’ni yuzalari
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Funksiyalardan biri nolga teng bo‘lganda, ya’ni yuqori yoki quyi
chegaralardan biri Ox o‘qdan iborat bo‘lgan egri chiziqli trapetsiyaning
yuzasi quyidagi integral bilan hisoblanadi:

S= ()l 9.2)

Agar y=f(x) funksiya x=¢(), y=w(), a<t<f parametrik
tenglamalar bilan berilgan bo‘lsa

B
S = [y O ()dt 9.3)

bo‘ladi, bu yerda, a = p(a) va b=¢p(pB).

Qutbdan chiquvchi ¢=a va ¢@=p nurlar bilan hamda tenglamalari
r=r(p) va r=r(p) (r(p)<r(p)bo‘lgan egri chiziglar bilan chegaralangan
yassi figura yuzasi

5= %f(r; ()~ 1 (9)dg

integralga teng bo‘ladi (2-shakl), xususan r=r(p) (r,(p)=0) funksiya grafigi
bilan chegaralangan figura uchun

s =%fr2((p)d(0. 9.4)

Yy =15 (x)

1-shakl. 2-shakl.
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Vektorlarni qo‘shish qoidasiga ko‘ra DO = DA + AO.
Bunda
Did=-AD=-he, AO=2am=2.AB+AC %(/La +1.8,).

3 3 2
Demak,

DO=-)@, + %(/LE[ +13,). O

2.1.3. 4 nuqtadan o‘qqa tushurilgan perpendikularing 4, asosiga
A nugtaning | o ‘gdagi proyeksiyasi deyiladi (3-shakl).

A4 va Bnuqtalarning / o‘qdagi 4,va B, proyeksiyalarini tutashtiruvchi
AB vektorga AB vektorning |  o'qdagi
tashkil etuvchisi deyiladi (3-shakl).

ABvektorning 1o ‘qdagi proyeksiyasi deb
A B, tashkil etuvchi va / o‘qning bir tomonga
yoki garama-qarshi tomonlarga yo‘nalgan
bo‘lishiga garab, musbat yoki manfiy ishora
bilan olingan | 4B | songa aytiladi va IIp, AB
bilan belgilanadi, ya’ni

1ip, AB=+ | ﬁ |-

a vektor bilan uning /o°‘qdagi tashkil
etuvchisi g, orasidagi ¢ burchakka a vektor bilan 10°q orasidagi burchak
(ikki vektor (a va a,) orasidagi burchak) deyiladi (3-shakl).

Vektorning o‘qdagi proyeksiyasi quyidagi xossalarga ega:

\
S

A
i
|
I
|
i

N}
hS]

A

_m
>~
~

1

3-shakl.

1’ Hp,a = a |cosg;
2°. Ip (@, +a, +...+a,)=Ip,d, + Ip,d, +...+ IIp,a;
3°. Ip(A-G@)=A-Ilp,a.
2.1.4. Bazisning vektorlari o‘zaro perpendikular va birga teng uzunlikka

ega bo‘lsa, bu bazis ortanormallangan bazis deb ataladi. Dekart
koordinatalar sistemasi Oxyzortanormallangan bazis tashkil qgiladi. Bunda

bazis sifatida Ox, Oy, Oz o‘qlarnig ortlari bo‘lgan ;7% vektorlar olinadi.
a vektor i,j,k bazisda quyidagicha ifodalanadi:
d=aji+aj+ak. (1.1
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& (1.1) ifoda vektorning i,j,k bazis bo ‘yicha yoyilmasi deb ataladi va
qisqacha d={a;a;a} deb yoziladi. Bunda a ,a a larga a vektorning
koordinatalari yoki proyeksiyalari deyiladi.

a vektor uchun
|d\=1la‘2+ai+af, (1.2)
ya’ni vektorning uzunligi uning koordinata o‘qlaridagi proyeksiyalari
kvadratlarining yig‘indisidan olingan kvadrat ildizga teng bo‘ladi.
d={a;a a} vektorning yo‘nalishi uning Ox,0Oy va Oz o‘qlari bilan
tashkil qilgan a, 8,y burchaklari bilan aniqlanadi.
Bunda
cosq =— ﬁ—f cosy—a—
\ | 1 a
cosa, cosf, cosy sonlariga a vektorning yo ‘naltivuvchi kosinuslari
deyiladi. Bunda cos® a + cos® 8 +cos’y =1.

a vektorning birlik vektori uchun &’ ={cosa;cos B;cosy}.

3-misol. Uzunligi |@|=2 ga teng vektor Ox,Oy koordinata o‘qlari bilan
a=60", B=120"1i burchaklar tashkil qiladi. & vektorning koordinatalarini
toping.

@& Vektorning o‘qdagi proyeksiyasining 1° xossasidan topamiz:

a,=ld|cosa =2cos60’ =2-%=l; a, = d|cosf =2cos120 =2~(—;j=—l.

Vektorning uzunligini topamiz:
2=\1+1+a’.
Bundan a’ =2yoki a. =+/2 va a_=—/2.
Demak,
d={;-1;\2} vaa={-1—2}. O
2.15.d=ai+a,j+ak vab=>bi+b j+bk vektorlar berilgan bo‘lsin.
U holda
atb=(a, +b)i+(a,+b)j+(a +b)k (yoki atb=1{a +bh;a, +b;a +b}),
Aa=a,i+a,j+2ak (yoki la={la;la ;la.}).

d=b dan a,=b,, a,=b, a =b, kelib chiqadi.

68

¢ dx

2 xdx
9)1\/1 = 10)!1/ —1);
£3x° +2
1) j ol 12) j 4 5
13) | —=; 14
)J‘lx%/;’ ):Lx +6x+10°
7.8.2. Integrallarni yaqinlashishga tekshiring:
”dx Todx
1) [= 2 ;
) )'<[\/l+x3
3) J'\/;e’xdx; 4) Tsm )zcdx;
X
+o0 .3 1 d
5)Ix 6)J.eﬁx >
1 X 8 1
! l—cosx )1[e —cosx’
3+smx L fxdx .
9)j(x_) ; 10)j =g
11) j coszxdx; 12)]6" sin xdx.
1 X 0

7.9. ANIQ INTEGRALLARNING TATBIQLARI

Yassi figuraning yuzasini hisoblash. Tekis egri chiziq yoyi
uzunligini topish. Aylanish sirti yuzasini hosoblash.
Hajmni hisoblash. Momentlar va og‘irlik markazini hisoblash.
Kuchning bajargan ishini hisoblash

7.9.1. Yuqoridan y, = f,(x) funksiya grafigi bilan, quyidan y, = f(x)
funksiya grafigi bilan, yon tomonlaridan x=a va x=»b kesmalar bilan
(kesmalardan biri yoki har ikkalasi nuqtadan iborat bo‘lishi mumkin)
chegaralangan yassi figura yuzasi

S = [(f2(x) = f,(x))dx O.1)
formula bilan hisoblanadi (1-shakl).
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Agar T| f(x)]dx U|f (x)|dxj integral yaqinlashuvchi bo‘lsa, u holda

T f(x)dx U f (x)dxj integralga absolut yaginlashuvchi xosmas integral
deyiladi.

Agar f f(x)dx U f (x)dxj integral yaqinlashuvchi bo‘lib,
T| f(x)|dx U| f (x)|dx) integral uzoqlashuvchi bo‘lsa, u holda

Tf (x)dx (Jb' f (x)dx] integralga shartli yaginlashuvchi xosmas integral
c{eyiladi. ”

5 —misol. Ti%dx integralni yaqinlashishga tekshiring.

& Integral Oostidagi funksiya [0;+o) oraliqda ishorasini almashtiradi.

sm X 1

Ma’lumki |——<——. 1-misolga ko‘ra Te’z“dx integral yaqinlashuvchi.
o

e

-dx integral yaqinlashuvchi va
3-teorema va 3-ta’rifga asosan Jde integral absolut yaqinlashadi. @
0 e’

Mustahkamlash uchun mashglar

7.8.1. Berilgan integrallarni hisoblang yoki uzoqlashuvchi ekanini
ko‘rsating:

1)}1” : Z)Txe%dx;

3) fxcosxdx; 4) J.lnxdx
Todx Farctgxdx

5) [——; 6 ;
)l)c\/x2 -1 )I x’

7 Tesi dx; 8 i .
)le sin xdx _[ —
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4-misol. d=-4i —2j+4k vektor berilgan. Bu vektorga garama-qarshi
yo‘nalgan, kollinear va uzunligi |5|=9 bo‘lgan vektorning koordinatalarini
toping.
® b vektorning koordinatalari b,,b,,b,, ya’ni b =1{b,;b,;b.} bo‘lsin.
ava b vektorlar kollinear bo‘lsa « =15 bo‘ladi, bu yerda A —ixtiyoriy son.
U holda ikki vektorning tengligi shartidan b =Aa_, b, =Aa , b, = Aa_yoki
b.=—4A, b, =-24, b.=4A.
Bu koordinatalarni va 5 vektorning uzunligini hisobga olib, topamiz:
164 +42° +164°, 9=164 yoki A= i%.

@ va b vektorlar garama-qarshi tomonlarga yo‘nalgani uchun A<0, ya’ni
a=-2.
2
Demak,
b=1{63-6}. @

Oxyz dekart koordinatalar sistemasida OM vektorning koordinatalari
M nugqtaning koordinatalarini aniqlaydi. OM vektor M nugqtaning radius
vektori deb ataladi va r={x;y;z} bilan belgilanadi. Bunda M nugqtaning
koordinatalari M (x; y;z)kabi belgilanadi.
A(x;33,;2,)va B(x,;y,;z,) nuqtalar berilgan bo‘lIsin.
U holda
AB={x, =Xy, - vz, —2,}, (1.3)
ya’ni vektorning koordinatalari uning oxirgi va boshlang‘ich nuqtalari mos
koordinatalarining ayirmasiga teng bo‘ladi.
[4B|= 0, =x)" + (0 =) + (2 -2 (1.4)
ya'ni AB vektorning uzunligi 4 va B nugqtalar orasidagi masofani aniqlaydi.
(1.4) tenglikka ikki nugta orasidagi masofani topish formulasi deyiladi.
5 —misol. A(1;2;-1), B(4;5;1), C(3;-1;1) nuqtalar berilgan. G = 4B -34C
vektorning uzunligini va yo‘naltiruvchi kosinuslarini toping.
@ Vektorlarning koordinatalarini topamiz:
AB={332}, AC={2-32},

G=AB-34C={3-3-23-3-(-3);2-3-2} = {-3;12;-4}.
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Bundan

3 12 4
|ad|=v9+144+16 =13, cosa =— I cosﬁ—ﬁ cosy——ﬁ o

Boslang‘ich va oxirgi nuqtalari A(x;y,;z,) va B(x,;y,;z,)bo‘lgan 4B
kesma berilgan bo‘lsin.

AB kecmani berilgan 2 >0Onisbatda bo‘luvchi, ya’ni bu kesmada A—g =2

tenglik bajarilishini ta’minlovchi B nuqta bilan ustma - ust tushmaydigan
C(x;y;z) nuqtaning koordinatalari

X, +Ax, oyt Ay, _z,+ 1z,
TTe2 0 YT a0 T
formulalar bilan, xususan, kesma o‘rtasining koordinatalari
:xl+x2’ :y1+y2’Z:ZI+ZZ
2 2 2

tengliklar bilan aniqlanadi.

6 —misol. @ ={2;-6;3} va b ={-4;3;0} vektorlardan hosil bo‘lgan burchak
bissektrisasi bo‘ylab yo‘nalgan d = {x; y;z} vektorni toping.
® a=1{2-63} va b={-430} vektorlarni O nuqtaga parallel
ko‘chiramiz. Bunda a,b,d vektorlar oxirlarining koordinatalari ~4(2;-6;3),
B(-4;3;0), D(x;y;z) bo‘ladi.
Burchak bissektrisasi xossasiga ko‘ra
_|4D|_|a| _4+36+9 7
IDB| |b| 16+9+0 5

Kesmani berilgan nisbatda bo‘lish formulalaridan topamiz:

7 7
2+—-(—4 -6+—--3
_x A, 5 ¢ )__3. y=x+&n= 5°__3.
1+ 127 27 1+ 4 147 4’
5
7
n+iz, 250 15 s
1+ 17124

Demak,
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1
J e dx integral xosmas integral emas va u chekli son giymatiga ega.
0

[e*ax integralni qaraymiz. [I;+w0) oraliqda 0<e™ <e™ hamda ¢ va
1

e funksiyalar uzluksiz. U holda

fe dx—hmje ‘dx = lim (e~ )‘ ——}ggeib é

Demak, bu integral yaqinlashuvchi va 1-teoremaning a) bandiga binoan
Puasson integrali ham yaqginlashadi.

2-teorema (/I tur xosmas integralning yaqinlashish alomati). [a;b)
oraligda f(x) va ¢(x) funksiyalar uzluksiz bo‘lsin va 0< f(x)<e(x)
tengsizlikni qanoatlantirsin, x=bda f(x) va ¢(x)funksiyalar aniglanmagan
yoki uzilishga ega bo‘lsin. U holda:

a) agar j(p(x)dx integral yaqinlashsa, f f(x)dx integral ham
yaqinlashadi;
b) agar j f(x)dx integral uzoqlashsa, j @(x)dx integral ham uzoqlashadi.

cos’ xdx

i

@ Integral ostidagi funksiya x=1 da II tur uzilishga ega.

4 —misol. j integralni yaqinlashishga tekshiring.

cos’x _cos’x 1 _ 1
Vi-x> Vl+x Yi-x 1-

xosmas integralni yaqinlashishga tekshiramiz:

xe(0:] da

dx
i1 —

o —

=

I-¢

= ;(lslmg 1)

0

2
——fhm(l x)3

1 I-¢&
2|)-3l_x=£4>0-|.3\/ﬁ 2 &0

N\w

Demak, j ‘\/17 integral yaqinlashadi va 2-teoremaning a) bandiga
oVI—X

binoan berilgan integral ham yaqinlashadi. @

3-teorema. Agar +f| f(x)|dx U| f()] dx] integral yaqinlashuvchi bo‘lsa,

u holda f f(x)dx U f (x)dxj integral ham yaqinlashuvchi bo‘ladi.
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f(x) funksiya x ning « ga o‘ngdan yaqinlashishida uzilishga ega
bo‘lganda

jf(x)dx =lim .b[f(x)dx (8.5)
bo*ladi. |
f(x) funksiya ce[a;b] da uzilishga ega bo‘lganda
J Fexd=tim [ 7o+l | £(0)ds (8.6)
bo‘ladi. | L
2 —misol. .1[ \/ldxiz integralni yaqinlashishga tekshiring.
0 - X

@ x=1 da integral ostidagi funksiya ikkinchi tur uzilishga ega.
U holda (8.4) tenglikka ko‘ra

1
I d d = linoqarcsin x‘:g = lirrol(arcsin(l —¢g)—0)=arcsinl = %
0 &

1-¢

Demak, xosmas integral yaqinlashadi.

7.8.3. Xosmas integralning yaqinlashuvchi yoki uzoglashuvchi bo‘lishini
yaqinlashuvchi yoki uzoqlashuvchiligi oldindan ma’lum bo‘lgan boshqa
xosmas integral bilan taqqoslash orgali aniglash mumkin.

1-teorema (I tur xosmas integralning yaqinlashish alomati). [a;+o)

oraligda f(x) va ¢(x) funksiyalar uzluksiz bo‘lsin va 0< f(x)<¢(x)
tengsizlikni qanoatlantirsin. U holda:

a) agar Tgo(x)dx integral yagqinlashsa, Tf (x)dx integral ham
yaqinlashadi;
b) agar T f(x)dx integral uzoqlashsa, Tgo(x)dx integral ham uzoqlashadi.

3—misol. Te"‘z dx integralni yaqinlashishga tekshiring.

@ Puasson integrali deb ataluvchi bu integral boshlang‘ich funksiyaga
ega emas. Bunda

+0 R 1 , +o0
e de=[e dx+ [e dx.
Jerde]emde]
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Mustahkamlash uchun mashqlar

2.1.1. Agar |a+b|=a—b| bo‘lsa, @ va b vektorlar qanday shartni
qanoatlantirishi kerak?

2.1.2.  4ABC uchburchakda A4M to‘g‘ri chiziq ZBAC burchakning
bissiktrisasi  bo‘lib, M nuqta BC  tomonda yotadi. Agar
AB=a, AC=b,|d|=2, |b|=1bolsa, AM vektorni toping.

2.1.3. 4BCD teng yonli trapetsiyada /DAB=60°,|AD|=|DC|=|CB|=2,
M,N-mos ravishda DC va BC tomonning o‘rtasi. BC,AM,AN,NM
vektorlarni mos ravishda 4B va AD tomonlar bo‘ylab yo‘nalgan mva ii
birlik vektorlar orqali ifodalang.

2.1.4. m ning qanday qiymatida ¢ =a —mb va d = —/3a + 6b vektorlar
kollinear bo‘ladi?

2.1.5. Tekislikda uchta a=1{3;-2}, b={-2:1} va ¢={7,-4} vektorlar
berilgan. Har bir vektorning qolgan ikki vektor bazisi bo‘yicha yoyilmasini
toping.

2.1.6. Biror bazisda a={m;-1;2}, b ={3;n;6} vektorlar berilgan. a va
b vektorlar kollinear bo‘lsa m va » ni toping.

2.1.7. G ={2;1;0}, b ={1;-1;2}, ¢ ={2;2;-1} vektorlar berilgan. d = {3;7;-7}
vektorning a,b,¢ bazis bo‘yicha yoyilmasini toping.

2.1.8. ABCD to‘g‘ri burchakli trapetsiya asoslari | AB|=4 va |CD|=2 va
/ABC=45". AB, AD, DC, AC vektorlarning CB vektor bilan aniqlanuvchi
I 0‘qqa proyeksiyalarini toping.
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2.1.9. 4BC teng tomonli uchburchakning tomonlari - & teng.

Uchburchak 4B, BC, CA tomonlarining va AD, BF, CE balandliklarining
Z/BAC burchak bissiktrisasi bo‘ylab yo‘nalgan / o°‘qga proyeksiyalarini
toping.

2.1.10. @ ={- 1,5-2} va b = {2;-1;3} vektorlar berilgan. Quyidagi
vektorlarning koordinata o‘qlaridagi proyeksiyalarini toping:

1 -

1) 3G -2b; 2)—§a+§1§; 3)—25—25; 4) 4b—a.

2.1.11. Agar a={2;-1;1} vektorning boshlang‘ich nuqtasi A(3;-2;—4}
nuqta bo‘lsa, uning oxirgi nuqtasining koordinatalarini toping.
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2.1.12. Agar a={2;4-1} vektorning oxirgi nuqtasi B(-1;3;-4}nuqta
bo‘lsa, uning boshlang‘ich nuqtasining koordinatalarini toping.

2.1.13. Tomonlari a={-1;0;7} va b ={5;—4;—5} vektorlar uzunliklaridan
iborat bo‘lgan parallelogramm diagonallarining uzunliklarini toping.

2.1.14. 4 va B nuqtalar berilgan. 4B vektorning uzunligini va ortini
toping:

1) A(-4;-9;6), B(8;6;,—10); 2) A(6;-1,9), B(2;—4;-3).

2.1.15. Oxo‘qining berilgan A nuqtadan ¢ masofada joylashgan
nuqtasini toping:

1) A(=33), a=5; 2) A(412) a=13.

2.1.16. Oy o‘qining berilgan nuqtalardan teng uzoqlikda joylashgan
nugqtasini toping:

1) A(-4;2) va B(6;0); 2) A(8;2) va B(3;-3).

2.1.17. Uchlari 4(4;1;-3), B(1;4;-2), C(1;10;—8) nuqtalarda bo‘lgan
ABC uchburchakning 4D medianasi uzunligini toping.

2.1.18. M nuqtaning radius vektori koordinata o‘qlari bilan bir xil
burchak tashkil qiladi va uzunligi 3 ga teng. M nuqtaning koordinatalarini
toping.

2.1.19. a vektor OXva OZo‘qlari bilan mos ravishda 60°va 120°li
burchak tashkil qiladi. Agar |d|=4bo‘lsa, bu vektorning koordinatalarini
toping.

2.1.20. G ={2;3}, b={1;-3}, ¢ ={-1;3} vektorlar berilgan. o ning qanday
qiymatlarida 7 = d +ab va ii=a + 3¢ vektorlar kollinear bo‘ladi.

2.1.21. d=16/ —12j +15k vektor berilgan. Bu vektor bilan bir xil
yo‘nalgan, kollinear va uzunligi |5 =15 bo‘lgan vektorning koordinatalarini
toping.

2.1.22. A(2;:-1,0), B(1;-1;2), C(0;5;3) nugqtalar berilgan. = AB — CB
vektorning ortini toping.

2.1.23. Uchlari berilgan nuqtalarda joylashgan uchburchak medianalarining

kesishish nuqtasini toping:
1) A(7:-4), B(-1;8) va C(-12;=1); 2) A(-4;2), B(2;6) va C(0;-2).
2.1.24. a=1{52;14} va b = {-3;0,-4} vektorlar orasidagi burchak
bissektrisasining birlik vektorini aniglang.
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Bunda
1 1 1

a >0 bo‘lganda _[e dx_—ihm—b+—:—0+— L
abe a a o

b

a <0 bo‘lganda Ie “dr=—Llime ™ + L = 4o
abaw; 04

a =0 bo‘lganda je’ “dx = jdx =lim b = +oo.
0 0

Demak, [e “dxxosmas integral o >0 da yaqinlashadi va « <0 da
0

uzogqlashadi.

2) stm xdx = lim jxsm xdx = 11m(— xcos x\ + jcos xdx) = lim(acosa —sina).

—0

Bu limit mavjud emas. Shu sababli _[xsinxdx integral uzoqlashadi.

3) (8.3) tenglikda ¢ =0 deb, topamiz:

+

Tarctgxdx  tarctgxdx ‘Farctgxdx
J = +] :

S+ x? _,m 1+x? o 1+ x?
Bundan
Carctgxdx .. Sarctgxdx 1. 1.. T’
J & —= hrnj & — == hmazrctgzx‘0 =——limarctg’a=—"—,
s l+x =0 14+ x 2 am=n “ 2 am=n 8

2

lllmarct x‘ fllmarct h="
o L+x> Qb & & 8’

J~ farctgxdx n©' 7w’

Tarctgxdx . tarctgxdx
[ %~ lim fi
° 1 +x bh—>+0

=—-"—=0.
2 1+ x? 8 8

Demak, xosmas integral yaqinlashadi.

7.8.2. f(x) funksiya [a;b) oraliqda aniqlangan va uzluksiz bo‘lib,
x=b da aniglanmagan yoki uzilishga ega bo‘lsin. Agar lim brf(x)dx chekli
limit mavjud bo‘lsa, u holda bu limitga chegaralanmagan fun;csiyadan
olingan xosmas integral (Il tur xosmas integral) deyiladi va i f(x)dx kabi
belgilanadi: u

[ /oy = 11£nf F(x)d. (8.4)
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7.8. XOSMAS INTEGRALLAR

Cheksiz chegarali xosmas integrallar.
Chegaralanmagan funksiyalardan olingan xosmas integrallar.
Xosmas integrallarning yaqinlashish alomatlari

7.8.1. Cheksiz chegarali integrallarga va  chegaralanmagan
funksiyalardan olingan integrallarga xosmas integrallar deyiladi.

f(x) funksiya [a;+0) oraligda uzluksiz bo‘lsin. Agar ]linﬁ F(x)dx
chekli limit mavjud bo‘lsa, bu limitga yugori chegarasi cheksiz xosmas
integral (I tur xosmas integral) deyiladi va f f(x)dx kabi belgilanadi:

Tf(x)dx = }ir}}cfif(x)dx. (8.1)

Bu holda T f(x)dx integral yaginlashuvchi deyiladi.

Agar lim }f (x)dx limit mavjud bo‘lmasa yoki cheksiz bo‘lsa, u holda

[ f(0)dx integral uzoglashuvchi deb yuritiladi.

Quyi chegarasi cheksiz va har ikkala chegarasi cheksiz xosmas
integrallar shu kabi aniglanadi:

[ (s = tim [ (), (8.2)
Tf(x)dx = }Llll.[f(x)dx + bhjg jj'(x)dx R (8.3)

bu yerda ¢ - Ox o‘qning istalgan fiksirlangan nuqtasi.

1-misol. Integrallarni yaqinlashishga tekshiring:

| T s 2 o d: 3 *”arctgxdx.

)le X )J;xsmx 29 )7_[c o
& 1) a =0 bo‘lsin.

U holda

+0 b
[e “dx=lim[e “dx= 1 lim(e™ —1).
0 0

b+ a b+
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2.2. VEKTORLARNI KO‘PAYTIRISH

Ikki vektorning skalyar ko‘paytmasi. Ikki vektorning vektor
ko‘paytmasi. Uchta vektorning aralash ko‘paytmasi

2.2.1. Ikki @ va b vektorning skalyar ko ‘paytmasi deb bu vektorlar
uzunliklari bilan ular orasidagi burchak kosinusi ko‘paytmasiga teng songa

aytiladi va ab, a-b yoki (a,b) kabi belgilanadi, ya’ni
ab=adl-|b|-cosp, (2.1)
yoki
ab =|b |-Ip,a=d|-Ip,b,

buyerda o= (5:15 )

Skalyar ko ‘paytmaning xossalari:
1°. @b =ba (o‘rin almashtirish xossasi);
2°. (Ad)b = A(ab) (skalyar ko‘paytuvchiga nisbatan guruhlash xossasi);
3°. @(b +¢)=ab + ac (qo‘shishga nisbatan tagsimot xossasi);
4°. G 1b=>ab=0.Shuningdek, b =0 (|a}=0,b5[=0)= G Lb;
5. @ =a|’ yoki va’ =a|(a* =a).

Koordinata o‘qlari ortlarining skalyar ko‘paytmalari:

iP=j=k=1i-j=j -k=k-i=j-i=k-j=i-k=0.

1-misol. Agar |G |=4, |E|z6,¢=(ﬁ,5)=% bo‘lsa, (3d —b)-(2a + 4b)

ko‘paytmani hisoblang.
@& Skalyar ko‘paytmaning ta’rifi va xossalaridan foydalanib,
hisoblaymiz:
(3d—b)-(2a+4b)=3G-2G—b-2d +3G-4b —b -4b =6a> +10db —4b*> =

=6|al’ +10\ﬁ|~|5|cos§—4|5|2:6-42+10-4-6%—4-62:96+120—144:72. o

2 -misol. Agar |d|=4, |b|=3,p= [ﬁ,l;j = ZT” bo‘Isa, bu vektorlarga

qurilgan parallelogramm diagonallarining uzunliklarini toping.
@ a va b vektorlarga qurilgan parallelogram diagonallari @ +5 va
d —b vektorlardan iborat bo‘ladi.
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Skalyar ko‘paytmaning xossalaridan foydalanib, topamiz:

ld+bl=~G+b) =va*+2db +b> =+|a| +2|d| b |cosg+|b |* =
:\/16+2~4-3~(—;j+9:«/ﬁ,
\G—b=\@-b)’ =va> —2ab+b> =@ —2|d|| b |cosp+|b|* =
:\/16+2-4~3-;+9:ﬁ. o

d=aji+a,j+ak,b=bi+bj+bk vektorlar berilgan bo‘lsin.
U holda
ab=ab +ab +ab,, (2.2)
ya’ni koordinatalari bilan berilgan ikki vektorning skalyar ko‘paytmasi
ularning mos koordinatalari ko‘paytmalarining yig‘indisiga teng bo‘ladi.

3—misol. Agar G = {4;-2;3},b = {1;-2;0},¢ = {2;;-3} bo‘lsa,
(@ +3b)-(d@—b +¢) ko‘paytmani hisoblang.

® m=a+3b vaii=a-b+¢ vektorlarning koordinatalarini topamiz:
m={4+3-1,-2+3-(-2);3+3-0}={7;-83}, n={4-1+2;-2+2+1;3-0-3} ={5;1,0}.

Bundan (2.2) formulaga ko‘ra
ii=7-5+(-8)-1+3-0=27. O

Skalyar ko ‘paytmaning ayrim tatbiqlari

1. Ikki vektor orasidagi burchak. d=ai+a,j+ak vab=bi+bj+bk

vektorlar orasidagi burchak ¢ = (5,5 ) bo‘lsin.
U holda

oS =—""——
|allb|
yoki
ab . +ab +ab,

) 2.3)
\/af +a’+a’ \/bz +b; +b!

cosp =

L(a;B,57,) va l(a,;B,;7,) yo‘nalishlar orasidagi burchak uchun
COsQ =cosq, cosa, + cos B, cos B, + cosy, cosy,
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7.7.5. Funksiyalarning berilgan kesmalardagi o‘rta qiymatini toping:

)y=+v4-x*, [-2:2];

3)y=3x+2, [13];

2)y=|x|, [-L1];

4) y=x’e", [01].

7.7.6. Berilgan integrallarni hisoblang:

l)J‘(x2 + 2x + 1)dx;

3)j'cos xdx;

5)

cos” xdx;

ce—wla o

7),[ dx

X+ X

9)jxx/1+x2dx;

El

3 sin xdx
11)|——=;
1+ cosx

(98]
+

N
RN

cos xdx

— —
(V)] W
N e N
0N R e W W [N —y
Y
=

17) [arcsin xdx;

19)Ixsin§dx;

2 l)sze“dx;

23) jsin Vxdx;

. . bl
o 6 —5sin x +sin’ x

1
2) J sin 4xdx;
0

@)
~
&

o [3 O — AN |y

%]
Z.
DI\J
=

8) [(2x* + Dx’dx;

10)

cosxsin® xdx;

H
[\9]
N—
+ el ©
~
(R
N =
>.<I\)

14) Tsin * xdx;

N

2
- X
—dx;
X

16) |
ﬂ

1 S)jiln2 xdx;

20) J'e* sin 2xdbx;

Je
22) [xIn xdx;

24) _[ cos(In x)dx.
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(7.6) formula anig integralni bo‘laklab integrallash formulasi deb
ataladi.
7 —misol. J”.xsin xdx integralni hisoblang.

x=u, dv=sinxdx .
:—xcosx‘U +J.cosxdx:
0

du=dx, v=—cosx

) stinxdx:
0

=—mcosm +0-cosO+sinx|] =7 +0+sinz —sin0=7.

Mustahkamlash uchun mashgqlar

7.7.1. Integrallarni integral yig‘indining limiti sifatida hisoblang:
l)jxdx; 2)Ix2dx.

7.7.2. Integrallarni aniq integralning geometrik ma’nosiga tayanib
hisoblang:

l)jcosxdx; 2)[ 3+ x)dx;

0 0

4 2 —x,agar —2<x<0,
V16— dx Do, f@=1 0 7

0 ) x,agar 0<x <2,

7.7.3. Integrallarni tagqoslang:

i

4 1 L
1)1, = [cosxdx, I, = sinxdx; 2)1, = [N2-x*dx, I,=[xdx
0 -1 -1

St n

: :
Hi, = _[xcosxdx, I,= stinxdx.

_z
2

31, = j\/l—xldx, I,= _T(l—x)dx;

_r
2

7.7.4. Integrallarni baholang:

n 3
I)IIZIL; 2)12=J.\/1+3x2dx;

v3—2cosx ]

2 2 dx
3)1, = [T+ v, 4y, =]—=

0 v4—-2x—x
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2. Ikki vktorning perpendikularlik sharti. a 1 b bo‘lsin.

U holda

ab +ab +ab =0. 2.4)

[, va I, yo‘nalishlarning perpendikularlik sharti
cosa, cosa, + cos 3, cos 3, + cosy, cosy, =0.
3. Vektorning berilgan yo ‘nalishdagi proyeksiyasi:

ab ab +ab +ab.

ab .
Ilpid=— yoki [pd=———22 "
" b Y ' Jb2 + B! +b’

4. Kuchning bajargan ishi: A=F-S-cosp  yoki A=FS, bu yerda

wz(ﬁ,g), ya’ni moddiy nuqtaning to‘g‘ri chiziqli harakatida o‘zgarmas
kuchning bajargan ishi kuch vektori va ko‘chish vektorining skalyar
ko‘paytmasiga teng.

4-misol. Moddiy nuqta  A4(1;-2;2) nuqtadan B(5;-5-3) nuqtaga
F={2-1,-3} kuch ta’sirida to‘g‘ri chiziq bo‘ylab ko‘chgan. Quyidagilarni
toping: 1) F kuchning bajargan ishini; 2) F kuchning ko‘chish
yo‘nalishidagi proyeksiyasini; 3) F kuchning ko‘chish yo‘nalishi bilan
tashkil gilgan burchagini.

@® Moddiy nuqta ko‘chish vektorini, uning va F kuchning uzunligini
topamiz:

S=AB={4;-3;-5}, |§|=v16+9+25=5\2, |F|=v4+1+9=114.

U holda:
1) A=FS=2-4+(=1)-(=3) +(=3)- (-5) =26 (ish b.);

_ FES 26 1342
) IMp F="2= 2 V<.
) pt =525 s
ES 26 137

3) cosp=—o—= = , go=arccos13\/7.
|F|-|S| 5v2-414 35 35
5—misol. m=a+2b va ii=5d —4b o‘zaro perpendikular vektorlar bo‘Isa
a va b birlik vektorlar qganday burchak tashkil giladi?
@ 7 Lii bo‘lgani uchun (@ +2b)-(5d —4b)=0 bo‘ladi.

Bundan
5G° +6ab—8b>=0 yoki 5|af +6|d|-|b|cosp—8|b[=0.
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a va b birlik vektorlar bo‘lgani sababli: 5+ 6cosp —8=0.
Bundan

cos _L oki p=" )
@ 2}’ @ 3

2.2.2. Agar komplanar bo‘lmagan vektorlar tartiblangan uchligining
uchinchi vektori uchidan qaralganda birinchi vektordan ikkinchi vektorga
eng qisqa burilish soat strelkasi yo‘nalishga teskari bo‘lsa, bunday uchlikka
o‘ng uchlik, agar soat strelkasi yo‘nalishida bo‘lsa chap uchlik deyiladi.
Masalan, 7, j,k vektorlar o‘ng uchlik, .7,k vektorlar chap uchlik tashkil
qiladi.

a vektorning b vektorga vektor ko ‘paytmasi deb quyidagi shartlar bilan
aniqlanadigan ¢ vektorga aytiladi:

1) ¢ vektor a va b vektorlarga perpendikular, ya'ni ¢ L a va ¢ Lb;

2) ¢ vektorning uzunligi son jihatidan tomonlari « va 5 vektorlardan
iborat bo‘lgan parallelogrammning yuziga teng, ya'ni |é|=|a|-|b|sing,
bu yerda ¢ = (5:5 );
3) a,b,¢ vektorlar o‘ng uchlik tashkil giladi.
a va b vektorlarning vektor ko‘paytmasi axb yoki [a,b] kabi belgilanadi.

Vektor ko ‘paytmaning xossalari:

1. axb=-bxa;

2°.(Ad)x b = A(d@x b) (skalyar ko‘paytuvchiga nisbatan guruhlash xossasi);

3. ax(b+¢)=dxb+axc (qo‘shishga nisbatan tagsimot xossasi);

4°. Agar nolga teng bo‘lmagan ava b vektorlar kollinear bo‘lsa @xb =0

bo‘ladi. Shuningdek, agar axb=0 (|a#0,b#0) bo‘lsa ava b vektorlar
kollinear bo‘ladi.

6-misol. 7, j,k vektorlarning vektor ko‘paytmalarini toping.
@& Vektor ko‘paytmaning ta’rifidan quyidagi tengliklar bevosita kelib
chigadi:
) =k R ] xk = 17,

P .
Haqiqatan ham masalan, i x j =k uchun: 1)k Li,k L j;
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iborat; p(a)=a va @(B)=b bo‘lsa, u holda
J e =] Fo )0 0 (7.5)
boladi. " a

(7.5) formula aniq integralda o zgaruvchini almashtirvish formulasi deb
yuritiladi.

5—misol. jﬂdx integralni hisoblang.

@ x=3sin¢, 0<¢ S% belgilash kiritamiz. Bu o‘zgaruvchini almashtirish
2-teoremaning barcha shartlarini ganoatlantiradi: f(x)=+9—x> funksiya
[0;3] kesmada  uzluksiz;  x=3sins  funksiya [O;Z} kesmada
differensiallanuvchi va x'=3cost funksiya bu kesmada uzluksiz; x=3sins
funksiyaning qiymatlar sohasi [0;3] kesmadan iborat; ¢(0)=0 va go(;j:&

(7.5) formuladan topamiz:

; : 3
[9—x*dx =9[cos tdt =%j(l +cos2t)dt =§-(z +;sin2tj
0 0 0

H o o
=—+0=- O
4 4

0

1
6-misol. J.x\/l+x2dx integralni hisoblang.
0

@ t=+1+x’ o‘rniga qo‘yishni bajaramiz. U holda
tdt x=0dat=1,

= -1, dx=——— .

o N o [le dm:ﬁJ

[1;+/2]kesmada +#* —1 funksiya monoton o‘sadi. Shu sababli
(7.5) formulani qo‘llaymiz:

‘ 2 72 e B
JX\/1+x2dx:j\/12_1.t. tdt thzdt:t— :2\/5 1. o
0 ! \/1‘27—1 | 31 3

3-teorema. Agar u(x) va w(x) funksiyalar u'(x)va V'(x) hosilalari
bilan[a;b] kesmada uzluksiz bo‘lsa, u holda

Tudv:uv‘j —jvdu (7.6)
bo‘ladi.
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8. Agar m va M sonlar f(x)funksiyaning [a;p] kesmadagi eng kichik
va eng katta qiymatlari bo‘lsa, u holda
m(b—a)< [ f()dx < M(b - a)
bo‘ladi.
9°. Agar f(x) funksiya [a;b] kesmada uzluksiz bo‘lsa, u holda shunday
el[a;p] nugqta topiladiki,
[ f)dx = f(c)b-a) (7.3)

bo‘ladi.
. 2 dx . .
3 —-misol. J’iz integralni baholang.
04 +3sin” x

1

& 0<sin’x<1 ekanidanlgi,zsl.
7 4+43sin“x 4

U holda aniq integralni baholash haqidagi teoremaga ko‘ra

'—.N

< <
14 04+351nx 8

7.7.2. 1-teorema ( integral hisobning asosiy teoremasi). Agar F(x)
funksiya [a;b] kesmada uzluksiz bo‘lgan f(x) funksiyaning boshlang‘ich
funksiyasi bo‘lsa, u holda [a;h] kesmada f(x) funksiyadan olingan aniq
integral F(x) funksiyaning integrallash oralig‘idagi orttirmasiga teng, ya’ni

[ f(x)dx = F(x)[ = F(b)-F(a). (7.4)
(7.4) formulaga Nyuton—Leybnis formulasi deyiladi.

5
4-misol. [——— 1ntegralni hisoblang.
ox  —4x+1
2 2 dx 1 xX— 1 T
) =—arct =—(arctgl —arctg0)=—. O
!x2—4x+13 !(x 2y 3oy =lare 80)=1,

2-teorema. Agar: y=f(x) funksiya [a;b] kesmada uzluksiz;
x=¢(t)funksiya [o;B]kesmada differensiallanuvchi va ¢'(¢) funksiya [a;/]
kesmada uzluksiz; x=¢(¢) funksiyaning qiymatlar sohasi [a;5] kesmadan
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2) |k =7 j|sin90° =1; 3) 7, j,k vektorlar o‘ng uchlik tashkil etadi.
Shu kabi jxk=i,kxi=.
U holda vektor ko* paytmanlng 1 Xossa51ga ko‘ra
JXl——k kX]——l zxk——]
Vektor ko‘paytmaning 4 xossas1dan topamlz
l><l—]><] kxk=0. @
7-misol. Agar |d|=3,|b|=4,aLlb bo‘lsa, |(3d@—b)x(a—2b)| ni
hisoblang.
® Vektor ko‘paytmaning ta’rifi va xossalaridan foydalanib,

hisoblaymiz:
(3d —b)x (G —2b)=3dxd—bxd—6dxb+2bxb=-5axb, chunki @xa=0,bxb=0.
Bundan

|(3ﬁ—5)x(ﬁ—25)\:\—55x5|:5|5|-|E|sin<p:5-3-4sin%:60~1:60. o

i=ai+aj+ak,b=>bi+bj+bk vektorlar berilgan bo‘lsin.
U holda

- |a a | |a a |- |a a].
e A e P A
yoki
i ]k
xb=|a, a, a (2.5)
b b, b,

8 —misol. Agar a = {1;3;-2},b = {2;-2;5} bo‘lsa, (2d +3b)x (d —2b)
ko‘paytmani hisoblang.
@® m=2d+3b vaii=a-2b vektorlarning koordinatalarini topamiz:
M={2-143-2;2-3+3-(=2);2-(-2) +3-5} = {8:0;11},

Ai={1-2-23-2-(-2);=2—-2-5}={-3;7;-12}.
Bundan
0 11

. - & 11
mxin= i —
7 -12

L] 8
-3 -12

0 |- - - ~
J+ 3 7 k=-T77i +63j+56k. O

71



Vektor ko ‘paytmaning ayrim tatbiglari
1.1kki vektorning kollinearlik sharti. @va b vektorlar kollinear bo‘lsa
axb=0
yoki
(2.6)

9—misol. m, n ning qanday qiymatlarida a = {~2;3;n} va b = {m;—6;2}
vektorlar kollinear bo‘ladi?

@& Ikki vektorning kollinearlik shartiga ko‘ra —2_ i6 = g .
m
Bundan m=4,n=-1. O
2. Parallelogramm va uchburchakning yuzlari:
2 2 2
S =as = | % % S S
par AT b),» b: bx b; bx by

10-misol. @=2j -3k va b=4i +3; vektorlarga qurilgan
parallelogrammning yuzini hisoblang.
@ Parallelogrammning yuzini topish formulasiga ko‘ra

S:\/ =J9* +127 +(-8)’ =17(yh.). @

3. Nugqtaga nisbatan kuch momenti:

M=FxF ,

ya’'ni qo‘zg‘almas nuqtaga nisbatan kuch momenti kuch qo‘yilgan nuqta
radius vektorining kuch vektoriga vektor ko‘paytmasiga teng.

2 2

2 -3
3 0

0 -3

0 2/
+
4 0 4 3

2.2.3. Uchta a,b, ¢ vektorning aralash ko ‘paytmasi deb a vektorni
b vektorga vektor ko‘paytirishdan hosil bo‘lgan @xb vektorni ¢ vektorga
skalyar ko‘paytirib topilgan songa aytiladi va a@b¢ kabi belgilanadi.
Komplanar bo‘lmagan uchta vektorning aralash ko‘paytmasi qirralari
bu vektorlardan iborat bo‘lgan parallelepiped hajmiga ishora aniqligida teng
bo‘ladi, ya’ni ¥ =+ abé, bunda vektorlar o‘ng uchlik tashkil gilsa musbat
ishora, chap uchlik tashkil qilsa manfiy ishora olinadi.
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chiziqli trapetsiya x*+y’=16 doiraning chorak qismidan tashkil topadi.
Uning yuzi S = 167” ga teng.
Demak,
[16-vde=47. @

0

Aniq integral quyidagi xossalarga ega.
1°. Aniq integralning chegaralari almashtirilsa uning ishorasi o‘zgaradi,
ya’'ni

[ £y =—f fxyax.

2°. Aniq integralning chegaralari teng bo‘lsa uning qiymati nolga teng

bo‘ladi, ya’'ni
j f(x)dx=0.

3°. O‘zgarmas ko‘paytuvchini aniq integral belgisidan tashqariga

chiqgarish mumkin, ya’ni
[kf (x)dx = k[ £ (x)dx , k= const.

4°. Chekli sondagi funksiyalar algebraik yig‘indisining aniq integrali

qo‘shiluvchilar aniq integrallarining algebraik yig‘indisiga teng, ya’ni
[/ () £ 90 = ] () % [p(x)dx

5°. Agar [a;b] kesmada funksiya o‘z ishorasini o‘zgartirmasa, u holda
bu funksiyadan olingan aniq integralning ishorasi funksiyaning ishorasi bilan
bir xil bo‘ladi.

6°. Agar [a;p] kesmada f(x) > ¢(x) bo‘lsa, u holda

[ f(0)dx> [ p(x)ax

bo‘ladi.

7°. Agar [a;b] kesma bir necha qismga bo‘lingan bo‘lsa, u holda [a;5]
kesma bo‘yicha olingan aniq integral har bir qism bo‘yicha olingan aniq
integrallar yig‘indisiga teng bo‘ladi. Masalan,

[ oy =] fydv+ [ fydx, celaib]
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Bunda 2 =limmaxAx, _lim 1 =0, & nuqta sifatida qismiy kesmalarning

n—o0  1<i<n n—>o g

i
oxirlarini olamiz, ya’ni & =x, =—.

3

Tegishli integral yig‘indinl tuzamiz

il nn+1) n+l
o= f(&)Ax, Z— — —(1+2+ +n)= ( 2) .
p 2n 2n
Bundan
. 1.. n+l1 1
lim o=—lm——=—.
A0 (n—®) 2 e Op 2

Endl 4‘ nuqta sifatida qismiy kesmalarning boshlarini olamiz:

E=x,=—o ! Bundan
n

o= Zf(f)Ax Z(z n1 (n—zl)n:n—1’

n 2n

n—1

lim o=lim"~—=

A0 (n—0) e Jp

l\)."—‘:

Demak, integral yig‘indining limiti [0;]] kesmani bo‘lish usuliga va bu
kesmada & nuqtani tanlash usuliga bog‘liq emas.

U holda ta’rifga ko‘ra jxdx = % Q

y= f(x) funksiya [a;b] kesmada uzluksiz va f(x)>0bo‘lIsin.

Yuqgoridan y= f(x) funksiya grafigi bilan, quyidan Ox o‘q bilan, yon
tomonlaridan x=a va x=5b to‘g‘ri chiziqlar bilan chegaralangan figuraga
egri chlzquz trapetsiya deyiladi.

=) j f(x)dx aniq integral son jihatidan egri chiziqli trapetsiyaning

yuziga teng. Bu jumla aniq integralning geometrik ma nosini anglatadi.

4
2 —misol. J'x/16—x2dx integralni uning geometrik ma’nosiga tayanib
0

hisoblang.

@ x ning 0 dan 4 gacha o‘zgarishida tenglamasi y=+16-x bo‘lgan
chiziq x* + y* =16 aylananing I chorakdagi bo‘lagidan iborat bo‘ladi.
Shu sababli x=0, x=4, y=0, y=+16-x’ chiziqlar bilan chegaralangan egri
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Aralash ko ‘paytmaning xossalari:

1. (@xb)-¢=a-(bx7);

2°. Gb¢é =béa=cab;

3°. Ikkita qo‘shni ko‘paytuvchining o‘rinlari almashtirilsa aralash
ko‘paytma ishorasini almashtiradi. Masalan, @hé =-bac ;

4°. Agar nolga teng bo‘lmagan a,b,é vektorlar komplanar bo‘lsa,
ularning aralash ko‘paytmasi nolga teng bo‘ladi. Shuningdek, agar
abé =0 (|a[#0,b|=0,/¢#0) bo‘lsa a,b,¢ vektorlar komplanar bo‘ladi.

d=aji+a,j+ak,b=bi+bj+bk, ¢=ci+c,j+ck vektorlar berilgan

bo‘lsin.
U holda
a, a, a,
abc=| b, b, b, | 2.7)
C C C

11-misol. a={-1;-3;2}, b={2;2;-4}, ¢ ={3;0,-5} vektorlar berilgan.
abé ko‘paytmani hisoblang.
@& Aralash ko‘paytma formulasidan topamiz:

-1 -3 2
abc=| 2 2 -4|=10+36-12-30=4. O
3 0 -5

Vektor ko ‘paytmaning ayrim tatbiqlari
1. Fazodagi vektorlarning o ‘zaro joylashishi: agar ab¢>0 bo‘lsa, u
holda vektorlar o‘ng uchlik tashkil qiladi, agar @b¢ <0 bo‘lsa, u holda

vektorlar chap uchlik tashkil giladi.
2. Uchta vektorning komplanarlik sharti:
abé =0

yoki

aZ
b, |=o0. (2.8)
C
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3. Parallelepiped va piramidaning hajmlari:

(ZX ay az
v, =6V, =|det|b, b b
Cv\‘ c c:

y

12-misol. a={21;-3}, b={2;1}, é={1:-3;1} vektorlarga qurilgan
piramidaning b va ¢ vektorlarga qurilgan yoqiga tushirilgan balandligining
uzunligini toping.

® G={21-3}, b ={1;2;1}, ¢ ={1;-3;1} vektorlarga qurilgan piramidaning
hajmini hisoblaymiz:

2 1 -3
V"=ldet 1 2 1 =l\4+1+9+6+6—1|=§.
Se 1 -3 1 6 6

b va ¢ vektorlarga qurilgan yogning yuzini hisoblaymiz:

s=1 :11/52 +0% +(=5) _N2
2 2

2
Piramida uchun 7V = %hS. Bundan

2

2
11
11

2
2 1
-3 1

1 2
+
1 -3

Sl

+

J25
W6 V2 ) o
S ﬂ 2
2

Mustahkamlash uchun mashqlar

2.2.1. Agar |i|=6, |b|=4,¢= (5:5)= 27” bo‘lsa, quyidagilarni toping:

1)a-b; 2) 2d+b)*; 3) Ba—-b)-(a+b); 4) (2d-3b)-(a—2b).
2.2.2. a={1-22} va b={24;-5} vektorlar berilgan. Quyidagilarni
toping: 1) a-b; 2) Va’; 3) 3a—-2b)-(@+b); 4) (@-b)’.

80

7.7. ANIQ INTEGRALNI HISOBLASH

Aniq integralning ta’rifi, geometrik ma’nosi va xossalari.
Aniq integralni hisoblash

7.7.1. y= f(x) funksiya [a;b] kesmada aniqlangan va uzluksiz bo‘lIsin.
[a;b] kesmani ixtiyoriy tarzda a=x, <x, <..<x_ <x <..<x _ <x, =b
nuqtalar bilan uzunliklari Ax, =x, —x,,...,Ax, =x, - x, ..., Ax, =x, —x, ,bo‘lgan
n ta qismga bo‘lamiz. Har bir Ax, (i=1,n) qismda ixtiyoriy & nuqtani
tanlaymiz. f(x)funksiyaning bu nuqtadagi qiymati f(£) ni hisoblaymiz, bu
giymatni tegishli Ax, uzunlikka ko‘paytiramiz va barcha ko‘paytmalarni

go‘shamiz, ya’ni

0 =3 [(E)Ax (7.1)

yig‘indini tuzamiz. Bu yig‘indiga f(x) funksiyaning [a;h] kesmadagi
integral yig ‘indisi deyiladi.
Agar (7.1) integral yig‘indining A = max A, — 0dagi chekli limiti [a;5]

kesmani gismlarga bo‘lish usuliga va bu gismlarda & nuqtani tanlash usuliga
bog‘liq bo‘lmagan holda mavjud bo‘lsa, u holda bu limitga [a;5] kesmada

f(x) funksiyadan olingan aniq integral deyiladi va [j f(x)dx kabi belgilanadi:
J (o) =lim 3 £(& . (72)

Agar f(x) funksiya [a;b] kesmada uzluksiz bo‘lsa, u holda shu
kesmada integrallanuvchi bo‘ladi (aniq integralning mavjudlik teoremasi).
Shuningdek, [a;b] kesmada chegaralangan va chekli sondagi birinchi tur
uzulish nuqtalariga ega bo‘lgan f(x) funksiya shu kesmada integrallanuvchi
bo‘ladi.

1-misol. jxdx integralni integral yig‘indining limiti sifatida hisoblang.

® [0;1]] kesmani 0=x, <x, <..<x,, <x <..<x, <x, =1 nuqtalar bilan

uzunliklari Ax, = 1 (i=1,n) bo‘lgan nta bo‘lakka bo‘lamiz.
n
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Bundan

yoki

| 2(7 4
WA,
3\/)7

d :—%jrédr:—%ﬂ+C=—%%/(7—4§/)7)7 +C. O

Mustahkamlash uchun mashglar

7.6.1. Berilgan integrallarni toping:

D 2)]\/%m;
3~ \/%x 4)[’:/;/7de,
S)I\/Zx—l+d:/(2x—l)z; 2L \/(Hlj \/(ij)s}liz;
Nt O s
g % b s
)i et et
13) [V/5 + 4x - xdx; 14) [Vx* - 4dx;
ls)j(x—l)\/%; 16”@—1)\0/]);2—7%;
17)j%; 18);%;
19);}6(1:12\“/;)2; 20)[— & ”\/ﬁ
21) [T+ x ) d; 22)jJr
23)[— & Wﬁ 24)jJ§dx
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2.2.3. Berilgan vektorlar m ning qanday qiymatlarida perpendikular
bo‘ladi? 1) a={;-2m0}, b={4:23m}; 2)a={2-2:m}, b={3ml};

3) d={3-m0:8}, b= {3+ m;1;2}; 4) a={m;-5.2}, b= {m—2;m;m+3}.
2.24. ¢, é, e, birlik vektorlar uchun é +¢, +¢, =0bo‘lsa,
é¢é, +¢,¢, +¢,¢, ni toping.

2.2.5. Oxz va Oyz burchaklarning bissektrisalari qanday burchak
tashkil qiladi?

2.2.6. Tomonlari @ =2i + j va b =—j + 2k vektorlardan iborat bo‘lgan
parllelogrammning diagonallari orasidagi burchakni toping.

2.2.7. Berilgan yo‘nalishlar orasidagi burchakni toping:

) l{ﬂ;ﬂ;ﬂj va 12[7,;7,;”} 2) ll(ﬂ;ﬂ;ﬁ) va 12(5”;2”;”)
424 442 6 3 4 6 3 2

2.2.8. a={3:-6,-1}, b={;4-5}, ¢ = {3;-4:12} vektorlar berilgan.
Quyidagilarni toping: 1) Ilp.a; 2) Ip.(@+b); 3) Ip.(2d —3b).

2.2.9. A(1;2;-3) nugtani B(5;6;—1) nuqtaga to‘g ri chiziq bo‘ylab
ko‘chirishda F = {2;-1;3}kuchning bajargan ishini toping.

2.2.10. a=1{3;-1;5} va b ={1;2;-3} vektorlar berilgan. Agar ¥-d =9,
X-b=-4va X vektor Oz oqiga perpendikular bo‘lsa, ¥ vektorni toping.

22.11. a {2 -3.1}, b ={1;-2;3} va ¢ = {1;2;-7}vektorlar berilgan. Agar
Xxla, X Lb, x-¢=10 bo‘lsa, ¥ vektorni toping.

2.2.12. Agar |d|=4, |b|=6,¢= (c?:l; ): %T bo‘lsa, quyidagilarni toping:
1) axb; 2) |(2G —3b)x (d +4b)|.
2.2.13. Tomonlari @ va b vektorlar uzunliklaridan iborat bo‘lgan
parallelogrammning yuzini toping:

1) a=m+2i, b=2m+i, buyerda |m=1, |il=1, (pz(ﬁf,ﬁ)zg;
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E

2) G=3m+2ii, b=2m—7, buyerda |m|=4, |i|=3, ¢=(m,i)=

wly P

3) G=3-2i, b=>5m+4i, buyerda |m|=2, |ii|=3, ¢=(m,i)=
2.2.14. Agar |G |=5, |b|=10, @b =25 bo‘lsa, |ax b |ni toping.
2.2.15. Agar |d|=3, |b|=13, |@xb |=36 bo‘lsa, abni toping.

2.2.16. @ ={-1;2;3} va b = {2;-1;3} vektorlar berilgan.
Vektor ko‘paytmalarni toping: 1) axb; 2) 3d—b)xb;
3) (G+2b)xa; 4) 2d+b)x(3b —a).

2.2.17. Tomonlari @ va b vektorlar uzunliklaridan iborat bo‘lgan

uchburchakning yuzini toping:
1) @={1;-2;5}, b={0:5-7};
3) d={3;5;-8}, b ={6;3;-2}.

2) d={2-21}, b=841);

2.2.18. Uchburchak uchlari 4(1;2;0), B(3;0;-3), C(5;2;6) berilgan.
Uning yuzini va B uchidan 4C tomonga tushirilgan balandlik uzunligini
toping.

2.2.19. 4nuqtaga F kuch qo‘yilgan. Bu kuchning B nuqtaga nisbatan
momentini toping: 1) F ={2;-4;5}, 4(0;2;), B(-1;2;3);

2) F={34-2}, A2-1-2), BO:0:0);  3) F={L2-1}, A-L4-2), B23-D).

2.2.20. Kollinear bo‘lmagan mva 7 vektorlar berilgan. @ =o -m + 67 va
b =3m -2 vektorlar o ning qanday qiymatida kollinear bo‘ladi?

2.2.21. G ={-13;a} va b = {;—6;-3} vektorlar ¢ va Bning ganday
giymatlarida kollinear bo‘ladi?

2.2.22. Ikkita a={2;-3}, b={-1;5} vektorlar berilgan. Quyidagi
shartlarni ganoatlantiruvchi x vektorni toping:

I)¥ldavab-x=7, 2)%|avab-i=17; 3)a-i=b.

2.2.23.Quyidagi vektorlar komplanarmi? 1) @ ={3;-2:1}, b = {2;1;2},
E=(3-1-24; 2) a={2-12}, b= 347} ¢ = (1,23}

3) a={23-1}, b={L9-11},¢ = {I;-1;3}.
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BundanA:%, b=0, M:—%. U holda

x-3

f tdt _t 1+¢ _71 l+t2—lln‘t+ +2l+C
N1+¢ 2 N1+¢ 2 2
yoki eski o‘zgaruvchiga qaytsak
dx _ e —6x+10 1 1+ —6x+10|
J +fln‘ ‘+C ()

(x=3)Vx—6x+10  2(x-3) 2

7.6.3. I x"(a+bx")’dx  ko‘rinishidagi integral binominal differensial

integrali deyiladi. Bunda m,n, p — ratsional sonlar.
Binominal differensial integrali faqat uchta holda ratsional
funksiyalarni integrallashga keltiriladi:
a) p butun son bo‘lganda integral x=¢ (bu yerda s=EKUK(m,n))
o‘rniga qo‘yish orqali ratsionallashtiriladi;
m+1

psonning
maxraji) o‘rniga qo‘yish yordamida ratsionallashtiriladi;

C) m+1

s—p sonmng maxraji) almashtirish bajariladi.
Bu o°‘rniga qo‘yishlar Chebeshev o ‘rniga qo ‘yishlari deb ataladi.

5 —misol. j6“7 Hx

+p butun son bo‘lganda integralda a+bx"=¢'x"(bu yerda

 dx integralni toping.

1
2 Yo
@ Integralni standart ko‘rinishda yozamiz: [x * (7 - 4x3] dx.

2

’ p=lva m+1: 3

l +1
3 6 n

1-butun son.

Bundan m= —%, n=

3
Shu sababli Chebishevning ikkinchi o‘miga qo‘yishini bajaramiz:
1 1 )
7—dx =1, 1=47-4x, ©° =l(7—t(’), x? =LH,
4 (71
ZL“’ x:L(7 —t6)3, dx=—2(7 —th)ztsdl‘.
(7-17)" 64 32
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(Ax + B)dx
Nax* +bx+c
uchhadning hosilasini ajratish natijasida ikkita, biri integrallar jadvalining
I-formulasiga va ikkinchisi 1) banddagi integralga keltiriladi;

3) n>2 da berilgan integraldan keltirish formulalari yordamida quyidagi
ko‘rinishdagi ifoda hosil qilinadi:
P (x)dx
Jm 0, (x)Vax* +bx+c +Mjm
bu yerda QO _ (x)-koeffitsiyentlari noma’lum bo‘lgan »-1-darajali
ko‘phad, M —qandaydir o‘zgarmas son. Bunda ko‘phadning noma’lum
koeffitsiyentlari va M soni oxirgi tenglikni differensiallash hamda
tenglikning chap va o‘ng tomonidagi x ning bir xil darajalari oldidagi
sonlarni tenglashtirish orqali topiladi.
dx
b)J.(ozx+ﬂ)\/ax2 +bx+c

yordamida 1) banddagi integralga keltiriladi;
dx

c
)I(ax + B)'Vax® +bx+c
o‘rniga qo‘yish orqali 3) banddagi integralga keltiriladi.

2) n=1da| bo‘ladi; bu integrallar suratda kvadrat

ko‘rinishidagi integral ax + 8 =% almashtirish

(ne Z,n>1) ko‘rinishidagi integrallar ax + 8 =%

integralni toping.

. dx
4 —misol.
J(36—3)3\/952—6964-10
® x—3=; deymiz. U holda dx=—%, X —6x+10:ti2+1. Bundan
dt

I dx — P . tdt
(=3t —6x+10 1 [T e+
£\

3) banddagi integral hosil qilindi. n=2 bo‘lgani uchun

j\/’ﬂ (At+B)x/t2+1+MI\/%.

Tenglikning har 1kka1a tomonini differensiallaymiz:

LBy M
= A1+
t*+1 Nt +1 \/t2+1

£ =A0+)+(At+ B+ M.

yoki
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2.2.24. o ning qanday qiymatlarida @,b,é¢ vektorlar komplanar bo‘ladi?
1) a={LLa}, b={01;0}, ¢ ={3;0;}; 2)a={a;31}, b={5-1,2}, ¢ ={-1;5:4}.
2.2.25. Piramida uchlarining koordinatalari berilgan. Piramidaning
hajmini va D uchidan tushirilgan balandligini toping:
1) A(1;-2;2), B(-1;1;2), C(= ;-2;8), D(L;1;10); 2) A(LL;1), B(2:0;2),C(2;2;2), D(3;4;-3);
3) A(5;1;-4), B(1;2;-1),C(3;3;—4), D(2;2;2).

2.2.26. a, b, ¢ vektorlar berilgan. Bu vektorlar ganday uchlik tashkil
etishini aniqlang va qirralari bu vektorlardan iborat bo‘lgan parallelepiped
hajmini toping:

) a=3400, b=1{0:-31, &={02:5);  2) a={l=21, b=(3:21}, &= {101}
3) a={363), b={13-2}, c= {222 4)a={133}, b={-120}, ¢= {123},

2.2.27. a={-112} va b={;-2;2} vektorlar berilgan. Agar ax=-7, Xab=6
va ¢ =ax x vektor Oxo‘qiga perpendikular bo‘lsa, ¥ vektorni toping.

2-NAZORAT ISHI

1. @ va b vektorlar berilgan. Bu vektorlar bo‘yicha tuzilgan ¢va d
vektorlarning kollinear yoki ortogonal bo‘lishi- bo‘lmasligini tekshiring.

2. 4 nuqtaga F kuch qo‘yilgan. F kuchning to‘g‘ri chiziq bo‘ylab
AB ko‘chishda bajargan ishini va Bnuqtaga nisbatan momentini toping.

3. Uchlari 4,B,C,D nuqtalarda bo‘lgan piramidaning hajmini va 4BC

yoq yuzini toping.

1-variant
a={50-1y, b={7:2.3}, ¢=2d-b, d=3b —6a.
F=(-6,2;5), 4-3;2;-6), B(4;5;-3).
A(1,1,2), B(-L1;3), C(2;-2:4), D(-1;0;-2).

E*‘Nt"

2-variant
a={42:-7}, b=1{50;-3}, ¢=a—3b, d=6b -2a.
F=(-6;1;4), 4-7;2;5), B(4;-2;1).
A(-1;2;-3), B(4-1,0), C(2;1;-2), D(3;4;5).

W=
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3-variant

={5,0;=2}, b=1{6:4;3}, ¢ =54 —3b, d=6b—104a.
=(3;4;2), 4(5; -4;3), B(4;-5;9).
A(—4;2;6), B(2;-3;0), C(-10;5;8), D(-5;2;—4).
4-variant
1. a={03-2}, b={1;-2:1}, ¢=5d—2b, d =5b +3a.
2. F=(51;-3), A(-5; —4;2), B(7;-3; 6).
3. A(0;-1;-1), B(-2;3;5), C(1;-5;-9), D(-1;-6;3).
5-variant

1. a={37,0}, b ={4;6;-1}, ¢ =3a+2b, d=-7b +5a.
2. F= ( 4;3; 4) A-9; 4,7), B(&~1; 7).
3. A(1;2;0), B(3;0;-3), C(5;2;6), D(8;4;-9).

6-variant

ﬁ?l Ql

1.
2.
3

~

1. a={;-23}, b={3,0;-1}, ¢=2a+4b, d=3b—a.
2. F=(53;-3), A(4; 7,-5), B(2;-3;-6).
3. AQ;-12), B(2:;1;2), C(1;1;4), D(6;-3:8).
7-variant
1. a={;-2;5), b={3-1;0}, ¢=4a—2b, d=b—2a.
2. F=(-5-3;7), A(-5;3;7), B(3; 8-5).
3. A(-L1), B(=2;0;3), C(2;L;—1), D(2;-2:4).
8-variant
(~1;3:4}, b=1{2-1,0}, ¢=6a-2b, d=b-3a.
(3; ,-5), 4(2;-47), B(0;7; 4).
2—3), B(1;0;1), C(-2;—-1;6), D(0;-5;—4).

9-variant

1. a=
2. F
3. A2

={3;7,0}, b={1;-3;4}, ¢=4a—2b, d=b -2a.

1. a
2. F=(-2:4;2), 4(-3;2:0), B(6;4;-3).
3. A(1:3,0), B(4-1,2), C(3;0;1), D(—4;3;5).
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b’ —4ac b
f=x+—;

b

P=aq, m’=
4da 2a’
b) agar a>0 va b’ —4ac>0 bo‘lsa, u holda [R(s,v/n’*t* —m*)dt, bu yerda

, b*—4dac b .
= t=x+—,

n’=a, m ,
4a 2a
c) agar a <0 va b* —4ac >0 bo‘lsa, u holda [R(t,Nm* —n’t* )dt, bu yerda

b’ —4ac b
, I=x+—.

n*=-a, m’=-
4a 2a

So‘ngra hosil qilingan integrallar mos ravishda ¢=—tgz
n

m

t= . 5
nsi z

t=—sinz trigonometrik o‘rniga qo‘yishlar orqali j R(sinz,cosz)dz ko‘rinishga

n
keltiriladi.

3-misol. [V7+6x—x’dx integralni toping.

@ Kvadrat uchhaddan to‘la kvadrat ajratamiz, yangi ¢ o‘zgaruvchi
kiritamiz va trigonometrik o‘rniga qo‘yishdan foydalanib, topamiz:

t =4sinz, 3

dt=4coszdz |

[V7+6x—x7dx=[16—(x—3) dx= = [V16-¢'dt=
= [V16—16sin’ z - 4cos zdz = [16cos*zdz = 8[ (1 + cos2z)dz=8[z+ S‘Ilzzzj+c:
tZ

:8(z+sinzx/1—sinzz)+C: z:arcsin£ =8 arcs1nt+f 1-— [+ C=
4 4 4 16
=8arcsin%+%t 3.1 (x WT+6r—x +C. O

Shuningdek, | R(x,\/ ax® +bx + c) dx ko‘rinishidagi integrallarni

topishda quyidagi usullarni qo‘llash mumkin:
F(x)dx ko‘rinishidagi integrallar, bu yerda P (x)— n— darajali

J«/ax +bx+c

ko‘phad:

1 0 da
) n= I\/ax +bx+c

integrallar jadvalining 14 —formulasiga, a <0 bo‘lganda esa jadvalning

dx d

16—t +C= Sarcsm

bo‘ladi;

13-formulasiga keltiriladi;

bu integrallar «>0 bo‘lganda
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2) ¢>0. Shu sababli +x*+x+1=#+1deymiz. U holda

2
VxT+x+1-1
T~ va X +x+1=x"+2xt+1, x—xt’=2t-1

B X
£ —t+1

2
_2t-1 x:2t t+1dt’ /7x2+x+1:1 !
—t

1= (1-¢%)

Topilganlarni berilgan integralga qo‘yamiz
1-¢ J( 1-¢ ]_[2t _t2+21dtj=f
(-1

dx
Jx4/x2+x+1 _I[Zt—l £ —t+1

Bundan

Bundan

2dt
261

2V ¥x+1-2-x
‘+C.

jZd’ —In|2(~1|+C=In
| x

IX\/X +x+1
3) x* +2x-3=(x—-1)(x+3) bo‘lgani uchun /(x-1)(x+3)=(x—1)¢ o‘rniga

-, t= x+3.
x—1

qo‘yish bajaramiz. U holda
(x—Dx+3)=(x

4¢

VX +2x— =t2 o

dt
21

£ 43 — 8tdt
= 2 dx: 2 2
t"—1 t -1

Topilganlarni berilgan integralga qo‘yamiz
-8

=2

] ((l ) j I

Bundan

£ -1

et

X' +2x-3 4t
o) dt =in 2 +1] OV EF3 -
B : ‘t— ‘ Vx+3—+/x

I Vxt+2x-3 t
& Eyler o‘rniga qo‘yishlari murakkab hisoblashlarga olib kelgan
hollarda integrallashning quyidagi usullaridan foydalaniladi.

[R(x,Nax* + bx+c)dx ko‘rinishidagi integrallarni topishning kvadrat
uchhaddan to‘la kvadrat ajratish usulida kvadrat uchhaddan to‘la kvadrat

ajratish yo‘li bilan berilgan integral avval ushbu integrallardan biriga
a) agar a >0 va b’ —4ac <0 bo‘lsa, u holda [R(s,x'm* +n’t*)dt, bu yerda

+C. O

Bundan

keltiriladi:
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10-variant
1. a={-1;28}, b={3;7-1}, ¢ =4a -3b, d =9b —12a.
2. F=(=54,4), A3; 7:-5), B(2;-4;1).
3. A(1;0;2), B(1;2;-1), C(2;-21), D(2;1;0).
11-variant

1. a={7;1;-3}, b=1{8,0;5}, ¢ =—9a —12b, d =3b —4a
2. F=(4,7,-3), A(5;—4; 2), B(8; 5,—4).
3. A(4:43), B(2;:-4;5), C(-1;3;—4), D(4;:~7;-9).

12-variant

= (21,7}, b={35-9}, ¢=5a+3b, d=2b—a
3), B(2;4; 0).

1. a
2. F=(2;2,9), A(4; 2;-
3. A(4:-2:9), B(3;5;-1), C(51;7), D(-6;=3;5).
13-variant
={53;7}, b={4;-2;1}, ¢=a—2b, d =6b —3a.
; ;—5).

1. a

2. F= (4;—2;7),A(—5;4;—2),B(4,6

3. A(5-39), B(8;-51), C(-7;5-3), D(4;2;5).

14-variant

1. a=1{25-3}, b={-1;7;-2}, ¢ =2a +3b, d =2b +3a.

2. F=(=1;=3;6), A(7; 1;-5), B(2;-3;6).

3. A5 —4 2), B(7:5)0), C(3;2;-4), D(-2;-5;3)
15-variant

(3:2,7}, b={-1,0;5}, ¢=3G—6b, d=2b

1. a=
2. F=(-7-1;8), 4(-3; 5,9), B(5;6;-3).
3. A(-5:4;2), B(—4;6;2), C(1;-5;3), D(3;6;—4).

16-variant
1. a={0;-2;6}, b={24-1}, ¢=3a—6b, d=-2b—
2. F=(3,-5,7), 4(2;3;-5), B(0; 4;3).
3. A(-443), B(4:-3;-2), C(6:4,-1), D(1;3;)).
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=

w

17-variant
={7:=21}, b={1;4:-2}, ¢=—a+2b, d=5b-3a.

a
L F=(5411), 4(6;1;-6), B(4;2;-6).
. A(1;3;6), B(2;2:1), C(=L0;1), D(—4;6;-3).

18-variant
1;0;3}, b= {3-2:1}, c-—a+3b d=b-2a.

a={-
.F= ( 9;5;— 7) A1, 6;,-3), B(4;-3;5).

19-variant

d=1{-3,0;5}, b=1{-7;2:4}, c=-2d+6b, d=6b-3a.
2. F=(6:5-7), A(7;-6;-4), B(4 9;-6).
. A(5:2;,0), B(2;50), C(1;2;4), D(-LL1).

20-variant
= (346}, b=1{-20,5), ¢ =4d+3b, d=-2b +3a.

a
L F= ( 3;,-2; 4), (5; 3; —7), B(4;—1;—4).
. A(2;-1;2), B(LL2;-1), C(3:2;1), D(—4;2;5).

21-variant
={5;-1;-2}, b =1{6:0;7}, ¢ =3a—2b, d =4b —6a.

a
CF=(5-39) AB3;4-6), B(2; 6; 5).
. A(23D), B(41-2), C(0;3;7), D(75;-3).

22-variant

. a={0}, b={-2:3;5), ¢=a+2b, d=—b +3a.

F=(31,-9), 4(6;-3;5), B(9;5;7).

. A(4-1;3), B(-2:1;0), C(0;-51), D(3;2;-6).

23-variant
={3:4;-1}, b={2-Ll}, ¢=6a-3b, d=b -2a.

a
2. F=(2,19;-4), A(5;3;4), B(6;—4;-1).
- A1:2:0), B(1-12), C(O;L-1), D(=3;0:D).
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tlS t9 tS t} t3
=32 [+ C =3 =10t + 9 +15)+ C =
15 "9 5 3 15

= (12X - 8x+A2x+1+8)+C. QO

7.6.2. | R(x,\/axz +bx+ c) dx ko‘rinishdagi integrallar Eylerning uchta
o ‘rniga qo ‘yichi orqali ratsional funksiyalardan olinadigan integrallarga
keltiriladi:

a) a>0 bo‘lganda +ax®+bx+c=1r++ax almashtirish orqali integral
ostidagi funksiya ratsionallashtiriladi (Eylerning birinchi o ‘rniga qo ‘yishi);

b) ¢>0 bo‘lganda ax® + bx+c¢ =tx ++/c almashtirish yordamida integral
ostidagi funksiya ratsionallashtiriladi (Eylerning ikkinchi o ‘rniga qo ‘yishi);

¢) ax’+bx+c kvadrat uchhad a(x—x)(x-x,) ko‘rinishda
ko‘paytuvchilarga ajralganda integral ostidagi funksiya
vax® + bx+c =t(x — x,) almashtirish bilan ratsionallashtiriladi (Eylerning
uchinchi o ‘rniga qo yishi).

2 —misol. Integrallarni toping:

1)IL; Q)IL; 3)]#_
NAx® +9x+1 xVxt+x+1 Nxt+2x-3
@ a>0.Shusababli 4x®+9x+1=2x+¢ o‘rniga qo‘yishni bajaramiz.
U holda

t=N4x" +9x+1-2x va 4x> +9x+1=4x" +4xt+1>, Ox—4tx=¢" 1.
Bundan

2 2 2
N T L AN P P e A

9—4¢ 9 - 41) 9—4¢
Topilganlarni berilgan integralga qo‘yamiz:

J- dx —J.(— 9—4¢ j _22t2—9l+2dt __J' 2dt dt
Jax* +9x +1 261 =9t +2 (9 —41)? 4r-9
Bundan
dx 1
B In|4t-9]+C.
J-«/4x2 +9x+1 2
x o‘zgaruvchiga qaytamiz:
dx 1
— = —In|4(x* +2x+2 -2x)-9|+C.
J‘«/4x2 +9x+1 2
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7. 6. IRRATSIONAL FUNKSIYALARNI

INTEGRALLASH
jR[x,(“x:S]”,(“x:sj“ de ko‘rinishidagi integrallar.
CX CX

| R(x NJax® +bx + c) dxko‘rinishidagi integrallar.

Ix”’ (a+bx")" dx binominal differensial integrali

) ] dx (R —ratsional funksiya,

7.6.1.[R x(mbj?ﬁ (mb
T \ex+d cx+d
=¢* o‘rniga qo‘yish yordamida ratsional

—butun sonlar)
cx+d

m,,n,,m,,n,
funksiyaning integraliga keltiriladi, bunda s=EKUK (n,n,,...)
1 -misol. Integrallarni toping:
l)j 24X, 2) I4x2+3\/2x+1 .
x\V2-x V2x+1
@ 1) &:tz deymiz. Bundan x=2t2—_1, x = Budt —.
- £ +1 &+’
U holda
I 2+x, = £ +1 . St —4q] *dt _
xV2-x 20 - ) +17° (-1 +))
= 2arctgt-i—lng +C=
t+1

1
_Z(Jtz—l £ )t T
‘\/2+x \/2 x‘
+C.

2+
—2arctg\/ ‘x/2+x+«/2 x‘

2)EKUK (2,3)=6. 2x +1=¢* deymiz. U holda
2, dx=3¢dt.

Sxvi=r, daxri=r,
Demak,
2,3 * 12 2
f4x +mdx:I(Z 12 A 3%t =3[0 (¢" =2+ + Dt
V2x+1
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1
2.
3

AG;

1. a={35;
2 F=(-
3. 4

24-variant
54}, b={59;7}, ¢=—2d+b, d=-2b+3a

4;5,-7), A(4;-2;3), B(7; 0;-5).
10;-1), B(-2;3-5), C(~6;0;=3), D(1;~4;2).

25-variant

{(—1;4;2}, b={3-2,0}, ¢=2d—b, d=3b—6d

1. a
2. F=
3

1.
2.
3

1. a=
2. F
3.

a
F=(415-6), A(3:5 1), B(4-2;-3).
A(0;-3;1), B(—4;1;2), C(2;-1;5), D(3;1;-4).
26-variant
={3-1:6}, b={57;10}, ¢ =4d —2b, d =b - 2a.
(3;-5:7), A(253;-5), B(0;4;3).

A(=3;-5:6), B(2;1;-4), C(0;-3;~1), D(=5;2;-8)
27-variant
(5:0:8}, b={-31;7}, ¢=3a—4b, d =12b —9a
(5;4;11), A(6;1;-6), B(4;2;-6).
A(2Z;14), B(-1.5,-2), C(-7,-3;2), D(-6,-3;6)
28-variant

a={1;-2;4}, b={7;35}, ¢=6d-3b, d=b -2a.
F=(-95-17), A(1; 6;-3), B(4;-3;5).
A(2;-1;-2), B(1;2:1), C(5;:0:—6), D(~10:9;~7)
29-variant
(83—}, b={41;3}, ¢=2a—-b, d=2b—4a
6;,—4), B(4; 9;-6).

1. a
2. F=(6;5-7), A(7;-6;
3. A(LL-1), B2:30), C(3:2:1), D(5:9;-8).

30-variant
1. a={-241}, b={1;-2,7}, ¢=5a+3b, d =—b +2a.
2. F=(-41;3), 4(3;-6;-1), B(6;—2;3).
3. A(-3:4:-7), B(;5;-4), C(-5:-2:0), D(2;5:4).
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2-MUSTAQIL ISH

1.4,B,C nuqtalar berilgan. Quyidagilarni toping: a) ab skalyar
ko‘paytmani; b) 7Ip.¢ proyeksiyani; ¢)¢ = (Zt?é) burchak kosinusini;

d) dvektor ortini; e€) / kesmani «:f nisbatda bo‘luvchi M nuqta
koordinatalarini.

2. a,b vektorlar berilgan. Quyidagilari toping: a) tomonlari dvab
vektorlardan iborat bo‘lgan parallelogramm yuzini; b) parallelogramm
diagonallari orasidagi burchak sinusini , bu yerda ¢ = (ii, ).

3. d,b,é,d vektorlar berilgan. Quyidagilarni toping: a) d vektorning
d,b,é¢ bazis bo‘yicha yoyilmasini; b) qgirralari @,b,¢ vektorlardan iborat
bo‘lgan parallelepiped hajmini; c) parallelepiped balandligining uzunligini
(@, b vektorlar parallelepiped asosida yotadi).

I-variant
L. A®13:2), B(-2:4-1), C(L3;-2});
G=AC, b=CB,¢=AB, d=2¢+5b, |=AB, a =2, B=4.
2.a=m+i, b=2m—-i, |ml=2, |il=3, (/,:%_
3. a={20;1}, b={LL;0}, ¢ ={41:2}, d ={80;5}.
2-variant
1. A4(46:7), B(2;-41), C(3;—4:3};

G=BC, b=AC,¢=AB, d=5¢-2b, |=BA, a =4, B=3.

2.d=m-2i, b=m+3[, |ml=1, |il=2, o=

3. a={;2-1}, b={30:2}, ¢={-LL1}, d = {&L12}.
3-variant
1. A(-4-2;-5), B(3;7;2), C(4;6;-3};
G=AC, b=BA,¢=BC, d=3¢+9, |=AB, a =3, B=4.
2. a=6im—i, b=m+i, |m=3, |il=4, ¢=%.
3. a={01}, b={1-2:0}, ¢={031}, d ={27;5}.
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Ratsional kasrni sodda kasrlarga yoyamiz:
2t -1 A B C

—_— =+

tt+HE-2) ¢t t+1 t-2
Yoyilmaning koeffitsiyentlarini topamiz:

20-1=A(t* —t=2)+ B(t* = 2t) + C(£* +1).
Bundan
' A+B+C=0,

t' —A-2B+C=2,

x’: 24=-1.
yoki =1 p=—1, c=L
2 2
Shunday qilib,
j 228 -1 dx = .[ 2t —1 lj-dt dt dt _at
e —e -2 e+ 1) - t+1 t—=2

=71 t—In(t+1 +71 t—-2)+C=
S n( )zn( )

L=l o Lplete =Dl 0 o
) @t+1)° 2 (e'+1)

Mustahkamlash uchun mashqlar

7.5.1. Berilgan integrallarni toping:

IJ%‘ 2) [’ <oh’ < d
3) [xsh’xdx ; 4 j%;
5)[-2s 6
7)jth5xdx ; 8) [cth'xdx ;
o)y 10

2)!28_1dx=(6"=t, dxzdtjzj. 2t~ 1 dtzj 21
et =2 t Ht'—t-2) tt+1)(-2
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3) [ th’ xdx; 4) | dx

3chx + 2shx’
p p | @ d(thj
® 1)j7xzj e U :J‘i_l th+C.
She o Xen® T et T gk 2
2 2 2 2 2
dx 1 dx
2 = =[(1—-th’x)d(th th ——th +C.
)'[ch4x '[chzx ch’x '[( x)d (th) = thx 3 *

3) [th’xdx = [thx - th* xdx = thx(l - chlzxjdx = [ thxdx — [ thxd (thx) =

oSt Ly _jd(d”‘) Liwx=tn|chx|-Lenix+ .
chx 2 2 2
2
4) thgzt belgilash kiritamiz. dx=12d;2,shlezttz,shx=i+;2 o‘rniga
go‘yishlar yordamida topamiz:
2dt
J' dx _J- 1_1‘2 _2 dt _
- . =z =
3chx + 2shx 3.l-i-t Y 2t 3 t2+ﬁt+l
1-¢ 1-¢
2
d(”) 3th™ +2
2 3 2 3t+2 2 )
— | = tg| —— |+ C=——=arctg| —==— |+ C. (]
f (7)o —;

= - =—=arctg
)
3 3
Giberbolik funksiyalarni o°z ichiga olgan integrallarni
R(e") ratsional funksiyaning integraliga keltirib topish mumkin.
Bunda _[R(e")dx ko‘rinishdagi integrallar ¢ =7 o‘rniga qo‘yish yordamida
ratsionallashtiriladi.

2 —misol. Integrallarni toping:

2e" —1
1) 2) | ———dx.
J.chx )'[e“ —e _2dx
2dx edx )
1 = = =(e' =t e'dx=
) )'[chx Ie = I = =(e' =t, e'dx

:2argtgt + C =2arctge” +C.
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4-variant

1. AB3:41), B(5-2;6), C(4;2;-7};

G=BC, b=AB,c=AC, d=-7¢+5b, = AB, a =2, B=3.

2. G=3m+20i, b=3m

/a
—ii, |ml=l, Jil=2, e==.
7| 7] ?="

a=1{02}, b={LOl}, ¢={-1;24}, d ={-2;4;6}.

S-variant

1. 4(6:4;5), B(7;1;8), C(2;-2;-T7};

G=AB, b=CB,=AC, d=-2¢+5b, |=BA, a=2, B=3.

2.a
3.

=3m+ii, b=2im—i, |ml=4, |il=3, @:%
= {21}, b={0:32}, ¢ ={l-L1}, d ={;~4;4}.

6-variant

L. A(43:-2), B(-5:2:6), C(4:-4:-3};

G=AB, b=CB,i=AC, d=-C+4b, = AB, a =3, B=5.

2. G=2m+4i, b=2m—i, |ml=7, |il=2, (p=%.

a={-20,}, b ={I;3;-1}, ¢=1{0;41}, d = {~5;-5;5}.

7-variant

1. A(2:4:5), B(1;-2;3), C(1,-2;4};
G=BC, b=AC,¢=AB, d=3¢—4b, |=BA, a =2, f=3.

i

3.

G=in+3i,  b=2m-30, |ml=2, |il=l, ¢@=

b T
o

a={0L1, b={-201}, =310}, d={-19-1;7}.

8-variant

1. A(-5-2;-6), B(3:4;5), C(2;-5:4};

G=AB, b=AC,¢=BC, d=-5¢+8b, [=CA, a =4, B=3.

e

3.

G=m+2i, b=3m-2i, |ml=3, |il=2, q,:%,

a={3L0}, b={-1;21}, ¢ ={-10;2}, d ={3;3;-1}.
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9-variant

1. A(6:5-4), B(-5;-2;2), C(3;3;2};

G=AC, b=AB,¢=CB, d=-5¢+6b, |=CB, a =5, B=1.

2. a=m—4ii, b=m+3i, |m}=2,

|7il=

1’

=
® 6

3. G={L14}, b=1{0;-32}, ¢={ZL-1}, d =1{6;5-14}.

10-variant

1. A(5:4:4), B(-523), C(4;2;-5};

G=BC, b=AB,¢=AC, d=11¢ - 6b, [=CB, a=1, f=3.

S

=3im—2ii, b=m+2i, |ml=

2.4
3. g

2,

11-variant
1. A(2;-4;3), B(-3;-2;4), C(0;0;-2};

i=AC, b=AB,¢=BC, d=3a-4¢, |=AC, a =1, B=2.

2. @=3m+2i, b=m-2i, |m}=

4,

a={1;0;5}, b=1{-1;3;2}, ¢=1{0—L1}, d ={5:150}.

(p:

a={0;2:1}, b={0;;-1}, ¢ ={5-3;2}, d = {15-20;—1}.

12-variant

1. A(43;-2), B(-3;-1;4), C(2;21};

G=AB, b=AC,¢=CB, d=2¢-5b, [=CB, a=4, B=3.

g

i=5m-3i, b=m+3i, |m=1,

7=

]"

T

p==.

2

3. a={13,0}, b={2:-1:1}, ¢ ={0-1;2}, d ={6;12;—1}.

13-variant

1. A(=3;-5:6), B(3;5-4), C(2;6;4};

G=CB, b=BA,¢=AC, d=4¢-5b, |=AB, a =2, B =4.

2.G=3m—-2i, b=m+2i, |ml=

3. G={4L1), b={20;-3}, ={-121}, d ={-9;55).

2,

|7il=

T
.
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Giberbolik funksiyalarni

Mustahkamlash uchun mashqlar

7.4.1. Berilgan integrallarni toping:
I)J- dx
3]

5)[ sin xdx

5+4sinx’

3+5sinx+3cosx

\/ —COS )C

7) j cos’ xdx

l+sin’x’

9)J‘sin2 xcos’ xdx ;

)]

13 jsm > xdx

2+3s1n x—T7cos’x’

1+cos’x’

lS)Jsm xcos3xdx;

2 J- d.x .
2sinx + sin 2x’

| ;
4 +2sinx +3cosx
6 J»3cos xdx
sin” x
8 Icos x+sin* x

dx;
cos x —sin’ x

10)]

sin xcos’ x

12)jctg32xdx;

l4)fcos 2xcos5xdx;

16) _[ oS x cos 2x cos 3xdx .

7.5. GIPERBOLIK FUNKSIYALARNI
INTEGRALLASH

ch’x —sh’x=1, 2shx-chx=sh2x, ch’x=

1-th’x=

b

ch'x sh™x

1- misol. Integrallarni toping:

I)J

shx’

1 1
—, cth’x—1=—7, shx=

integrallash  trigonometrik funksiyalarni
integrallash kabi amalga oshiriladi. Bunda giperbolik funksiyalar uchun
o‘rinli bo‘ladigan quyidagi formulalardan foydalaniladi:

ch2x +1 , ch2x-1

, Sh'x= )
2 2
2h > 1+ th? >
, Shx= .
1—th? ™ 1—th* ™
2 2

d
2l
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7.4.3. [1g"xdx va [ctg"xdx (bu yerda n>0 butun son) ko‘rinishidagi
integrallar mos rasvishda gx=¢ va ctgx=¢ o‘rniga qo‘yish orqali topiladi.
Bunday integrallarni o‘rniga qo‘yishlardan foydalanmasdan, bevosita

tgzxz

-1, ctg’x= -1

cos’ x sin® x
formulalarni qo’llab topish mumkin.

4 —misol. jtg%cdx integralni toping.
dt
1+

t4
1+¢

tgx=t, dx=

@ l-usul. [1g'xdx=

-=r dt—jdt+j

3

= % —t+arctgt = %tgjx —tgx + arctg(tgr) + C = %tgjx —tgx+x+C.

2-usul. ftg"xdx:Itg2x~tgzxdx:_[tg2x~( 12 —1jdx=
cos’ x

=Itg2x

—th xdx = _[tg xd(tgx) — J( —1jdx=
’x

cos’ x
1, 1,
=§tg x—jd(lgx)+ '[dx= gtg x—tgx+x+C. O
7.4.4. jsin mx cosnxdx, J sin mxsin nxdx, I cosmxcosnxdx ko‘rinishdagi

integrallar
sinmxcosnx = %(sin(m + n)x +sin(m — n)x),
sinmxsinnx = %(cos(m —n)x —cos(m+ n)x),
COSMXCOSNX = %(cos(m +n)x + cos(m — n)xd)
trigonometrik formulalar yordamida topiladi.
5—misol. [sin3x-cos5xdx integralni toping.

@ ~[sin 3x-cosSxdx = %j(sin 8x —sin2x)dx =

=l —lc058x+10052x +C=L(4cos2x—cos8x)+C. o
20 8 2 16
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14-variant

1. A(3:4:6), B(—4;6;4), C(5-2;-3};

2. d=2m—i, b=3m+i, |ml=4, |il|=], @=

G=BA, b=CA, ¢=BC, d=11¢ —6b, = AB, a =3, B=5.

T
.

3. a={5L0}, b={2%-13}, ¢={1;0;-1}, d = {1327}

15-variant

1. A(3;5:4), B(4;2;-3), C(—4;2;7};

2. a=2m+in, b=2m-3i, |ml=2, |il=2, ¢==

G=AB, b=BC,¢=AC, d=-4¢+3b, 1= AB, a =5, B=2.

T
2 .

3. a={1;0:2}, b={0:1;l}, ¢ =1{2-1:4}, d = {3;-3:4}.

16-variant

1. A(3:4-4), B(-21;2), C(3;2;-5};

2.a=m-2i, b=2m+2i, |ml=1, |il=4, @==

1.

G=BC, b=AB, ¢=AC, d=-4¢+3b, |=AB, a =1, B=5.

T

.

a={-1L21}, b={2;0;3}, ¢ ={L;L;-1}, d ={-1;7,-4}.
17-variant

A(2;-3;2), B(1;4;2), C(1,-3;3};

G=AB, b=BC,¢=AC, d=-8¢ +4b, |=CB, a=1, B=3.

2. a=2m-2i, b=m+2i, |ml=2, |il=3, goz;r.

3. a={;-2;0}, b ={-LL;3}, ¢ ={1,0:4}, d = {6;-1;7}.
18-variant

1. 4(3;2;4), B(-2;1;3), C(2;-2;—1};

2.
3.

G=BA, b=AC,¢=BC, d=4¢-3b, |=AC, a =4, B=2.
G=im+i,  b=m-4i, |ml=3, |il=4, p=".

={LLO}, b ={0;;-2}, ¢ ={1;03}, d = {2—L11}.
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19-variant
1. A(2:4:6), B(-3;51), C(4;-5,—4};
G=CA, b=BC,¢=BA, d=2¢-6b, 1=CB, a=3, B=1.
2da=i—3i, b=m+2i, |t ikl e=Z.
5 2
3. a=1{01;3}, b={2-1}, ¢={20-1}, d = (3;1;8}.

20-variant
1. A(-2;-2;4), B(1;3;-2), C(1;4:2};

G=BA, b=BC,i=AC, d=2¢—6d, |=CB, a =3, B=2.

i, b=m—-i, |ml=7, |il=2, ¢=%.

+

2.
3. a={1;02}, b={-1L0;l}, ¢=1{2;5;-3}, d ={11;5-3}.
21-variant
1. A(4:3;2), B(—4;-3:5), C(6;4;-3};
G=AB, b=BC,¢=AC, d=8¢-5b, |=CB, a =5, B=2.
T

2. G=3m+2ii, b=m+2i, |m}=8, |il=l, p="

a=1{0:1;5}, b ={3:-1:2}, ¢ ={-1:0;1}, d ={8:~7:-13}.
22-variant
1. A(2;-2:4), B(3;;-4), C(-1,2;2};

G=BA, b=¢=AC, d=4¢ +2d, |=AB, a =2, B=3.
2. G=in+20i, b=3m+2i, |il=2, |il=], <p:%.
a={l4}, b={-30,2}, ¢={;2-1}, d ={-13;2;18}.

23-variant
1. 4(0;2;5), B(2:-3;4), C(3;2;-5};

G=BC, b=AC,¢=A4B, d=-3¢ +4d, | = AC, a =3, B=2.
2. G=2im+2ii, b=3m-2i, |nl=6, |il=2, gozg.

3. a={031}, b={1-1;2}, ¢={2-1,0}, d = {~1;7,0}.
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c) m va n sonlarining har ikkalasi juft va nomanfiy bo‘lsa,
. 1—cos2x ) 1+cos2x
sin x:?, cos X=T
formulalari bilan integral ostidagi ifodada daraja ko‘rsatkichlar pasaytiriladi;
d) m+n<0 va juft bo‘lganda zgx=¢ yoki ctgx=¢t o‘rniga qo‘yish
bajariladi. Bunda m <0 va n<0 bo‘lsa, suratda 1=(sin’ x + cos” x)*
|m+n|

—1:

2

almashtirishdan foydalaniladi, bu yerda & =

e) m,n<0 va ulardan biri toq bo‘lganda sinx va cosxlardan qaysi
birining darajasi toqligiga qarab, surat va maxrajni shu funksiyaga
go‘shimcha ko‘paytirishdan foydalaniladi.

3-misol. Integrallarni toping:

l)jsinzxcos3xdx; Z)Jsin“xcoszxdx; 3) j%
sin* xcos’ x

) I)J.sin2 xcos’xdx (m>0 va tog, sinx=1)= [sin’ xcos’ xcos xdx =

3 5
=[rA-r*)dt = ledt—_[t4dt:t——t—+C= Lan'x—Len x4+
3 5 3 5

2)-|'sin2 xcos'xdx (n,m=0 va juft)= J.(sinxcosx)2 cos’xdx =

22
:J' sin'2x ) (1+cos2x dx:lj(sin22x+sin22xc052x)dx:
4 2 8

1 ﬂdx+ijsin22xd(sin2x):
8 2 16
1 sin4x) sin’2x 1 sin4x sin’2x
=—|x— + +C=—|x- + +C.
16 4 48 16 4 3
3) j integralda n=—4, m=-2, n+m=—6<0,k=w—1=2.
sin* xcos® x
Demak,
J- . 4abc : J-(sm x+cos’ x)° ax J-sm * x + 2sin’ xcos® x + cos* X e
sin* xcos® x sin* xcos® x sin* xcos® x
—I d 2j .df +J'CO,S jcdxdx=tgx—20tgx—fctg2xd(ctgx)=
cos’ x sin”® x sin* x
:—éctg3x—20tgx+tgx+C. ()
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jR(sin x,cosx)dx ko‘rinishidagi integralni quyidagi o‘rniga qo‘yishlar 24-variant
orgali ham topish mumkin: 1. A(5:61), B(=2;4;-1), C(3;-3;3};
a) R(sinx,cosx) ifoda sinx ga nisbatan toq bo‘lganda uning integrali G=AC, b=BC,¢=AB, d=—4¢+3b, |=BC, a=2, B=3.
cosx =t 0‘rniga qo‘yish orqali ratsionallashtiradi;

b) R(sinx,cosx) ifoda cosx ga nisbatan toq bo‘lganda uning integrali 2.a=m+5,  b=m-3a, |m=3, |Al=2, (p:%‘
sinx=¢ o‘rniga qo‘yish bilan ratsionallashtiriladi; 3. a={10;1}, b={0;-21}, ¢ ={1;3;0}, d = {8,9;4}.

) R(sinx,cosx) ifoda sinx va cosxlarga nisbatan juft bo‘lganda uning
integralini 7gx=¢ o‘rniga qo‘yish ratsionallashtiradi. Bunda quyidagi 25-variant
almashtirishlardan foydalaniladi: 1. A@ﬁ% Bf;2;3)£(5i—6;2}; B

. tg’x t ) 1 1 dt a=AC, b=BC,c=A4B, d=9¢—-4b, [=CA4, a =1, =5.
sin” x = —= T, COS x= —, x=arcigt, dx= .
I+tg°x 1+¢ 1+tgx 1+1¢ 1+¢ 2. F-2i, b =3+ 20, el |i|=4, (ng.

2 —misol. Integrallarni toping: 3. G050 B e B2y, &= 110}, d = (~15:56).

1) j sin xdx . 2 _[ dx

26-variant
1. A(-5:4;3), B(4;5:2), C(2;7:-4};

G=CA, b=BC,c=AB, d=2¢+3b, |=CB, a =4, f=3.

b . .
cos’x—2cosx+5 3sin’x—4

@ 1) Integral ostidagi funksiya sinx ga nisbatan toq funksiya.
Shu sababli cosx =¢, —sinxdx=dt deb olamiz.

U holda 2. G=2m+2i, b=3m-2i, |ml=2, |il=3, @=_.
sin xdx dt dt-1) B} B} 2
vl byt I(t Ve 3. G={L4l, b={-320, ¢={l—12}, d={-9-17;-3}.
= —larctg(t_lj+ C :—larctg cosx—1 +C. 27 .
2 2 2 -variant

1. A(-2:-3:4), B(2;—4,0), C(1;4;5};

2) Integral ostidagi funksiya sinx ga nisbatan juft funksiya, shu sababli GoAB, B=AC.c=BC. d=—8¢+4B. 1=CA. a =2, f=4.

tgx =t o‘rniga qo‘yishdan foydalanamiz:

dt 2. a=3im—4i, b=3m—i, |ml=3, |il=4, ¢=".
1+ £ odt 1 r1 c B B 6
J 3s1n i b Ty ‘Earc’g E A 3. a={07-21}, b={3-1}, ¢ = {4051}, d ={0;-8:9}.
1+¢ .
+ 28-variant
7.4.2.jsin” xcos” xdx ko‘rinishidagi integrallar m va » butun sonlarga 1. A(10:6;3), B(-2;4;5), C(3;-4;-6};
bog‘liq holda quyidagicha topiladi: G=BA, b=BC,i=AC, d=5¢-2b, |=CA, a =5, B=1.
a) n>0va toq bo‘lganda cosx=¢ o‘rniga qo‘yish integralni B .
ratsionallashtiradi; 2.a=3m+3i, b=m-3i, |m]=2, il ¢= 3

a) m>0 va toq bo‘lganda sinx=s o‘rniga qo‘yish orqali integral

: R 3. a={;-1;2}, b={3;2,0}, ¢ ={-LL1}, d ={11;-1;4}.
ratsionallashtiriladi; a={-L2}, b =320}, ¢={-LLL; { }
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29-variant
1. A(-2;3;-4), BB;-1;2), C(4;2:4};
G=AB, b=AC,¢=CB, d=4¢+7b, |=BA, a =5, B=3.
2.@=3m+i, b=3m-2i, |ml=l, |il=2, gz):%.
3. a={21,0}, b={L0;1}, ¢={-2L1}, d={-513}.

30-variant
1. A(-1;-2;4), B(2:4;5), C(1,-2:3};
G=CA, b=BA,¢=BC, d=3¢—4b, [=BC, a =2, f=4.
T

2. d=4m+2i, b=m+2i, |m]=2, |il=l, 0=7

3. a={0;;-2}, b={3—L1}, ¢={41;0}, d={-59;—13}.
NAMUNAVIY VARIANT YECHIMI

1.30. A(-1;-2;4), B(2;4;5), C(1;-2;3};
G=CA, b=BA, ¢=BC, d=3¢—4b, |=BC, a =2, B=4.

® d,b,¢ vektorlarni topamiz:

G=CA={-20;l}, b=BA={-3;-6;-1}, ¢=BC={-1;-6;-2}.
U holda
d =3¢ —4b = {~3+12;—18 + 24;—6 + 4} = {9;6;-2}.
a) ab skalyar ko‘paytmani aniglaymiz:
ab=(-2)-(-3)+0-(-6)+1-(-1)=5.
b) éd skalyar ko‘paytmani topamiz va |d | modulni hisoblaymiz:
éd=(~1)-9+(=6)-6+(-2)-2=-49, |d|=49" +6> +(-2)* =11.
Bundan
_ cd 49
IIp.c = ﬁ = ETE
c) ac skalyar ko‘paytmani va |a |, |¢ | modullarni topamiz:

a6 =(=2)-(-1)+0-(=6) +1:(-2)=0, |a[=/(-2)" +0° +1" =45,
|G V(D +(=6)" + (-2)" =41
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7.4. TRIGONOMETRIK FUNKSIYALARNI
INTEGRALLASH

IR(sinx,cosx)dx ko‘rinishidagi integrallar.
jsin " xcos” xdx Ko‘rinishidagi integrallar.
[tg"xdx, [ctg'xdx ko‘rinishidagi integrallar.
I sinmxcosnxdx, Isin mxsin nxdx, fcosmxcos nxdx Ko‘rinishidagi

integrallar

= 7.4.1.[R(sinx,cosx)dx ko‘rinishidagi integralni hamma vaqt

universal trigonometrik o ‘rniga qo ‘yish deb ataluvchi tg% =t o‘rniga qo‘yish

orgali ¢+ o‘zgaruvchili ratsional funksiyaning integraliga almashtirish, ya’ni

ratsionallashtirish mumkin.
Bunda I R(sin x, cos x)dx ifodadan

2g> 1—1g? S
. €y Ty g 2dt
smxzile_i_t2 , COS X = P R X = arctgt, dle_H2
1+tg”° = l+1tg? >
4 g >

o‘rniga qo‘yishlar yordamida ¢ o‘zgaruvchili
2t 1-¢") 2dt
R , . =[R (t)dt
J (1+t2 1+t2) 1+¢ JR@®
ratsional funksiya kelib chiqadi.
dx
2cosx—3sinx+3

1-misol. j integralni toping.

) tg§=t deymiz. U holda

2dt
d
J x. :I 21+t2 :ij dt =2f dt _
2cosx —3sinx +3 A= 2 3 t"—6t+5 t-D(E-5)
1+¢ 1+1¢
—Lnje=si-mji-1)+ C=Ltmlg-q-mg*-1+c. @
2 DD £ '
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7.3.2. Berilgan to‘g‘ri kasrlarni sodda kasrlar yig‘indisiga yoying va

koeffitsiyentlarni ixtiyoriy qiymatlar usuli bilan toping:

X' +2x+3

1) 4 3 ;
xt+x

3x° =2x° =2x+7

3) >

X —X

7.3.3. Integrallarni toping:

2x+3 ]
)] G5
)J- xdx )
(x+D(x+2)(x+3)
5).[ 3x +2x-3 d:
x(x=1)(x+1)

2x’ +2x° +4x+3
x4+ x

|
x* -3

9)_[—dx;

X =2x"—x+2
dx
l_[ —;
x(1+x7)

dx;

X430 427 +x+1
S dx;
x +x+1
dx
-1

13)]
15)]

x4

3x+5
)'[(x2+2x+2)2
19)]— dx ;
(x" +4x+5)(x" +4x+13)

>

dx
1)'[ >+’

>

2x+3

E)

2x* —=11x-6
) —————
X +x —6x
2x —1
xt+x’

4)

xdx )
2] (x+DR2x+1)’
J- 8xdx ]
(x+D)(x* +6x+5)
6)-[ x’l -1 dx;

4x” — x

2+5x°
)J 2 X
x(x* =5x+4)

>

10)[ &

x2(x* +1)
dx
1+x°

12)]

14) x;ixl;

X
dx

xt42x7 +x
)I (x=-D(x* +4)
dx )
p e e

>

)I#dx
(x"=2x+5)

t]

)J-3x2—10x+12 .
xt+13x7+36
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Bundan

ac

cosQ = = 0 —0((/)—”)
al-|él 541 2/

d) d ={9;6:-2} vektorning modulini topamiz: |d |=+/9* +6° +(-2)* =11.

U holda 4° :{9;6;-2}.
1111 11
&) 1=%-%_5 Uholda
g 2
X, +Ax, 2+2-1 4 v, +Ay, 4+2-(-2)
xM: = :—, yM: = :0
1+4 1+2 3 1+4 1+2
. _ZytAz, 5+2:3 11
Y144 142 30
Demak,

2.30. a=4m+2i,

4 11
M| —;0,— |
Go5) e

b =+ 27,

@ a) axb vektor ko‘paytmani topamiz:

G x b = (4 + 20) x (7 + 271) = 4 x 71 + Siit x i + 27 x 71 + 47 x i =

Vektor ko‘paytmaning ta’rifiga ko‘ra tomonlari dvab vektorlardan

=8mxn—2mxn=06mxH.

iborat bo‘lgan parallelogrammning yuzi

S:|d><1;|:6|n2|-|ﬁ\sin(o=6~2~1~73=6\/§(y.b).

NG

_ - T
|m=2, |zl ¢=

3

E)

b) @ va b vektorlarning yig‘indisi va ayirmasi tomonlari bu vektorlardan
iborat bo‘lgan parallelogrammning diagonallari bo‘ladi.

d=d+bvad,=a-b,y= (ajE) bo‘lsin. U holda vektor ko‘paytmaning

ta’rifiga ko‘ra |d, xd, |=|d, ||d,|siny. Bundan

|d, xd, |

siny =-—=——=—.
‘d1||dz|

d, d,, d xd, vektorlarni topamiz:

d, =&+ 27 + i + 27 = 5 + 4ii,

d, = 4 + 2ii — i — 27 = 3,

d xd, = (5 + 4ii) x 3 = 127i x .
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Bundan

\d, |= (5 + 4ii)* =25 + 40iii + 167> = 25| m[* +40| /|| 7i | cos@ +16|7i | =

:\/25-4+40-2-1~;+16~1:2@, \d, |=3vm* =3|m=3-2=6,

S = - I V3
\dl><a’2|:12|n><m|:12|n|-|m|sm<p:12-2-1-7:12\/§.

U holda
1243 13

m = = .
Y=0B9.6 13

3.30. G ={0;1;-2}, b={3;-1L1}, ¢ ={410}, d ={-59;-13}.
® a) d=ad+ b+ bo‘lsin. U holda

3+4dy= -5, a- B+ yr=09, a- B+ y= 09,

a- B+ y= 9,=-2a+ f =-13,= - B+2y= 5=
20+ f =-13 3p+dy= -5 3p+4y= -5

a— ﬁ+ 7= 95 V= 19 Y= 19 0625,

= B-2y= 5= p-2-1=-5 = B=-3,=1B=-3

10y=10 |a-B+ 1=9 |a+3=8 |y=1.

Demak, d=5G-3b+¢.

0o 1 -2
b) abé ko‘paytmani topamiz: abc=| 3 -1 1 [=-10.
4 1 0

Bundan
V =|abé |=10(hb.).
¢) d@x b ko‘paytmani aniqlaymiz:
P

! 2L o -2/ o 1| . . ..
axb=|0 1 —2]|= 7 J+ K=—7—-6]-3k.

-1 1 3 1 3 -1

3 -1 0
U holda § =@ xb |=+/(-1)> +(=6)> +(-3)* =~/46. Parallelepiped uchun ¥ =S - #.
Bundan
0 S,
S 46 23
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To‘g‘ri kasrning maxrajini ko‘paytuvchilarga ajratamiz:
X =3 +4x—2=(x-D(x" —2x+2).
To‘g‘ri kasrni sodda kasrlarga yoyamiz:
3x*—6x+5 A N Bx+C
X =3x°+4x-2 x-1 x*-2x+2
Yoyilmaning koeffitsiyentlarini topamiz:

3x’ —6x+5=A(x> -2x+2)+ B(x* —x)+ C(x —-1).

Bundan
x’: A+B=3,
x': 24-B+C=-6,
x': 24-C=5.

yoki A=2, B=1, C=-I.
Shunday qilib,
3x* —6x+5 2 x-1
= + :
X =3x"+4x -2 x-1 x*-2x+2
Ko‘phad va sodda kasrlar yig‘indisini integrallaymiz:

5 4 3 2
jx 3)2 +7)2c 8x® + 6x 1dx:j(x2+3)dx+2j dx +J~ : x—1 dre
x =3x"+4x-2 x—1 "x"=2x+2

) 3
w::x—+3x+2ln|x—1|—
X —2x+2 3

3 _ 4
B S Yo PN AU RS MO Gl MG <
2 3 2 x'=2x+2

3
:’i+3x+2ln|x—1|—lj
3 2

Mustahkamlash uchun mashqlar

7.3.1. Berilgan to‘g‘ri kasrlarni sodda kasrlar yig‘indisiga yoying va
koeffitsiyentlarni noma’lum koeffitsiyentlar usuli bilan toping:

x> +4x+1 3x' —=5x"+8x—-4
1) 3 2 > 2) 4 2 ;
X +Xx x'+4x
3x-2 X’ +5x+1
3) —r—~——; 4) —————.
)x3+x2—2x xt+xt+1
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SR N D S
4a’\ (> +a*)’

NN RN p—.
28\t +a> a ga

3 x+1 3 x+1
+§- +—arctg 2 +C=

arctng +C. O

yoki
1 x+1 3 x+1 1 x+1
I,=—|— ~t - — +—arctg—— | |
16\ (x*+2x+5)" 8\x +2x+5 2 2
Demak,
j 2 X FUX ="~ 2 : s +31 =
(x"+2x+5) 4(x” +2x+5)° ’
B 1 +i x+1
4(x* +2x+5)" 16\ (2 +2x+5)° X +2x+5 16
1 3x-1 9 x+1 9 x+1
16\ (x> +2x+5)> 8 x*+2x+5 16
X
R(X)=Q’"()

P, (x)

n

tartibda amalga oshiriladi:

ratsional kasr funksiyani integrallash  quyidagi

1) berilgan kasrning to‘g‘ri yoki noto‘g‘ri kasr ekanini tekshirish; agar
kasr noto‘g‘ri bo‘lsa, kasrdan butun qismini ajratish;

2) to‘g‘ri kasrning maxrajini ko‘paytuvchilarga ajratish;

3) to‘g‘ri kasrni sodda kasrlar yig‘indisiga yoyish va yoyilmaning

koeffitsiyentlarni topish;

4) hosil bo‘lgan ko‘phad va sodda kasrlar yig‘indisini integrallash.

X' =3x*+7x’-8x* + 6x —

Lix integralni toping.

2 —misol. j

X =3x"+7x"-8x" +6x -1

@ 3 2
x =3x"+4x-2

x> =3x>+4x-2

noto‘g‘ri kasrdan butun qismini ajratamiz:

X =3x'+7x° -8x" +6x—1 ‘ X =3x"+4x-2
X' =3x* +4x° - 2x7 ‘ x> +3

3x° —6x" + 6x-1
3x° —9x* +12x -6

Bundan

x'=3x+7x7 -8x +6x -1

3x° —6x+5.

3x* —6x+5
X +3+

x*=3x>+4x-2

X =3x +4x-2
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III bob
TEKISLIKDAGI ANALITIK GEOMETRIYA

3.1. TEKISLIKDA KOORDINATALAR SISTEMASI

Dekart koordinatalari. Qutb koordinatalari.
Koordinatalarni almashtirish

3.1.1. Umumiy boshlang‘ich O nuqtaga va bir xil masshtab birligiga
ega bo‘lgan o‘zaro perpendikular Ox va Oy o‘qlar tekislikda dekart
koordinatalar sistemasini hosil qiladi. Bu sistemaning Ox o‘qiga abssissalar
0°‘qi, Oyo‘qiga ordinatalar o‘qi va ular birgalikda koordinata o ‘qlari deb
ataladi. Bunda Ox va Oy o‘qlarning ortlari 7 va j bilan belgilanadi
(7= 7=1 7L17),0 nuqtaga koordinatalar boshi deyiladi, Ox,0y o‘qlar
joylashgan tekislik koordinata tekisligi deb ataladi va Oxy bilan belgilanadi.

Oxy tekislik M nuqtasining OM vektoriga M nuqtaning radius vektori
deyiladi.

& OM radius vektorning koordinatalariga M nugtaning to'‘gri
burchakli dekart koordinatalari deyiladi. Agar OM = {x;y} bo‘lsa, u holda
M nuqtaning koordinatalari M (x;y)kabi belgilanadi, bu yerda x soni
M nuqtaning abssissasi, y soni M nuqtaning ordinatasi deb ataladi.

3.1.2. Tekislikda sanoq boshiga, musbat yo‘nalishga va masshtab
birligiga ega bo‘lgan Op o‘q qutb o ‘gi, uning
O sanoq boshi qutb deb ataladi.

Tekislikning qutb  bilan  ustma-ust +
tushmaydigan ixtiyoriy M nuqtasining holati
ikkita son, O qutbdan M nuqtagacha bo‘lgan |
r masofa va Op qutb o‘qi bilan OM yo‘nalgan 3
kesma orasidagi ¢ burchak bilan aniglanadi.

r va ¢ sonlariga M nuqtaning qutb il ¢ !
koordinatalari  deyiladi va M(@r;p) deb T o| ;T T jc "
yoziladi. Bunda » masofa qutb radiusi,
¢ burchak qutb burchagi deb ataladi. 1-shakl.

y
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Qutb koordinatalari 0<r <+, —7 <@ <7 kabi o‘zgaradi.
Nugtaning qutb koordinatalaridan dekart koordinatalariga

X=rcosp, y=rsing. (1.1)
tengliklar bilan o‘tiladi (1-shakl).
Nugtaning dekart koordinatalaridan qutb koordinatalariga o‘tish
r=4x+y7, tg(pzl. (1.2)
X

tengliklar orqali amalga oshiriladi. Bunda ¢ burchakning giymati nuqtaning
joylashgan choragiga (x,y larning ishoralari asosida) qarab, -z <o <x
oraliqda tanlanadi.

1-misol. M (-3;-3)nuqta berilgan. M nuqtaning qutb koordinatalarini
toping.
& (1.2) formuladan topamiz:

r=1(=3)* +(=3)° =32,

M nugqtan III chorakda yotadi. U holda n=-1vagp= % —-r= —37” bo‘ladi.

Demak,
M[S\E ;—3‘?). o

2 —misol. Qutb koordinatalarida berilgan M, (r;p,)va M,(r,;p,) nuqtalar
orasidagi masofani toping.

-3 V4
@ =agctg 3 =arctgl = 1 +nr.

@ Ikki nuqta orasidagi masofa
formulasida (1.1) bog‘lanishni hisobga olib
topamiz: Z
d=\(r, =) + (2, - 2)" = P
=/(r,cosp, —1,cosp,)’ +(r,sing, —;sin@,)* = | : c
= \/rlz + 1} —2rr,(cosp, cosp, +sing, sing,) = % i i
=\t + 1} = 2rr;cos(p, — ,). ol 4 B C, ¥
Demak,
d=\r} + 1} =2rrcos(p, —@,). @ 2-shakl.
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I_, integralni hisoblashga keltiriladi va bu jarayon quyidagi integralni

2

topishgacha davom ettiriladi:

1-misol. Integrallarni toping.

Sdx
1)I2x+3’
3)[&0&;

X +2x+3

dt 1 t
1, :‘[tz pE :;arctg;+C.
Tdx
2).[74;
(x+5)
2
4 X+
)J‘x2 —4x+5

@ Avval integral ostidagi ifodalarni sodda kasrlarga keltiramiz va
keyin ularni yuqorida berilgan formulalar orqali integrallaymiz.

I)J- Sdx 5. dx

2x+3 273
2

zéln +C.
2

3
X+
2

7 7

(x+2)"+2°

| 7dx4= —+C=————+C
(x+5)" (A-4)(x+5) 3(x+5)
3){ 2x+1 71(2x+4) 2dx 1 d(x +4x+38) J. d(x+2)
X +4x+8 X +4x+8 2' X +4x+8
:fln\x2+4x+4\—larctg +2+C.
2 2
4) [ x+4 J 2x+2+6
(x* +2x+5)° 2 (x’ +2x+5)
:l d(zc +2x+53)dx I : dx .
2°(x"+2x+5) (x*+2x+5)

1

d(x+1)

1

T 213 +2x 15

+3f

buyerda r=x+1, a=2.

U holda

¢ +2-3—312J:

;o]
P 2a\ B +a?) T 3-1

(x+1)7+4)°

1 t
4a’\ (' +a’)’

+37,,
4x* +2x+5°

+3IZ]:
)

At 3 t
4’| ( +a’y 282\ Q-D)E +a

+2-z—3IID:

Y 2-1
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2°. Ukkita ko‘phad bir-biriga teng bo‘ladi, agar ular bir xil darajaga ega
bo‘lsa va ularda noma’lumning bir xil darajalari oldidagi koeffitsiyentlar
teng bo‘lsa.

3°. Ikkita n-darajali ko‘phad bir-biriga teng bo‘ladi, agar ular
noma’lumning » + 1ta turli nuqtalarida bir xil qiymatlar qabul qilsa.

& Noma'lum koeffitsiyentlar usulida:

1. (3.1) yoyilmaning o‘ng tomoni P (x)umumiy maxrajga keltiriladi;
0, _§,(x)
P (x) P (x)
S (x) — koeffitsiyentlari no‘malum bo‘lgan ko‘phad.

2. 1° — tasdiqqa asosan suratlar tenglashtiriladi: 0 (x)=S, (x).

3. 2° - tasdiqqa asosan Q, (x) =S, (x)tenglikda xning bir xil darajalari
oldidagi koeffitsiyentlar tenglashtiriladi; natijada tenglamalari noma’lumlar
soniga teng bo‘lgan sistema hosil bo‘ladi va bu sistemadan izlanayotgan
koeffitsiyentlar topiladi.

Ixtiyoriy qiymatlar usulida 3° - tasdiqqa asosan Q, (x)=S, (x) ning
har ikkala tomonida xga turli m+1 ta gqiymatlar beriladi va izlanayotgan
koefftitsiyentlar topiladi.

Noma’lum koeffitsiyentlarni topishda yuqorida keltirilgan ikkita usul
birgalikda qo‘llanishi mumkin.

natijada ayniyat hosil bo‘ladi, bu yerda

7.3.2. & Sodda kasrlarning integrallari quyidagi formulalar bilan
topiladi:

I.J. Adx =Aln|x-a|+C;
xX—a
LJ Adxk: A k71+ :
(x—a) (A-k)(x—a)
HL'[ZMxiJ"Ndx:%]n\xz+px+q|+2N_M};arctg 2x+p2 +C;
X'+ px+q 2 \/4q—p \/4q_P
Y‘[ 2M)C-i-N dx = ZA/[ _]+(N_A/[pj.[“
(x* + px+q)' 20-8)(x" +hx +q) 2
buyerda Is:_'.vditzziz f 2 -1+2S_3IH .
(t+a’) 2a\(s-D@E +a) (s—1)

Bunda 7, integralni hisoblash indeksi bittaga kichik bo‘lgan
I, integralni hisoblashga, 7 | integralni hisoblash esa o‘z navbatida
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3-misol. 4BC uchburchakning uchlari berilgan: A(x,;y,), B(x,;y,),
C(x,;,). Uchburchakning yuzini koordinatalar usuli bilan toping.

@ 4,B,Cuchlardan Ox o‘qiga 44,, BB,, CC, perpendikularlar
tushiramiz. 2-shakldan topamiz:

SABC = SAAIBIB + SE,BCCl T P yacey

Bundan

+ + +,
SAEC =%~(X2 _xl)+%(‘x3 _xz)_%(xa _x1)=

1
ZE(JCZ)/I TXV XY, XY, XY, XNV, XY, XY XY F XY T XY, +x1y3):

Z%(xz(yz _yl)_xl(yz _yl)_xz(y3 _y|)+x1(y3 _yl))z

1 I X —x  x,—X
:7((.)/2_yl)(‘x3_xl)_(y3_yl)(xz_x])):7 .
2 2 Yi=V Vo= N
Demak,
SA:l Yo X X% -x | o
20—y »mn

3.1.3. Nugtaning bir sistemadagi koordinatalarini uning boshga
sistemadagi koordinatalari bilan almashtirishga koordinatalarni almashtirish
deyiladi.

Tekislikda Oxy to‘g‘ri burchakli koordinatalar sistemasi berilgan bo‘Isin.

Koordinata o‘qlarini parallel ko ‘chirish — bu Oxy sistemadan uning
o‘qlari yo‘nalishlarini va masshtablarini o‘zgartirmasdan faqgat koordinatalar
boshining joylashishini o‘zgartirish orqali yangi O,x,y, sistemaga o‘tishdir.

Koordinata  o‘qlarini  parallel ko‘chirishda  tekislik  ixtiyoriy
M nuqtasining Oxy sistemadagi (x;y) koordinatalari O,xy, sistemadagi
(x";»") koordinatalari orqali

x=x,+x, y=y,+y (1.4)

formulalar bilan bog‘lanadi, bu yerda x,;y, — Ox,y, sistema O, koordinatalar
boshining Oxy sistemadagi koordinatalari.

Koordinata o ‘qlarini burish —bu Oxy sistemadan uning koordinatalar
boshini va o‘qlari masshtablarini o‘zgartirmasdan fagat koordinata
o‘qglarini biror burchakka burish orqali yangi O,x,y, sistemaga o‘tishdir.
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Umumiy O nuqtaga va bir xil masshtabli o‘qlarga ega bo‘lgan Oxy va
Ox,y, koordinatalar sistemalarida M nuqtaning koordinatalari

x=x'cosa — y'sine, y=x'sina + y'cosa (1.5)
tengliklar bilan bo‘g‘lanadi.
Agar yangi sistema eski sistemadan koordinata o‘qlarini parallel
ko‘chirish va burish orqali hosil gilingan bo‘lsa, u holda

x=x, +x'cosa —y'sina, y=y, +x'sina + y'cosa. (1.6)
4 —misol. To‘g‘ri burchakli koordinatalar sistemasining o‘qlari 4(12;-6)
nuqtaga parallel ko‘chirilgan va «a= arctg% burchakka burilgan. Yangi

sistemaga nisbatan 4 va B(5;5) nuqtalarning koordinatalarini toping.
& (1.6) formulalardan topamiz:

x'cosa —y'sina =x—x,, x'sina + y'cosa=y—y,.

Bundan
x'=(x—x,)cosa+(y—y,)sina, y'=(y-y,)cosa—(x—x,)sina. (1.7)
3 1 4 4\ 3
a=arctg= da cosa = =—, sina=[1-|=| ==.
4 ( 3) 5 5) 5
1+1tg° arctgz

U holda

!_4(x_xo)+3(y_yo) !_4(y_yo)_3(x_‘x0)
X = 5 , Y = 5 .
Nugtalarning yangi sistemadagi koordinatalarini oxirgi tengliklar bilan
topamiz:
A nuqta uchun:
oo H2-12)436+6) _, 4(-6+6)-3(12-12)
5 5
B nuqta uchun:
x,_4(5—12)+3(5+6) - y,_4(5+6)—3(5—12)
5 T 5

0, ya’ni A(0;0);

=13,ya’ni B(;13). @
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7.3. RATSIONAL FUNKSIYALARNI
INTEGRALLASH

Ratsional kasrlarni sodda kasrlarga yoyish
Sodda kasrlarni integrallash.
Ratsional kasr funksiyalarni integrallash

7.3.1. Ikkita Q, (x) va P.(x)ko‘phadning nisbati
0,(x) _bx"+bx""+.+b, x+b,
P(x) ax'+ax"'+..+a_x+a,
ratsional kasr funksiya (yoki ratsional kasr) deb ataladi. Bunda ratsional
kasr m <n bo‘lganda to ‘g i kasr, m>n bo‘lganda noto’‘gri kasr deyiladi.

Har bir noto‘g‘ri kasr ko‘phad bilan to‘g‘ri kasrning yig‘indisiga
teng. Bu ko‘phad kasrning butun qismi deyiladi va u kasming suratini
maxrajiga odatdagidek bo‘lish orqali topiladi. Bu jarayonga kasrning butun
gismini ajratish deyiladi.

Quyidagi to‘g‘ri kasrlarga sodda (elementar) kasrlar deyiladi:

A A

R(x)=

I. : o —=—, (k>2, ke2),
xX—o (x—a)
. YN a0y, o MY a0 sz, prodg<0),
X +px+gq (x*+ px+q)°
buyerda 4,M,N,a, p,q — haqiqiy sonlar.
0,(x)

Har qanday to‘g‘ri kasrni sodda kasrlar yig‘indisiga

n

yagona tarzda yoyish mumkin:
9 __4 A4 .4

P x-a (x-a) T (x-a) 3.1
L Mx+N  Mx+N,  Mx+N, '
X Hpx+qg (C+pe+q)? (P +px+q)]

buyerda 4,4,,..,4,,M,N,,M,,N,,..,M_,N_— noma’lum koeffitsiyentlar.
Oxirgi tenglikning  noma’lum koeffitsiyentlarini topishning turli
usullari mavjud. Ular quyidagi tasdiglarga asoslanadi.
1. Ukkita ratsional funksiya bir-biriga teng bo‘ladi, agar ular bir xil
surat va maxrajga ega bo‘lsa.
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1 1)_[x(2x +7) d;

13)j%;

12)J‘1/x(?x— X) :
14)_[

In2x @
Indx x’

7.2.3. Integrallarni bo‘laklab integrallash usuli bilan toping:

l)jxarctgxdx;
3) [xInxdx;
5)[x3"dx;

7) [In* xdx;

9)sin(Inx)dx;

ll)jx\/2x+1dx;

7.2.4. Integrallarni toping:

I)J.x“x/1+x2dx;
3)[e" cos’(e")dx;
1—1tgx
5)|—=dx;
)'[1+tgx -

dx )
Rl (x+12x-3)’

xdx

9]

cos® x’
11).[ g(ll)(f
13)J'sin2 de;

15).[)52 In® xdx;

2) J. arcsin xdx;
4)fxze'*dx;

6) J'xsin 2xdx;
8) J xsin xdx

b
COS X

10) J- xarctgdx

NEES ’

12) j e* sin 4xdx.

2) f sin 3xsin Sxdyx;
4) I xdx

3x
e

J~ Inxdx
x(1-In*x)’

dx
8| 77—
)Ixzx/xz +4

dx
10) | ——;
)Jx«/2x -9
e dx
Dl e
14)J.xtg2xzdx;

16) [L=25%,

2cosx

sm X
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Mustahkamlash uchun mashqlar

3.1.1. Ox, Oy o‘qlariga va koordinatalar boshiga nisbatan
A(-3;2) nuqtaga simmetrik bo‘lgan nuqtalarni toping.

3.1.2. Berilgan nuqtalarga I va III chorak bissektrisalariga nisbatan
simmetrik bo‘lgan nuqtalarni toping:
A(-12), B(4;-1), C(=2:-3), D(4:3).

3.1.3. Berilgan nugtalarning qutb koordinatalarini toping:
AW3) B(—3;-1), C(-3;-3), D(0;-3), E(-30).

3.1.4. Berilgan nuqtalarning to‘g‘ri burchakli koordinatalarini toping:

AB3:0), B(Z;—ZJ, C(S;Z} D(l 23”]

3.1.5. Qutbga va qutb o‘giga nisbatan berilgan nugqtalarga simmetrik
bo‘lgan nuqtalarni toping:

0)- T T
AB;0); B(z, 4), C(l, 3).

3.1.6. 4BCD parallelogramm diagonallarining kesishish nuqtasi qutb
koordinatalar sistemasining qutbi bilan ustma-ust tushadi. Agar

A(B;—zﬂ} B(S;ij parallelogrammning ikkita uchi bo‘lsa, uning qolgan ikki

uchini toping.

3.1.7. A( 4} va B(S 12) nuqtalar orasidagi masofani toping.

3.1.8. Uchlari o qutbda va A(r;¢,), B(r,;p,) nuqtalarda joylashgan
04B uchburchakning yuzini toping, bu yerda ¢, > ¢,.

3.1.9. Kvadratning ikkita qarama-qarshi uchlari berilgan:
A(Z;—ZJ, B(Z;— 23”) .Kvadratning yuzini toping.

3.1.10. Kvadratning ikkita qo‘shni uchlari berilgan: A(6;73Tj, 3(2;43”).

Kvadratning yuzini toping.
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3.1.11. Uchlari 4(-3;2), B(3;4), C(6;1), D(5;-2)nuqtalarda bo‘lgan
to‘rtburchakning yuzini toping.

3.1.12. 4(1;2), B(4;4)nuqtalar berilgan. Agar ABC uchburchakning yuzi
5ga teng bo‘lsa, Oxo‘qida yotuvchi C nugqtani toping.

3.1.13. A(55), B(2;-3), C(-2;3)nuqtalar berilgan. Koordinata o‘qlarini
o‘zgartirmasdan koordinatalari boshi ko‘chirilgan: 1) 4 nuqtaga;
2) B nuqtaga; 3) C nuqtaga. 4,B,Cnuqtalarning yangi sistemadagi
koordinatalarini toping.

3.1.14. Koordinata o‘qlarini «=30° ga burib 4(1;1), B(ﬁ;2), C(O;Zﬁ)
nuqtalar hosil qilingan. Bu nuqtalaming eski sistemadagi koordinatalarini
toping.

3.2. TEKISLIKDAGI TO‘G‘RI CHIZIQ

Tekislikdagi chiziq. Tekislikdagi to‘g‘ri chiziq tenglamalari.
Tekislikda ikki to‘g‘ri chiziqning o‘zaro joylashishi.
Nuqtadan to‘g‘ri chiziqqacha bo‘lgan masofa

3.2.1. Oxy tekislikdagi chiziq tenglamasi deb aynan shu chiziq barcha
nuqtalarining  xvaykoordinatalarini aniqlovchi ikki o‘zgaruvchining
F(x,y)=0 tenglamasiga aytiladi; koordinatalari ikki o‘zgaruvchining
F(x,y)=0 tenglamasini gqanoatlantiruvchi Oxy tekislikning barcha M (x;y)
nuqtalari to‘plamiga tekislikda shu tenglama bilan aniqlanuvchi chizig
(to‘g‘ri chiziq yoki egri chiziq) deyiladi.

Tekislikdagi chiziq qutb koordinatalar sistemasida F(r,p)=0 tenglama
bilan beriladi, bu yerda r,¢ - chiziq nuqgtalarining qutb koordinatalari.

Ayrim hollarda tekislikdagi chiziq y= f(x) tenglama bilan beriladi.
Bunda chiziq y = f(x) funksiyaning grafigi deb ataladi.

Tekislikdagi chiziq ikkita x=x(¢),y=y(t),teT tenglamalar bilan ham
berilishi mumkin. Bunda x=x(¢),y=y(¢) tengliklarni ganoatlantiruvchi
barcha M(x;y) nuqtalar to‘plamiga tekislikdagi chizigning parametrik
berilishi, x=x(t),y=y(t) funksiyalarga bu chizigning parametrik
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Ko‘rsatilgan uch guruh bo‘laklab integrallanadigan barcha integrallarni

0‘z ichiga olmaydi. Masalan, jx—dzx
sm- x

integral yuqorida keltirilgan integral

guruhlariga kirmaydi, lekin uni bo‘laklab integrallash usuli bilan topish

mumkin:
xdx
f ——=| dx
sin” x —
sin- x

x=u, du=dx

=dv, v=—ctgx

=—xctgx+ J.ctgxdx =—xctgx+In|sinx|+C.

Mustahkamlash uchun mashqlar

7.2.1. Berilgan integrallarni differensial ostiga kiritish usuli bilan toping:

[ g

COS X

3)-[1/arctg 2x

S)Je"“ cos xdx;

7)J- COSX

sm X

d.
s

10) |

Z)J(:os2 xsin xdx;

6)[8"‘3x2dx'
8),[ sin f

dx

sin® 4xifctg’ 4x

7.2.2. Berilgan integrallarni o‘rniga qo‘yish usuli bilan toping:

e -1
I)Je" +1
3)_[\/16—x2dx;
5) Ixlex3 + 3dx;

dx

dx;

N————
)I (arcsin x)* 1 — x°

V5—dx—x*

d
Z)Ixx +x2
4) x’dx )
Jx/x +4

6 J- cos2xdx

1+sinxcosx’

4x -5
S)J. = de;

10) [(——— %Zx
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2) 1- guruh jln2 xdx integraliga (2.2) formulani ketme-ket ikki marta

go’llaymiz:
2o - dx
J'lnzxdx: In"x=u, du=2Inx X’ :xlnzx—ijxdx:
dx=dv, v=x
dx
_| Inx=u, du—?, =xIn® x = 2xInx +2[dx =xIn® x = 2xInx + 2x + C.
dx=dv, v=x

3) [x’sin2xdx integral 1- guruhga kiradi.
U holda

x> =u, du=2xdx,

szsin2xdx: cos2x :—%xzcos2x+.[xcos2xdx:

sin2xdx=dv, v=

x=u, du=dx,

1, 1 . 1, .
= i =——x"cos2x +—xsin2x —— | sin 2xdx =
_sin2x > > 2'[

cos2xdx=dv, v=

= —lx2 cos2x + lxsian + lcos2x +C.
2 2 4

4) [e™ cos Brdx integral uchinchi guruh integrali bo’lgani sababli
(2.2) formulani takroran qo‘llaymiz:

e” =u, du=ae“dx,

1= Ie"“' cos fxdx = sin fx |=

cos fxdx =dv, v=

e™ =u, du=ae“dx

1 .. Qoo _ _
—e" sin fx Ie sin Bxdx = sin Brdx = dv, v:_cosﬁx =
B
: 2
=ie‘” sinﬂx—a(—le” cosﬁx+gfe’” cosﬂsz e” Psin B +2acos/i’x —a—z
B\ B B B B

Bundan
_o® Bsin Bx + a cos fx LC O

1
o’ +
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tenglamalari, ¢+ ga parametr deyiladi. Chiziqning parametrik tenglamalaridan
F(x,y)=0 tenglamasiga x=x(t),y = y(¢) tengliklarning har ikkalasidan
qandaydir usul bilan ¢ parametrni chiqarish orqali o‘tiladi.

Tekislikdagi chizigning ikkita x = x(¢),y = y(r) parametrik (skalyar)
tenglamalarini bitta 7 = 7(¢) vektor tenglama bilan berish mumkin.

3.2.2. x,y o‘zgaruvchilarning har qanday birinchi darajali
tenglamasi tekislikdagi biror to‘g‘ri  chizigni ifodalaydi va aksincha,
tekislikdagi har qanday to‘g‘ri chiziq x,y o‘zgaruvchilarning biror birinchi
darajali tenglamasi bilan aniqlanadi.

To‘g‘ri chizigning tekislikdagi har xil o‘rni (berilish usuli) turli
tenglamalar bilan aniqlanadi.

1. Berilgan nugqtadan o ‘tuvchi va berilgan vektorga perpendikular
to ‘g ‘ri chiziq tenglamasi:

A(x—x,)+B(y-y,)=0, 2.1
bu yerda A4,B - to ‘g ri chiziq normal vektori (to‘g‘ri chiziqqa perpendikular
bo‘lgan vektor) ii={4;B}ning koordinatalari; x,,y, —berilgan nuqtaning
koordinatalari,  x,y— to‘g‘ri chiziqda yotuvchi ixtiyoriy nuqtaning
koordinatalari.

2. To ‘g ri chizigning umumiy tenglamasi:

Ax+By+C=0, 2.2)
bu yerda C —ozod had; 4%+ B* #0.
Bu tenglama bilan aniqlanuvchi to‘g‘ri chizigning xususiy hollari:

Ax+C=0 (B=0)- Oy o‘qqa parallel yoki Ox 0‘qqa perpendikular;

By+C=0 (4=0)— Ox o°‘qqa parallel yoki Oyo°‘qqa perpendikular;

Ax + By =0 (C =0) — koordinatalar boshidan o‘tuvchi;

x=0 (B=0,C =0)— Oyo‘qda yotuvchi;

y=0 (4=0,C=0)- Oxo‘qda yotuvchi.

3. To‘gri chizigning kanonik tenglamasi ( yoki berilgan nuqtadan
o ‘tuvchi va berilgan vektorga parallel to ‘g ‘ri chiziq tenglamasi):

X=X _ Y=Y (2.3)

b

p q
bu yerda p;q— to ‘g ri chiziq yo ‘naltiruvchi vektori (to‘g‘ri chiziqqa parallel
bo‘lgan vektor) § = {p;q} ning koordinatalari.
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4. To ‘g 'ri chizigning parametrik tenglamalari:
xX=x,+pt.y, =y+qt, 24)
bu yerda 7 —parametr.
5. To ‘g ri chizigning vektor tenglamasi:

F=F +15, (2.5)
bu yerda 7,7 - mos ravishda M(x;y), M, (x,;»,)nuqtalarning radius
vektorlari.

6. Berilgan ikki nugtadan o ‘tuvchi to ‘g ‘vi chizig tenglamasi:
X=X _Y=)
pa— (2.6)
bu yerda x,,y,,x,,y, —berilgan ikki nuqtaning koordinatalari.
7. To ‘g ‘¥i chizigning kesmalarga nisbatan tenglamasi:
2o, (2.7)
a b
bu yerda a,b— to‘g‘ri chizigning moc ravishda Ox va Oy o‘qlarida ajratgan
kesmalari.
8. To ‘g ri chizigning burchak koeffitsiyentli tenglamasi:

y=kx+b, (2.8)

bu yerda k=1gp—to'gri chizigning burchak koeffitsiyenti; ¢— to‘gri

2

chizigning og ‘ish burchagi (Ox o‘qning musbat yo‘nalishdan berilgan to‘g‘ri
chiziqqa soat strelkasiga teskari yo‘nalishda hisoblangan eng kichik
burchak); »— to‘g‘ri chizigning Oy o‘qda ajratgan kesmasi.
9. Berilgan nuqtadan berilgan yo ‘nalish bo ‘yvicha o ‘tuvchi to‘gri
chiziq tenglamasi (yoki to ‘g ‘ri chiziglar dastasi tenglamasi):
y=y =k(x-x,), 2.9)
bu yerda x,,y, —berilgan nuqtaning koordinatalari.
10. To ‘g ‘ri chizigning qutb tenglamasi:
rcos(a —@)=p, (2.10)
bu yerda p —qutbdan to‘g‘ri chiziqqacha bo‘lgan masofa; « —qutb oqi bilan
berilgan to‘g‘ri chiziqqa perpendikular o‘q orasidagi burchak; r;p - to‘g‘ri
chizigda yotuvchi ixtiyoriy nuqtaning qutb koordinatalari.
11. To ‘g ¥i chizigning normal tenglamasi:
xcosa + ysina —p=0 (2.11)
bu yerda p -koordinatalar boshidan to‘g‘ri chizigqacha bo‘lgan masofa;

104

z ni x orqali ifodalaymiz:

1 4x* +1
z=N4+1" = [4+—= s
X X
Demak,
1 4x* +1
_[ dx =——arctg X +C. O

@x +DWdx +1 2 2x

7.2.3. & Anigmas integralda integral ostidagi ifodani udv ko‘paytma
shaklida ifodalash va
fudv:uv—Jvdu 2.2)
formulani qo‘llash orqali jf (x)dx integralni integrallash qulay bo‘lgan Ivdu
integralga keltirib topish usuliga bo ‘laklab integrallash usuli deyiladi.
Bo‘laklab integrallash usuli bilan topiladigan integrallarni asosan
uch guruhga ajratish mumkin:

fP(x)arctgxdx, I P(x)arcctgxdx, J.P(x) In xdx, IP(x) arcsin xdx
j P(x)arccosxdx (bu yerda P(x)-ko‘phad) ko‘rinishdagi 1-guruh integrallari.
Bunda dv=P(x)dx deb olish va qolgan ko‘paytuvchilarni « orqali belgilash
qulay;

[P(x)e“dx,  [P(x)sinkxdx, [P(x)coskxdx  ko‘rinishdagi 2-guruh
integrallari. Ularni topishda u = P(x) va qolgan ko‘paytuvchilarni dv deb
olish magsadga muvofiq;

[e" sinkxdx, [e" coskxdx ko‘rinishdagi 3-guruh integrallari
(2.2) formulani takroran qo‘llash orqali topiladi.

4 —misol. Integrallarni bo‘laklab integrallash usuli bilan toping:

1) jarctgxdx; 2) J In’ xdx;
3)J.x2 sin 2xdx; 4) _[ e™ cos fxdx.
1) [arcigxdx integral 1- guruhga kiradi.
U holda
@ J.arctgxdx: arctgx=u, au= 1+x2° :xarctgx—J dx =
dx=dv, v=x I+x
d(1+x)

1
—dx = xarctgx — Eln‘l + xz‘ +C.

= xarct, x—l_[
& 27 1+x
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2) 1+cos’x=¢> deymiz. U holda sin2x=-2udt, t =+/1+cos’ x. Bundan
3
[N1+ cos® xsin 2xdx = [¢(=2¢)dt = -2 - % +C= —%«/(l +cos’x)’ +C.

3) I+Inx=¢ bo‘lsin. Bundan Inx=¢ -1, @zztdt, t=~/1+Inx.U holda

X

I\/1+1nxdxzjtt-22mit=zjttz'altlzzj(l+tzl Jd _2(t+11n

xInx

j+C=
t+1
—F+C.

Vl+Inx +1

4) x=2sint, dx=2costdt, N4—x* =2cost deymiz. Bunda ¢= arcsin%.
U holda

-1
o1+ Inx + IVt nx -1

V4-x cos’ ¢ 1—sin’t dt
dx= dt= dt= —|dt=—ctgt—t+C=
J x’ Isinzt I sin’ ¢ '[sinzt J. &
1—sin’ (arcsinxj
. X . X 2 . X
=—ctg| arcsin— |—arcsin—+ C =— —arcsin—+C =
2 2 . ( . x] 2
sin| arcsin —
2
4y’ .
=— Y _arcsint +C. O
X 2

Ba’zan bajarilgan o‘riga qo‘yishdan so‘ng shunday integral hosil
bo‘ladiki, bu integralni boshqa o‘rniga qo‘yish orqali soddalashtirish yoki
jadval integraliga keltirish lozim bo‘ladi.

3 —misol. IL integralni toping.
(8x” +1)Vdx* +1
@ x :% o‘rniga qo‘yishni bajaramiz. U holda dx = —% va
J- dx _ —J. dt _ _.[ tdt
(8x% +1)W/4x> +1 tz(g“j 4., 6 + WA+
¢ ¢

Keyingi integralda 4 +* =z* o‘rniga qo‘yishdan foydalanamiz.
Bundan tdt=zdz, 8+¢ =z"+4. Uholda

_I tdt :_J- zdz :_J~ dz
@+ Wi+t (2 +4)z

1 z
=——arctg—+C.
Z2+4 2 g2

304

a—Ox o‘ql bilan berilgan to‘g‘ri chiziqqa perpendikular o‘q (7normal
vektor) orasidagi burchak.

& To‘g'ri chizigning (2.1)-(2.11) tenglamalaridan har birini
golganlaridan keltirib chiqarish mumkin.

1-misol. aning qanday qiymatlarida (a-2)x+(a’—-3a)y-2a+1=0
to‘g‘ri chiziq: 1) Ox o‘qqga parallel bo‘ladi; 2) Ox o‘qqa perpendikular
bo‘ladi; 3) koordinatalar boshidan o‘tadi.

@ 1) To‘g‘ri chizigning umumiy tenglamasida 4=0 bo‘lsa to‘g‘ri
chiziq Ox o‘qqa parallel bo‘ladi. Bundan a-2=0 yoki a=2.

2) (2.2) tenglamada B =0 bo‘lsa to‘g‘ri chiziq Ox o‘qqa perpendikular
bo‘ladi. U holda a* -3a=0 yoki a=0,a=3.

3) To‘g‘ri chiziq koordinatalar boshidan o‘tishi uchun to‘g‘ri chizigning
umumiy tenglamasida C =0 bo‘lishi kerak. Bundan —2a+1=0

yoki a:%. o

2 -misol. 3x -2y - 6=0 tenglama bilan berilgan to‘g‘ri chizigni chizing.

& Tekislikdagi to‘g‘ri chizigni chizish uchun uning ikkita nuqtasini
bilish yetarli.

To‘g‘ri chiziq tenglamasida, masalan x=0deb, y=-3ni, ya’ni 4(0;-3)

nuqtani va shu kabi B(l;—;j nuqtani topamiz. Bu nugqtalarni tutashtirib,

berilgan tenglamaga mos to‘g‘ri chizigni chizamiz. (3-shakl).

Bu masalani boshqacha, ya'ni to‘g‘ri chiziq tenglamasini kesmalarga
nisbatan tenglamaga keltirib yechish mumkin.
Buning uchun tenglamaning ozod hadi (—6)ni
o‘ng tomonga o°‘tkazamiz va hosil bo‘lgan
tenglikning har ikkala tomonini 6 ga bo‘lamiz:

3x 2y .
3x-2y=6, —-=2=1 yoki
y 6 6 y

A
2 (3

Bu tenglama bilan aniqlanuvchi to‘g‘ri chiziq
koordinatalar boshiga nisbatan Oxo‘qida o°‘ng
tomonga 2 ga teng kesma va Oyo‘qida pastga 3 ga 3_shakl.

teng kesma ajratadi (3-shakl). @
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3-misol. To‘g‘ri chiziq tenglamasini tuzing: 1) M, (2;-3)nuqtadan
o‘tuvchi va a ={-3;4} vektorga perpendikular; 2) M,(-2;2)nuqtadan o‘tuvchi
va b = {3;-2} vektorga parallel; 3) M (4;-1) va M, (1;-3) nuqtalardan o‘tuvchi;

4) Oxo‘qi bilan g0=% burchak hosil giluvchi va Oy o‘qni M, (0;4) nuqtada

kesuvchi; 5) M.(2;-2) nuqtadan o‘tuvchi va Ox o°‘q bilan (p:%r burchak

hosil qgiluvchi; 6) koordinata o‘qlarida 3 va (—4) ga teng kesma ajratuvchi.
@ To‘gri chiziq tenglamalarini misol bandlarining shartlariga mos
holda tuzamiz:
1) berilgan nuqtadan o‘tuvchi va berilgan vektorga perpendikular to‘g‘ri
chiziq tenglamasi (2.1) ga ko‘ra
-3(x-2)+4(y+3)=0, -3x+6+4y+12=0 yoki
3x-4y-18=0;

2) berilgan nuqtadan o‘tuvchi va berilgan vektorga parallel to‘g‘ri chiziq
tenglamasi (2.3) ga asosan
";2 =y"22, —2(x+2)=3(y-2), 2x+4+3y—6=0 yoki
2x+3y-2=0;

3) berilgan ikki nuqtadan o‘tuvchi to‘g‘ri chiziq tenglamasi ga binoan
x-4 y+1 x-4 y+1
1-4 -3+1" -3 -2~
2x -3y -11=0;

2x-8=3y+3 yoki

4) to‘g‘ri chizigning burchak koeffitsiyentli tenglamasi (2.8) ga binoan
y= tg%x +4 yoki
y=x+4
5) to‘g‘ri chiziqlar dastasi tenglamasi (2.9) ga ko‘ra
y+2:tg37ﬂ(x—2), y+2=—(x-2), x—2+y+2=0 yoki
x+y=0;
6) to‘g‘ri chizigning kesmalarga nisbatan tenglamasi (2.7) ga ko‘ra
L A
3(4
4x-3y-12=0. O

yoki
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1-misol. Integrallarni differensial ostiga kiritish usuli bilan toping:

dx e
l)jl6+9 ) Z)Ie xdbx;
3)jarctg xdx; 4 J~cosx+s1nxdx‘
1+x2 sin x — cosx
1. d(3x) 1, du 11 1 3x
) == == =~ —arctg®+C=—arctg ™~ + C.
)‘[16+9x 3’16+ (3x)° 34 +u® 3 4 g4 12 & 4

2)fe’xe=tfetd() =t feu=te vo=tet v

4

3)Jarctg X o= Iarctg xd(arctgx) = Iu du_Z C:%arctg“x+c.

1+x

COSX + Sin x d(sin x — cosx du .
4j dx J' ( ) _[ =In|u|+C=In|sinx —cosx|+C. O
sinx —cosx sinx — cosx

7.2.2. & Anigmas integralda integral ostidagi funksiyaning bir
qismini u =u(x) o‘zgaruvchi bilan almashtirish orqali [ f(x)dx integralni
integrallash qulay bo‘lgan j f(w)du integralga keltirib integrallash usuliga
o ‘rniga qo ‘yish (yoki o zgaruvchini almashtirish) usuli deyiladi. Bu usul

[ f(x)dx = [ f(@()e'(t)dt 2.1)
formulaga asoslanadi.
Ayrim hollarda 7 =¢(x) o‘rniga qo‘yish tanlashga to‘g‘ri keladi. U holda

(2.1) formula o‘ngdan chapga qo‘llaniladi, ya'ni [ f(p(x))e'(x)dx = | f(¢)dt .

2 —misol. Integrallarni o‘rniga qo‘yish usuli bilan toping:

l)jx\/x - 3dx; 2)]\/1 + cos” x sin 2xdx;
1+lnx
3
)J. xInx

@& 1) Vx-3=¢ o‘rniga qo‘yishni bajaramiz. U holda x=¢* +3, dx =2t
Shu sababli
[xx=3dx=[(¢* +3) ¢ 2tdt =2[(¢* +3¢*)dt =

5 3
=2jf‘dt+6jfdt=2-%+6~%+C=§J(x—3)5 +2(x=3) +C.
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Mustahkamlash uchun mashgqlar

7.1.1. Berilgan integrallarni anigmas integralning xossalari va integrallar
jadvalini qo‘llab toping:

I)I(Scosx— 22 +x4}-dx; 2)Judx;
x +1 x+3
\/; xe —x 3 2
d 4 - d
3)_[ o X; )f I+ oo X;
2.-37-3.27
S)I#dx; 6)f(sm2+cos jdx
7).[6 (l+ jdx; 8) J —sin’ td
cos’ x sin’ x
dx
9 *xdnx; 10)[————
)J.ctg S '[cos X— coszx
dx
11 ; 12) | —————.
)'[25+4x2 )I\/3+4x—2x2

7.2. INTEGRALLASHNING ASOSIY USULLARI

Differensial ostiga kiritish usuli. O‘rniga qo‘yish
(o‘zgaruvchini almashtirish) usuli. Bo‘laklab integrallash usuli
7.2.1. Anigmas integralda x o‘zgaruvchidan boshqa wu=u(x)
o‘zgaruvchiga o‘tish orgali [f(x)dx integralni jadval integraliga keltirib
integrallash usuliga differensial ostiga kiritish usuli deyiladi.

Bu usulda f'(w)du=d(f(u)) formulaga asoslangan quyidagi
almashtirishlar keng qo‘llaniladi:

du=du+ a), du:ld(au—i-b), uduz%d(uz), cosudu =d(sinu),
a

sinudu = —d(cosu), ldu =d(Inu), 1, du =d(tgu),
u 0s’ u

1

Vli—u’

. 1 ¢
du =d(arcsinu), 17261” =d(arctgu), a,b—0°‘zgarmas sonlar.
+u
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4 -misol. M 1(4;721} va M,(4;0) nuqtalardan o‘tuvchi to‘g‘ri chiziqning

qutb tenglamasini tuzing.
@ To‘g‘ri chizigning M, va M, nuqtalar orasidagi kesmasi katetlari

4 ga teng bo‘lgan to‘g‘ri burchakli uchburchakning gipotenuzasi bo‘ladi

(4-shakl). Bunda qutbdan to‘g‘ri chiziqqacha y

bo‘lgan masofa  to‘g‘ri burchak uchidan \

gipotenuzaga tushirilgan balandlikdan iborat.

Uning uzunligini (pni) va yo‘nalishini (« ni)

Ml

topamiz:
__lom|-jom,| _ 44,5 7 »
JoM P +oM, P & +4 4 “ y
Bundan (2.10) formulaga ko‘ra % \2 -
T
-—|=2J2. O
rcos((p 4) V2 4-shakl.

5-misol. To‘gri chizigning
5x-12y +8=0 tenglamasini normal ko‘rinishga keltiring.

@ Berilgan tenglamani normal ko‘rinishga keltiramiz. Buning uchun
tenglamaning chap va o‘ng tomonini normallovchi ko ‘paytuvchi deb

ataluvchi M =+——— soniga ko‘paytiramiz. Bunda M ning ishorasi
g orsrkopat 8
C ning ishorasiga qarama-qarshi qilib tanlanadi.
1

U holda M=—7=—i, chunki C>0. Bundan
J5 (=12 13
_Sx 12y 8
13 13 13 7
bu yerda cosa:—i, sina = 12 i o
13 13 13

3.2.3. Ikki to‘g‘ri chiziq orasidgi ¢ burchak to‘g‘ri chiziqlar
tenglamalarining ko‘rinishi asosida topiladi.
Agar to‘g‘ri chiziglar umumiy tenglamalari 4x+ B,y +C, =0 va
A,x+ B,y + C, = 0bilan berilgan bo‘lsa, u holda
A A, + BB,

. 2.12
VA + B4 + B 212

cosQp =
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Bunda to‘g‘ri chiziqlar orasidagi o‘tkir burchak (2.12) tenglikning o‘ng
tomonini modulga olish orqali topiladi.

Agar to‘g ri chiziqlar kanonik tenglamalari 1% _ V=)
P, q,
va 2% =27 pilan berilgan bo‘lsa, u holda
p, q,
COS(p: plpz +q1q2 (213)

bl +aipi+a
Agar to‘g‘ri chiziqlar burchak koeffitsiyentli y=kx+5 va
v =k,x + b, tenglamalari bilan berilgan bo‘lsa, u holda

K —k
ok 2.14
B kK, @.14)

Bunda to‘g‘ri chiziqlardan qaysi biri birinchi ekani ko‘rsatilmasdan
ular orasidagi o‘tkir burchakni topish talab qilinsa (2.14) formulaning o‘ng
tomoni modulga olinadi:

1 kz

——2. 2.15
1+kk, ( )

1gp =

6 —misol. To‘g‘ri chiziqglar orasidagi burchakni toping:

2) x-4 y-1 va x+2 2y-1,

1) x—5y-3=0 va 3x—2y +9=0: - - :
) x=5y ey 4 3 3 _g

3)y=%x—7 va y=2x+5; 4)y:%x+6 va Sx+y+8=0.

& 1) To‘g‘ri chiziglarning har ikkalasi umumiy tenglamalari bilan
berilgan. Bunda 4, =1, B, =-5, 4, =3, B,=-2. To‘g‘ri chiziqlar orasidagi
@ burchakni (2.12) formula bilan topamiz:
1:3+(=5)-(-2) 2
JE+(E5) 37+ (=2? 2

2) Birinchi to‘g‘ri chiziq kanonik tenglamasi bilan berilgan. Ikkinchi
to‘g‘ri chizigning tenglamasini kanonik ko‘rinishga keltiramiz:
1
— y=3
x+2:2y 1dan x+2: 2
3 -8 3 -4

cosQp =

Bundan ¢= %
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4)-7) misollarda avval integral ostidagi ifoda ustida almashtirishlar
bajaramiz va keyin anigmas integralning xossalari va integrallar jadvalini
go‘llaymiz:

N ﬁdx e

:arcsinx—ln‘x+ 1+x*|+C;
5)] X dx——jl_x4_1dx——f(1—x2)dx+j & __
1+x° 1+x° 1+x°
dx x’
=—(dx+ [x’dx + =—x+—+arctgx +C;
[dx+] Isz 3 i
2x coszx—sinzx
6) [ 232 gy = ( jdxz
)'[sin22x '[4coszxsin2x I sinx cos’x
1 1
f-[ dx —fj‘ L =——(ctgx +1gx)+ C =—— +C
sin’ x cos’ x 4 2sin2x

7).'- dx :J-\/x—3+\/x—7. dx _
Nx=3-x-7 "x-3+Jx-7 Jx-3-Jx-7

= 63 e x = Tde = =3 =D C

8) Misolda ildiz osdidagi ifodadan to‘la kvadrat ajratamiz va aniqgmas
integralning 14 formulasini qo‘llaymiz:

dx ,[ dx

e
j\/3+x+x2 _I\/L}+(l

+x+x2j
4

( o (mﬁ | J( 1)2 [MJ
slu=x+—, m=|—||=hx+—+ || x+=| +| —
2 2 2 2 2

x+%+\/3+x+x2

=In +C. O
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1-misol. Integrallarni anigmas integralning xossalarini va integrallar
jadvalini qo‘llab toping:

1)[(2.3x — 4shx + 6¢0sx + 9)dx; Z)J[W .

x ©
" 1 2 _ 1_ 2
3)[Bx=7)"dx; 4) j—”f/ﬁ U,
x* cos2x
5)'[1+xzdx’ 6)Isinz2xdx’
Jx=3-x-7 Brx+x®

@ 1) Anigmas integralning 2°, 3°, 4° xossalarini va integrallar
jadvalining 3, 6, 17 formulalarini qo‘llab, topamiz:

J'(2 -3 —4shx + 6cosx +9)dx = _[2 -3%dx - I4thdx + 'f6cosxdx+ j9dx =

=2[3"dx — 4| shxdx + 6] cos xdx + 9 dx =

x

=2- 3 —4chx+6sinx+9x+ C =
n3 In

—4chx + 6sinx +9x + C.

2) Integral ostidagi kasrning suratini maxrajiga hadma-had bo‘lamiz:

2 _ 1 _1
—3x 2x+5\/;=3x2—2x 2+§.
xx X
Bundan
2 _ 1 ! 1 _1
'fmdx:'f(bcz —-2x 2 +5]~dx='f3x2dx—.f2x zdx+_|.§dx=
xx X x
l+I —l+l
x2 X
=37 —-2 +5Inx+C=2xvJx —4/x +5Inx +C.

—+1 —=+1
2 2

3) Anigmas integralning 5° xossasini qo‘llaymiz:

_ 20 _ 20
j(3x—7)1°dx=1~(3x D Le-BD ¢
320 60
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Bundan p, =4, ¢,=3, p,=3, q,=—4. U holda (2.13) formulaga binoan
4.3+3-(-4)

cosQp =
V4 +37[37 4+ (-4)

-0 yoki p=".
yoki =7

3) To‘g‘ri chiziqlarning har ikkalasi burchak koeffitsiyentli tenglamalari
bilan berilgan bo‘lib, bunda &, = % k,=2.

U holda (2.15) formulaga ko‘ra
1
~-2
2 3 3 e
o =—*7—|= - Bundan <p:arctg1z37 )

1+—-2
2

d) Birinchi tenglamaga ko‘ra kI:%. Ikkinchi to‘g‘ri chiziq

tenglamasidan topamiz: 5x+y+8=0, y=-5x-8, bunda k, =-5.
U holda
3 +5 .
tgp = 237 =1. Bundan o= o

1+E(—5)

& To‘g‘ri chiziq tenglamalarining ko‘rinishiga qarab, ularning
perpendikular bo ‘lishi quyidagi shartlardan biri bilan aniqlanadi:

AA,+BB,=0; (2.16)
PP, +499,=0; (2.17)
1+kk,=0. (2.18)

Quyidagi shartlardan biri to‘g‘ri chiziglar tenglamalarining
berilishiga ko‘ra, ularning parallel bo ‘lishini aniglaydi:

A B

Loy 2.19
A4, B’ 2-19)
B4, (2.20)
p, 4,

k =k, (2.21)
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7-misol. To‘g‘ri chiziq tenglamasini tuzing: 1) M,(-2;2) nuqtadan 3°. O‘zgarmas ko‘paytuvchini anigmas integral belgisidan tashqariga
o‘tuvchi va 2x-3y+4=0 to‘g‘ri chiziqqa perpendikular bo‘lgan; chigarish mumkin:

_ _ [kf (X)dx = k[ f(x)dx, k=const,k 0.
2) M,(-1;3) nuqtadan o‘tuvchi va %3 = yTl to‘g‘ri chiziqqa parallel

4°. Chekli sondagi funksiyalar algebraik yig‘indisining anigmas integrali
bo‘lgan; 3) y=2x-1 to‘g‘ri chiziq bilan ¢ =% ga teng burchak hosil giluvchi shu funksiyalar anigmas integrallarining algebraik yig‘indisiga teng:
va ordinatalar o‘qida 4 ga teng burchak ajratuvchi. J(f(x) £ g(x))dx = [ f(x)dx £ [ g(x)dx .

@ 1) To‘g‘ri chiziq tenglamasini Ax + By + C =0 ko‘rinishda izlaymiz.

5°. Agar f f(x)dx=F(x)+C bo‘lsa, u holda x ning istalgan
Masalaning shartiga ko‘ra:

differensiallanuvchi funksiyasi u = u(x) uchun I fW)du = F(u)+C bo‘ladi.
{—ZA +2B+C=0 (to‘g‘ri chizig M (-2;2) nuqtadan o‘tadi),

1 ‘
o o Xususan, _[f(ax +b)dx=—F(ax+b)+ C,a,b—0°zgarmas sonlar.
2-A+(-3)-B=0 (to‘'g‘ri chizig 2x-3y+4=0 to'g‘ri chizigga 1). a

Sistemaning yechimi: 4= %C, B=C. 7.1.4. Integrallar jadvali
. b 3 e a+l
Ava B koeffitsiyentlarni izlanayotgan tenglamaga qo‘yamiz: 1. [udu= " LC (ar-l); 2. du —In|ul=C;
3 a+1 u
5Cx+Cy+C:0. "
3. Ja"du=—"—+C, (0<a=l); 4. [e"du=e" +C;
Bundan Jadu Ina (O<a=l Je'du=e
3x+2y+2=0. 5. [sinudu =—cosu + C; 6. [cosudu=sinu+ C;
2) To‘g‘ri chiziq tenglamasini 4x + By + C =0 ko‘rinishda izlaymiz. 7. [tgudu =—In|cosu|=C; 8. [ctgudu =In|sinu|=C;

U holda o ‘ 9.7 z =tgu+C, 10. | .d? =—ctgu + C;
—A+3B+C =0 (to'g'ri chizig M (-1;3) nugtadan o‘tadi), cos u sin”u
AB(H...x—3 bl U d d
—=— | to‘g‘ri chizig ——==—— to‘g‘ri chizigqa |j 11. “ ke ™ s 12. ol [”+”j+c.
3.2 3 2 Isinu S Icosu 827 ’

2
Bundan 4=-C, B=-=C.
) 3 o ] 13. jLzarcsinz+C; 14. jizln‘u+\/m +C.
Demak, izlanayotgan to‘g‘ri chiziq tenglamasi: va'-u’ a Vu' ta’
2 .
—x-= 1= k —
x—yy+i=0yoK 15 - _Legt e 6, (v _ Lyuemal o
3x+2y-3=0. a +u" a a u —a  2a ‘u+a‘
3) Ordinatalar o‘qida 4 ga teng kesma ajratuvchi to‘g‘ri chizigning 17. [shudu = chu + C; 18. [chudu = shu + C;
burchak koeffitsiyentli tenglamasiy=kx+4 ko‘rinishda bo‘ladi. Misol 19. | % =thu + C; 20. | Z? =—cthu +C.
cnu snu

shartiga ko‘ray=kx+4 va y=2x-1 to‘g‘ri chiziglar ¢ :% ga teng burchak
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YII bob
BIR O‘ZGARUVCHI FUNKSIYALARINING
INTEGRAL HISOBI

7.1. BOSHLANG‘ICH FUNKSIYA
VA ANIQMAS INTEGRAL

Boshlang‘ich funksiya. Anigmas integral.
Anigmas integralning xossalari. Integrallar jadvali

7.1.1. y = f(x) funksiya (a;b) intervalda aniglangan bo‘lsin.

Agar Vxe(a;b) da F'(x)= f(x) (yoki dF(x)= f(x)dx) bo‘lsa, F(x)
funksiyaga (a;b) intervalda f(x) funksiyaning boshlang ‘ich funksiyasi
deyiladi.

& Agar F(x) funksiya f(x) funksiya uchun (a;b) intervalda
boshlang‘ich funksiya bo‘lsa, u holda f(x) funksiyaning barcha
boshlang‘ich funksiyalari to‘plami F(x)+C kabi topiladi, bu yerda
C —ixtiyoriy o‘zgarmas son.

& (a;b) intervalda uzluksiz bo‘lgan har qanday funksiya shu
intervalda boshlang‘ich funksiyaga ega bo‘ladi.

7.1.2. f(x)  funksiyaning (a;p) intervaldagi  boshlang‘ich
funksiyalari to‘plami F(x)+Cga f(x) funksiyaning anigmas integrali
deyiladi Vaj f(x)dxkabi belgilanadi.

Boshlang‘ich funksiyaning grafigi integral egri chizig deyiladi.
Aniqmas integral geometrik jihatdan ixtiyoriy C o‘zgarmasga bog‘liq
bo‘lgan barcha integral egri chiziqlar to‘plamini ifodalaydi.

7.1.3.Anigmas integral quyidagi xossalarga ega.
I’ Anigmas integralning hosilasi (differensiali) integral ostidagi
funksiyaga (ifodaga) teng:
(Jf()dx) = f(x) (] f(x)dx = f(x)dx).
2°. Funksiya differensialining aniqmas integrali shu funksiya bilan
o‘zgarmas sonning yig‘indisiga teng:
[dF(x)=F(x)+C.
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tashkil qiladi. U holda (2.15) formulaga ko‘ra tg45°:1k_22k yoki
+

1+ 2k=+(k-2). Bundan k=-3 va k:%. Demak, y=-3x+4 va y:%x+4

yoki
3x+y-4=0vax-3y+12=0. O

To‘gri chiziqlar umumiy tenglamalari Ax+By+C =0 va
A,x+ B,y +C,=0bilan berilsa, ularning kesishish nugqtasi koordinatalari
quyidagi sistemadan topiladi:

Ax+By+C =0,

{A2x+ B,y+C,=0.

Bunda M(x;y) kesishish nuqtasi orqali o‘tuvchi to‘g‘ri chiziglar
dastasi ushbu

(2.22)

Ax+By+C +A(4,x+B,y+C,)=0 (2.23)
tenglama bilan aniglanadi, bu yerda A —sonli ko‘paytuvchi.

8-misol. 2x—y—-2=0a to‘g‘ri chiziq bo‘ylab yo‘naltirilgan yorug‘lik
nuri x-2y+2=0 to‘gri chiziqgda akslanadi (qaytadi). Qaytuvchi nur
yo‘nalgan to‘g‘ri chiziq tenglamasini tuzing.

@ Yorug‘lik nurining qaytish nuqtasi 2x—y—-2=0 va x-2y+2=0
to‘g‘ri chiziglaming kesishish nuqtasi bo‘ladi.

Bu nuqta M (x;y) bo‘lsin.

Uni quyidagi sistemadan topamiz:

2x— y—=2=0,
x=2y+2=0.

Bundan M (2;2). Yorug‘lik nuri akslanuvchi va yo‘nalgan to‘g‘ri chiziglar

orasidagi burchak tangensini topamiz:
1
~-2
2

1+l~2
2

tga = 3
g "

Bu son yorug‘lik nuri qaytuvchi va akslanuvchi to‘g‘ri chiziqlar orasidagi
burchak tangensiga teng bo‘ladi.
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U holda
1
3.5
4 1+l~k
2

bu yerda & — nur qaytuvchi to‘g‘ri chizigning burchak koeffitsiyenti.
Bundan & = —%.
Demak, izlanayotgan to‘g‘ri chiziq M(2;2)nuqtadan o‘tadi va uning

burchak koeffitsiyenti kz—l—zlga teng. U holda (2.8) tenglamaga ko‘ra

y—2=—%(x—2) yoki

2x+11y-26=0. O

To‘g‘ri chiziglar umumiy tenglamalari Ax+By+C =0 va
A,x+ B,y + C, =0 bilan berilgan bo‘lsa
4_8_6, (2.24)
A, B, C

2 2 2

tengliklar to‘g‘ri chiziglarning ustma-ust tushish shartini ifodalaydi.

9-misol. @« va b ning qanday qiymatlarida 5x-3y+1=0 va
ax + by —2=0 to‘g‘ri chiziqlar ustma-ust tushadi?
@ To‘g‘ri chiziglarning ustma-ust tushish shartiga ko‘ra

5 -3 1
a b -2
Bundan
a=-10, b=6. O

2.2.4. Nuqtadan to‘g‘ri chiziqqa tushirilgan perpendikularning
uzunligiga nuqtadan to ‘g 7i chiziggacha bo ‘Igan masofa deyiladi.
M, (x,;y,) nuqtadan Ax + By + C =0 to‘g‘ri chizigqacha bo‘lgan masofa
| Ax, + By, + C|
d=""—2_— 2.25
NA* +B® 2.25)

formula bilan topiladi.
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8°. Funksiyani qavariqlikka va botiqlikka tekshiramiz va egilish

nuqtalarini topamiz.

y 2x=2)(x -1 =2(x=D(x* =2x -1 4 )
f(x):( )( )(x_(1)4 )( )::(x_1)3’ f(x)¢0
y
2422 T = at ]
-
7 o i 1442 X
ile
3-shakl.

Ikkinchi tartibli hosila x, =1nuqtada mavjud emas. " hosilaning
ishorasi bu nuqtadan chapda manfiy va o‘ngda musbat.

Demak, funksiyaning grafigi (-oo;1) intervalda qavariq, (I;+o)
intervalda botiq bo‘ladi. Funksiya grafigining egilish nuqtasi yo‘q.

1’ —8° bandlardagi tekshirishlar asosida funksiya grafigini
chizamiz (3-shakl). @
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1030, y= Xt
x-1
@& 1°. Funksiyaning aniqlanish sohasi: D(f)=(-;1) U (1;00);
2°. x=0da y=-1 bo‘ladi. Funksiya Oy o°‘qini (0;-1)nuqtada kesadi.
v #0 bo‘lgani uchun funksiya Oxo‘qini kesmaydi.

3°. Funksiya (I;+o0) intervalda musbat ishorali va (—o«;1) intervalda

manfiy ishorali.
4°. Funksiya uchun f(-x)= f(x)va f(-x)=—f(x)tengliklar bajarilmaydi.
Demak, u umumiy ko‘rinishdagi funksiya.

x*+1 X'+l

5. lim =+c0o va lim =
oo X —1 0 x—1
Demak, x=1 to‘g‘ri chiziq vertikal asimptota bo‘ladi.
2 2
k=lim L _ b:lim(x +1—1-xj=limx+1=1.

worn X(x —1) xotol -y — |

Demak, y=x+1 to‘g‘ri chiziq x — +eoda hamx — -« da ham gorizontal

asimptota bo‘ladi.
6°. Funksiyaning o‘sish va kamayish oraliglarini topamiz.

f'(x):zx(x_l)_zxz -1_x “2 1 ey =0dan x =1-42, x,=14+2.
(x-1D (x-1)

Hosila x =1 nuqtada mavjud emas va x, =1-+2, x,=1++/2x=0
nuqtalarda nolga teng. Bu nugqtalar berilgan funksiyaning aniqlanish
sohasini to‘rtta (-0l —+/2), (1-~/2;1), (I;1+~/2), (1++/2;+) intervallarga
ajratadi. Funksiya (—o0;1 —+/2), (1++/2;+0) intervallarda o‘sadi va (1 - ﬁ;l)
(1-+/2;1), (1;1++/2) intervallarda kamayadi.

7°. Funksiyani ekstremumga tekshiramiz. Hosilaning har bir kritik
nuqtadan chapdan o‘ngga o‘tgandagi ishoralarini chizmada belgilaymiz:

+ —

- +
1-2 1 1+42 x

Demak, x=1-+/2 maksimum nuqta, x=1++/2 minimum nugqta.

Vo =f(1=N2)=2-242, y . = f(1+2)=2+242.
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10-misol. 4BC uchburchakning A(4;1) uchidan 5x+12y-6=0 tenglama
bilan aniglanuvchi BC tomoniga tushirilgan balandlik uzunligini toping.

@ [zlanayotgan balandlik uzunligi 4 uchdan BC tomongacha bo‘lgan
masofaga teng bo‘ladi. Uni (2.25) formula bilan hisoblaymiz:

15-4+1-12-6]
d—W—Z(mb}. o
11-misol. 3x+4y-4=0 va 6x+8y+5=0 parallel to‘g‘ri chiziglar
orasidagi masofani toping.

@& Birinchi to‘g‘ri chiziqda ixtiyoriy M (x;y)nuqtani olamiz. Masalan,
agar x=0 bo‘lsa, u holda y =1 bo‘ladi, ya’ni M (0;1).U holda berilgan parallel
to‘g‘ri chiziglar orasidagi ¢ masofa M (0;l)nuqtadan ikkinchi 6x+8y+5=0
to‘g‘ri chiziggacha bo‘lgan masofaga teng bo‘ladi. Uni (2.25) formula bilan
hisoblaymiz:

16048145 13

Bup. o
Joss  10"P

Mustahkamlash uchun mashqlar

3.2.1. Chizigning berilgan parametrik tenglamalarini
F(x;y)=0 ko‘rinishga keltiring:

1) x=t+1, : 2) x:40f)st, :
y=3tteR y=3sint,t €[0;27]
=t-2, x=0,5gt>,

3 : 4) o
y=t —4t+5,teR y:vhteR*

3.2.2. To‘g‘ri chiziglarning burchak koeffitsiyentini va koordinata
o‘qlarida ajratgan kesmalarini toping:
1)3x+4y-12=0; )x=3y-2; 3)yT“=x_3

4

: 4)£+X:l_
5 3 2
3.2.3. To‘g‘ri chiziqning tenglamasini tuzing: 1) M,(2;-3) nuqtadan
o‘tuvchi va 7={3;4} normal vektorga ega bo‘lgan; 2) m,(-2;-3) nuqtadan
o‘tuvchi va §={-1;3} yo‘naltiruvchi vektorlarga ega bo‘lgan; 3) M, (-23)
nuqtadan o‘tuvchi Ox o‘qqga perpendikular bo‘lgan; 4) am,(3;2) nuqtadan
o‘tuvchi Oy o‘qda =35 ga teng kesma ajratuvchi.
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3.2.4. Tenglamalardan qaysilari to‘g‘ri chizigning normal tenglamasini 7.30. Jx+./y=5xp.

ifodalaydi? @ Tenglikning har ikkala tomonini differensiallaymiz:
1)y+2=0; 2)x-2,5=0;
1 1 1 1
Vx+y=5xy, ——+—=)'=5y+5x", y|——-5x =(5 —),
3)%)6—%)/—3:0; 4) %x+%y+2=0. Vy=sw wx 2y T Yol
3.2.5. To‘g‘ri chiziqlarning kesishish nuqtalarini va ular orasidagi Bundan
burchakni toping: = Vy-(10px-1) <)
35 Vx-(1-10x,/y)
1) 5x-y-3=0, 2x-3y+4=0; Z)y:Zx—E, 4x+3y-5=0;
=" +t+1
x+l_y=l oo 0 x—1_y+3 x-2_y-2 8.30. {x e
3) T T x=3y+9=0; 4) = s 53 Y= 41,
32.6. m va n ning qanday qiymatlarida mx+9y+n=0 va ® V= % _ (,Et;; Jtr )i)' _ 32tt :11 .
4x +my—2=0 to‘g‘ri chiziglar: 1) parallel bo‘ladi; 2) ustma-ust tushadi; U holda ' '
3) perpendikular bo‘ladi? 321
3.2.7. m ning qanday qiymatlarida to‘g‘ri chiziglar: 1) parallel = O _ ( 2t+1 jf _ G+ -2 +1)'G +1)
bo‘ladi; 2) perpendikular bo‘ladi? T 2t+1 2t +1y°
612t +1)=2(3¢> +1) 6t +6¢-2
1) x=mp+5=0, 2x+3y+3=0; 2) 2x-3y+4=0, mx—-6y+7=0; = Q1) = ey
3.2.8. x+y-7=0 to‘g‘ri chiziqda koordinatalari 2x — y + 4=0 tenglik 9.30.lim(2 — 2x)*~.
bilan bog‘langan nuqtani toping. =y
lim rgzxIn(2-2x)
3.2.9. 4(4;2) nuqtadan o‘tuvchi va koordinata o‘qlari bilan yuzi ) lim(2 - 2x)*" = (1") = e
2(y.b.) ga teng uchburchak ajratuvchi to‘g‘ri chiziq tenglamasini tuzing. q 2
Bunda
3.2.10. Uchburchakning uchlari berilgan: 4(-3;2), B(5;-2),C(0;4). ' . In(2-2x) (0
BD balandlik tenglamasini tuzing. hf; tgmrin(2 = 2x) = (0 0) = hfll clgnx - (o)
3.2.11. Uchburchakning uchlari berilgan: 4(-2;0),B(5;3),C(1;-1). Oxirgi limitga Lopital qoidasini qo‘llaymiz:
AD mediana tenglamasini tuzing. (22 02— 220y =2 5
N . lim P2 =29, (@ =20) _pp 2-0x 2
3.2.12. 2x—y+3=0 va x+y—2=0 to‘g‘ri chiziqlarning kesishish ol ctgm ol (ctgm) oI 7
. . C o . . sin’ ¢
nuqtasidan o‘tuvchi va 3x -4y —7=0 to‘g‘ri chiziqqa perpendikular to‘g‘ri Demak,
chiziq tenglamasini tuzing. 2

lim(2-2x)*" =e*. @

2
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4.30. y=x>"".
@® Logarifmik differensiallash formulasidan foydalanamiz:

(u")'=u”(v’lnu + 2 j

u

Shartga ko‘ra u =x, v=3sinx. Bundan «’'=1, v'=3cosx. U holda

Y ="y = x35“”(3cosxlnx + 3sinx - 1) = xs‘“‘(3cosxlnx + 3s1nxj. )

X X
530, y - VYO =D
Ax+2
& Logarifmik differensiallash usulini qo‘llaymiz.
Funksiyani logarifmlaymiz:

Iny=3In(x+1)+ gln(3x -1 —%ln(x +2).

Bu tenglikni x bo‘yicha differensiallaymiz:
1, 3 6 3 1 1

y'= +—- - .
y x+1 5 3x-1 3 x+2

»'ni topamiz:

S O B LR
TN AT 56— 3(x+2) )’

ya’'ni

, (x+1)YCBx-1° (3 18 1
y = : + - . O
Ax+2 x+1 53Bx-1) 3(x+2)

6.30. y=x3".

® (u-v)" =Y Cu®v"* formuladan foydalanamiz.

k=0
Shartga ko‘ra u=x, v=3"
Bundan
x'=1, x"=0,.,x"=0; (3')=3"In3, (3*)"=3"In3,...,(3)" =3"In"3.
U holda

(x39)" =X CXxP3H)" =Cx 3" + CX'BGH) T + .+ CIx (3N =

k=0

| !
= M3 13 I 340+ +0=3"Tn"" 3(xIn3 +n).
0! n! 1(n—1)

Demak, (x3")'” =3"In"'3(xIn3+n).
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3.2.13. To‘g‘ri burchakli teng yonli uchburchak gipotenuzasining
tenglamasi 3x + 2y — 6 =0dan va uchlaridan biri 4(-1;-2) nuqtadan iborat.

Uchburchakning katetlari tenglamalarini tuzing.

3.2.14. Parallelogrammning ikki uchi A(1;l) va B(2;-2) nuqtalarda yotadi
va diagonallari (-1;0)nuqtada kesishadi. Parallelogrammning tomonlari
tenglamalarini tuzing.

3.2.15. 4BCD to‘rtburchakning uchlari berilgan: 4(5;3), B(1;1), C(3;5),
D(6;6). Uning diagonallari kesishish nuqtasini va diagonallari orasidagi
burchakni toping.

3.2.16. Uchburchakning uchlari berilgan: A(8;3), B(2;5),C(5;-1).

Uchburchak medianalarining kesishish nuqtasidan o‘tuvchi va x+y-2=0
to‘g‘ri chiziqqa perpendikular to‘g‘ri chiziq tenglamasini tuzing.
3.2.17. Burchak tomonlaridan birining tenglamasi 4x-3y+9=0dan va

bissektrisasining tenglamasi x — 7y +21=0dan iborat. Burchak ikkinchi
tomonining tenglamasini tuzing.

3.2.18. Uchburchakning ikki uchi A4(5;1), B(1;3) va medianalari kesishish
nuqtasi M (3;4) berilgan. Uchburchak tomonlarining tenglamalarini tuzing.

3.2.19. Uchburchakning ikki uchi  A4(2;-2),B(-6;2) va balandliklari
kesishish nuqtasi M (1;2) berilgan. Uchburchakning B uchidan tushirilgan
balandlik tenglamasini tuzing.

3.2.20. Uchburchak tomonlar o‘rtalarining koordinatalari berilgan:
M, (1;-3),M ,(2;-2),M ,(-3;4). Uchburchak tomonlarining tenglamalarini tuzing.

3.2.21. Parallelogrammning ikki tomoni 2x +y-2=0, x—y+17=0
tenglamalar bilan berilgan va uning diagonallari M (-3,5;3,5) nuqtada
kesishadi. Parallelogramm qolgan ikki tomonining tenglamasini tuzing.

3.2.22. x-2y+5=0 to‘g‘ri chiziq bo‘ylab yo‘nalgan yorug‘lik nuri
3x-2y+7=0 to‘g‘ri chiziqda akslanadi (qaytadi). Qaytuvchi nur yo‘nalgan
to‘g‘ri chiziq tenglamasini tuzing.
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3.2.23. Kvadratning uchlaridan biri A4(3;4) nuqtadan iborat bo‘lib,
tomonlaridan biri 2x + 5y +3=0 to‘g‘ri chiziqda yotadi. Kvadratning yuzini
toping.

3.2.24. 4x -3y +8=0 va 8x— 6y —7=0to g ri chiziqlar orasidagi
masofani toping.

3.2.25. Kvadratning ikki tomoni 5x +12y —61=0 va 5x+12y+17=0
tenglamalar bilan berilgan. Kvadrat diagonalining uzunligini toping.

3.2.26. M (-8;12) nuqtaning 4(-5;1)va B(2;-3)nuqtalardan o‘tuvchi
to‘g‘ri chizigdagi proyeksiyasini toping.

3.2.27. 3x+4y-7=0 to‘g‘ri chiziqga parallel bo‘lgan va
A(3;-Dnuqtadan 3(uzb) masofada yotuvchi to‘g‘ri chiziq tenglamasini
tuzing.

3.3. IKKINCHI TARTIBLI CHIZIQLAR

Aylana. Ellips. Giperbola. Parabola.
Ikkinchi tartibli chiziqlarning umumiy tenglamasi

3.3.1. Oxy koordinatalar sistemasida x,y o°‘zgaruvchilarning
ikkinchi darajali tenglamasi  bilan aniqlanuvchi chiziq (egri chiziq)
tekislikdagi ikkinchi tartibli chizig deyiladi.

Tekislikdagi ikkinchi tartibli chiziglarga aylana, ellips, giperbola va
parabola kiradi.

Markaz deb ataluvchi nuqtadan teng uzoqlikda yotuvchi tekislik
nuqtalarining geometrik o‘rniga aylana deyiladi.
(x _xo)2 + (y _yo)2 =R’
tenglamaga aylananing kanonik tenglamasi deyiladi. Bunda M (x,; y,) nuqta
aylana markazi, R masofa aylana radiusi deb ataladi.
x*+y*=R’ tenglama markazi koordinatalar boshida yotuvchi va radiusi
R gateng aylanani aniqlaydi.
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5B -Tx—xY)

® 7

3.30. y= .

® N (5 SEUPWIEIC D DY PSP S P
y,[32x23x+1][(x X )je (2x X )(e)

1 (=7 —2x) 20 7+ 2x 20

2.30. y=arctg*4x-3"".

= (arctg’4x -3 = (arctgdx)'- 3™ + arctg’4x - (3™") =

=3arctg’4x(arctgdx) -3 + arctg’4x -3 In3 - (sinx)' =

=3arctg’ 4x - 0 <(4x)" -3 + arctg’4x -3 In3-cosx =

+16x°

=3arctg’4x - 3"t aretg’4x -3 In3 - cosx =

1+16x°

=3""arctg’4x - Lz+ln3-arctgx-cosx. ey
1+16x

V2x* =3x+1

X

e}

’ ’

2x
3

3

e e

= z LR ] '
%(2x2 -3x+1) *(2x* =3x+1)e’ —(2x° _3x+1)3ez(;‘]

2x
3

e

o —25  _lpe e
3/(Q2x* -2x+1)° 3

4x-3-2x"+3x-1  -2x"+7x-4

: T )
3e3/(2x* =3x+1)*  3e’3/(2x’ —3x+1)’

- A=- - <
R T oo o P 1T
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29-variant

. y=5x" —4x+1- 4

2. y=In’x-arctg7x".

(x—-5)*
esinx s
.y:W. 4. y=(x2—2) i
53 2 _1 5
y==, (gxl)g) : 6. y=ye™".
X —
.t
() =3x-y". 8. /Y=o
y =cost.
. lirrnl[tgx— - ) 10. y= 3x2'
e 1—sinx 1+x
30-variant
. y=Y3-7x-x’ +W. 2. y=arctg 4x -3,
X—
V2x* =3x+1 s
Sy 4. y=x
e?
(x+1)°yBx-1)° N
yzﬁ. 6. y=x3
x=t"+t+1,
. + =5xy.
Vx ﬁ i {y=t3+t.
2
. lim(2 = 2x)%. 10, y=* 1
N x—1

x
2

NAMUNAVIY VARIANT YECHIMI

1.30. y=43-T7x—-x"+ 4

(=7

@y':(m)’{ 4 j:[o—n—f)ij+(4(x—7>'5)'=

(x=7y

:§(3—7x—x2)_ g(3—7x—x2)' + A5 (x=T) (x=7) =
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1-misol.  Koordinatalari x=Rcost, y=Rsinttenglamalar  bilan
aniqlanuvchi M (x;y) nuqta aylana nuqtasi bo‘lishini ko‘rsating.

@ M (x;y)nuqta koordinatalarining har ikkala tomonini kvadratga
ko‘taramiz va hadlab qo‘shamiz:

x’+y*=R’cos’t+ R’sin’t=R’(sin’t +cos’t) =R’
yoki
x*+y* =R

Demak, koordinatalari x=Rcos?, y=Rsin¢ tenglamalar bilan aniglanuvchi
M (x;y) nuqta markazi koordinatalar boshida yotuvchi va radiusi R ga teng
aylanada yotadi. @

Aylanani aniqlovchi ushbu
{szc.ost, (32)
y=Rsint, t€[0;27]

tenglamalar sistemasiga aylananing parametrik tenglamalari deyiladi.

2 —misol. Aylananing kanonik tenglamasini tuzing: 1) markazi

koordinatalar boshida joylashgan va radiusi R =35 ga teng bo‘lgan;

2) markazi 4(—4;3) nuqtada joylashgan va koordinatalar boshidan o‘tgan;

3) B(—4;2) nuqtadan o‘tuvchi va koordinata o‘qlariga uringan;

4) diametrlaridan birining uchlari koordinatalar boshida va C(-4;6) nuqtada
yotgan; 5) markazi koordinatalar boshida joylashgan va 12x-5y+26=0
to‘g‘ri chiziqqa uringan.

@ 1) Markazi koordinatalar boshida yotuvchi va radiusi R ga teng
aylana tenglamasidan topamiz:

x*+y?=25.

2) (3.1) tenglamaga binoan: (x+4)’+(y-3)’=R’. Bu aylana
koordinatalar boshidan o‘tadi. Shu sababli (0+4)* +(0-3)’=R*. Bundan
R*=25.U holda

(x+4)° +(y-3)* =25.

3) B(-4;2) nuqtadan o‘tuvchi va koordinata o‘qlariga uringan aylana
markazi M (-R;R)nuqtada yotadi. (3.1) tenglamadan topamiz:
(4+R)’+(2-R)’ =R’ yoki R>-12R+20=0.
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Bundan R =2, R, =10. U holda izlanayotgan tenglama
(x+10)* +(y—10)* =100 yoki (x+2)° +(y—2)* =4.
4) 0(0;0) va C(—4;6) nuqtalardan o‘tuvchi diametrning kvadratini
topamiz:
d’=(-4-0) +(6-0)*=52.
Bundan 4R* =52 yoki R’=13. Aylana markazi M (a;b) diametr o‘rtasida

—4H0_ 5, 8105
2 2

yotadi. Shu sababli a=

Bundan
(x+2) +(y-3)*=13.
5) Markazdan, ya’ni koordinatalar boshidan urinmagacha bo‘lgan masofa
R gateng. Nuqgtadan to‘g‘ri chiziggacha bo‘lgan masofa formulasidan
topamiz:
C]12:0-5-0+26]

J12° +(=5)°

X +y =4 O

R 2.

U holda

3-misol. (x-3)"+(y+2)*=25 aylanaga M(0;3)nuqtada o‘tkazilgan
urinma tenglamasini tuzing.

& M (0;3)nuqtadan o‘tuvchi urinma (to‘g‘ri chiziq) tenglamasini
y =kx +3 ko‘rinishda izlaymiz.

Aylana bilan urinmaning umumiy nuqtasini topish uchun quyidagi
sistemani yechamiz:

y=kx+3,
{(x—3)2 +(y+2)>=25.

Bundan  (x-3)’+(kx+3+2)°=25 yoki (k’+1)x*+(10k-6)x+9=0.Bu
tenglama to‘g‘ri chiziq aylanaga uringani uchun yagona yechimga ega
bo‘ladi. Su sababli tenglamaning diskreminanti nolga teng, ya’ni

(5k-3)> -9(k*+1)=0 yoki 16k*>-30k=0. Bundan £ =0, £, =%. To‘g'ri

chizigning burchak koeffitsiyentini y = kx + 3 tenglamaga qo‘yamiz:
y=3va yz%sx+3 yoki

y=3va 15x-8y+24=0. O
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y . {x =cos3t,
cxe’ +yet =xy. 8.

y =sin3t.
. Xx—arctgx x> -1
clim———— - 10. y = -
x—0 X 4x
27-variant
3 2 2
. y= - V5x7 —4x + 3. 2. y=ctg3x-arccos3x’.
(x—4)
/ 2
y=Y3ET=x 4. y=(x+2)*.

X

e

Y(Q2x +1)°

. y= ) 6. y=x'e".
J(x+1)*(Bx-2)
_ sint
_y " 1+sint’
. cosxy =", 8. . cost
1+cost’
1 1 x*+16
clim| ————— 10. y= .
1}5‘(1nx sin(x—l)] T
28-variant
o y=A4x’ -3x- —ﬁ. 2. y=arccos’ 4x - In(x - 3).
Y
e(ng.t .
. =, 4. =x‘.
7 (x+4)3 4
N2x+1-3/(x +1)°
y= . 6. y=In(5x-1).
(2x—3)’
e
x4y =10x+y=0. 8. 1tj_t
=
xt+e x+2)
. lim —. 10. yz( ) .
e x4 et x—1
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-y

24-variant

3

TSy s S R
y=( ) 6x> +3x-7

sin5x

e

— 2)2

~ (3x

_ (x+3)3/(Bx—1)°

Xty
. € =

. lim(
x—0

« V=

3. y=

Jix-3)°

X,

gy

+sin x)“".

3

NI+5x-2x" + o
(x=3)
N3+2x—x2

ex

V2x+13/(x - 3)°

5. y=
Y (x+1)°

7. cos(x—y)—y+4y=0.

9. lim

Incosx

x—0 X

. y=A2x"—5x+ —(32)4
Y—

e3x

P a7
G-+ 1)
 ex+3)t

2. y=cos’3x-tg(4x+1)

x+6

4. y=(sinx)"".

6. y=1g(1+6x)

xX=£ +1 +¢,
8. yert+l
ot

2 +16

10. y=

25-variant

3

2. y=tg*x-arcsin 4x°.

6. y=sin2(x—1) +cosx.

8.
y =cos2t.

_x2+4x+1

10. » >
x

26-variant

4. y=(cosx)

6. y=xa".

x=t+lsin21,
2

P 4x

2. y=arcsin’ 2x - ctg 7x".
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3.3.2. Har biridan fokuslar deb ataluvchi berilgan ikki nuqtagacha
bo‘lgan masofalarning yig‘indisi o‘zgarmas miqdorga teng bo‘lgan tekislik

nuqtalarining geometrik o‘rniga ellips deyladi.
S AR A R (3.3)

4=

a b

tenglamaga ellipsning kanonik tenglamasi deyiladi.
4 -misol.x=acost, y=bsins tengliklar ellipsning nuqtasini aniqlashini

ko‘rsating.
® x=acost, y=bsint tengliklardan topamiz: > =cost, % =bsint.
2 2 2 aZ
U holda (x] + (y) —cos’t+sin’t=1 yoki + y—z =1.
a b a b
Demak, x=acost, y=bsint tengliklar ellipsning nuqtasini aniglaydi.
Ellipsni aniglovchi ushbu
X =acost
’ 3.4
{y=bsint, te[0;2r] (3.4

tenglamalar sistemasiga ellipsning parametrik tenglamalari deyiladi.
Ellipsda 2a, 2b uzunliklariga mos ravishda katta va kichik o‘qlar,

a,b sonlarga mos ravishda katta va kichik yarim o‘qlar deyiladi.
e =5 Kattalikka ellipsning ekssentrisiteti deyiladi. Bunda 0< s <1.

a
M nuqtadan d,,d, masofada o‘tuvchi va tenglamalari x=+< dan
g

iborat bo‘lgan to‘g‘ri chiziqlar ellipsning direktrisalari deb ataladi.

Direktrisalar ushbu
7 I 5

1

Z:d—zz

tengliklarni ganoatlantiradi. Bunda r, , », fokal radiuslar deb ataladi.

&

Ellipsning fokal radiuslari
r=a-—é&, r,=a+é&

formulalar bilan aniglanadi.
a<b bo‘lganda (3.3) tenglama uzunligi 25 ga teng katta o‘qi Oy o‘qida
yotuvchi va uzunligi 2aga teng kichik o‘qi Ox o‘qida yotuvchi ellipsni
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aniqlaydi. Bu ellipsning fokuslari F(0;c)va F,(0;—c)nuqtalarda yotadi, bu
yerda ¢=+/b* -a’.

a=>b bo‘lganda (3.3) tenglama markazi koordinata boshida yotuvchi
va radiusi a ga teng aylanani aniglaydi.

5-misol. Fokuslari abssissalar o‘qida koordinatalar boshiga nisbatan
simmetrik joylashgan va quyidagi shartlarni qanoatlantiruvchi ellipsning
kanonik tenglamasini tuzing: 1) 4(8;0) va B(0;7) nuqtalardan o‘tuvchi;
2) katta o°qi 8 ga, fokuslari orasidagi masofa 6 ga teng; 3) katta o‘qi 16 ga,

ekssentrisiteti % ga teng; 4) katta o‘qi 10 ga, direktrisalari orasidagi

masofa 25ga teng; d) fokuslari orasidagi masofa 3 ga, direktrisalari
orasidagi masofa 8 ga teng.
@ Ellipsning tenglamalarini har bir bandda berilgan shartlar asosida
tuzamiz.
1) A(8;0) va B(0;7) nuqtalarning koordinatalari (3.3) tenglamani
qanoatlantirishi kerak, ya’ni
64 0 0 49

?4‘?:1, ?"‘biz:l.
Bundan &’ =64, b> =49. U holda
2 2
LA
64 49

2) Shartga ko‘ra: 2a=8, 2c=6. Bundan a=4, ¢=3,
b*=a’-c*=16-9=7. Uholda

16 7

Il
\®)

-a

=

3) Shartga binoan: 2a=16, g:%. Bundan a =38, 5:% yoki ¢=
a
Uholda o’ =64, b°=64—-4=60 va

RPN Y
64 60

4) Shartga asosan: 2a=10, d, +d, =25. Bundan a =5,

_25 yoki = 2%
25

U

& & & & c

rz_rl+r2_2a_2a2 s
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1. y=Jx-3) + 2

3. y=

X}

e

Tx?—5x—8

\/x2+5x—l-

JY(2x-3)*

.y=15/(x—1)2(3x+1)2'

7.y -3x’y+9=0.

9. lim(7 - x)tgg.

X7

1. y=Vx- —%.
1-3x—4x

3 3 ecthx

TG —dx+2)

5. )= QCx+1)’3/(x+1)’°

(2x+3)*

7. ysinxy=cosy.

9. lim

X0

L y=4/(x-1) -

3.y=

Inx

3\/}

arccos® x

Jx+s
5., B-0G—))
) (2x-1)’43x

4
Tx®=3x+2

7. vt —4x*y+9=0.

Inx

)

21-variant

2. y=sin’3x - arctg+/x.
4. y=x

6. y=3e.

arcsin x

x=1+1,

10. y=

22-variant

2. y=cos*3x-arcsin3x’.

4. y=(arcsinx)".

5x?

x2-25

6. y=xe".

s.{

10. y

23-variant

2. y=sin’2x-cos8x’.

4. y=(tgx).

x—1

6. y — 42x+3

5 |

10. y

2
x=t%,

y=1-cost.

x2+1

X

t
X=cos—,
y=t—sint.

_xP-3x+3
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()

5 5
1. y= -4y
y=yl-4) + (2 + dx—1)
3, NTx =5x+2
* ecosx °
5. /(x—1)

c ==+

.y ;

« V=

5
2x* —4x+7
3%’ —5x+10

X

e

J(x+5) (x+2)°

J(x+1)?

< In(x* + ) +arctg£:O.
y

1g2x

-+ lim (fgx)*" .

xo—
4

- (x+3) ' 4(x+1)°

X =2xy+y =1.

. lim(x’e™).

X0

cy=VTx =3x +5- >

(x=1°
etg3x
3x? —x+4 .
ye Yx+5°2x -1

(x=1)’

. \/;+\/;:3+%y2.

18-variant

2. y=5" -arccos2x’.
4, y=(x" -1

6. y=sin(x —1) + cos(x +1).

X =tcost,
8. ]
y =tsint.

3
X

10, y=—"—.
TR

19-variant

2. y=sin*3x-arctg2x’.

4. y=(1gx)"".
_ 2x+1

Y 3+4x

x =2t —sin2¢t,

s.{ -
y=sm-t.
3-x?

10. y= .
Y x+2

20-variant

2. y=tg’2x-arcsin/x
4. y — (e3x)sinx.

6. y=e"".

3 {x =arcsin(¢® — 1),

y =arccos 2¢.

4x
10. y= .
7 (x+1)°
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U holda a* =25,b> =25-4=21va
2 2

X Y

—+=—=1.
25 21
5) Shartda berilishicha 2¢=6, d, +d, =8. Bundan ¢=3, 2a__g.
C

U holda a2=8§=8—;=12,b2:12—9:3 va
2 2
* oo
12 3

6 —misol. 24x* +49y* =1176 tenglama bilan berilgan ellipsda toping:

1) yarim o‘qlar uzunligini; 2) fokuslar koordinatalarini; 3) ekssentrisitetni;
4) direktrisalarning tenglamalari va ular orasidagi masofani; 5) ellipsning
M (x;y)nuqtasidan chap fokusgacha bo‘lgan masofa 12 ga teng bo‘lsa,
M (x; y)nuqtani.
@ Ellips tenglamasining har ikkala tomonini 1176 ga bo‘lib, uni

kanonik shaklga keltiramiz:

x—2+y—2:1.

49 24

1) Bu tenglamadan topamiz: a* =49, b* =24,ya’ni a=7, b=246.

2) ¢’ =a’ —b’tenglikdan topamiz: ¢’ =49-24=25, ¢=5.
Bundan F,(5;0), F,(-5;0).

3 e= € formuladan topamiz: ¢ = ;
a

4) Ellipsning direktrisalarini x = +2 formulalar orqali topamiz:

&
7 49 y. 49 49
=t =t— = x =
x *5 £ yamix =—.x, 5
7

U holda direktrisalar orasidagi masofa

d:49_(_49):98_
5 5) 5

5) M (x;y)nuqtadan chap fokusgacha bo‘lgan masofa r, =12.
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U holda 7, =a + &x formulaga ko‘ra 12=7+ %x. Bundan x=7. xni ellipsning
kanonik tenglamasiga qo‘yib, M (x;y)nuqtaning ordinatasini topamiz:

14+ % =1 yoki y=0. Demak, M(7;0).

3.3.3. Har biridan fokuslar deb ataluvchi berilgan ikki nuqtagacha
bo‘lgan masofalar ayirmasining moduli o‘zgarmas miqdorga teng bo‘lgan
tekislik nuqtalarining geometrik o‘rniga giperbola deyiladi.

Y p=-d (3.5)
a b
tenglamaga giperbolaning kanonik tenglamasi deyiladi.

yziéx tenglama bilan aniqlanuvchi to‘g‘ri chiziqlarga giperbolaning
a

asimptotalari deyiladi.
Giperbolada 2a uzunlikka haqiqiy o‘q, 256 uzunlikka mavhum o‘q,
a,b sonlarga mos ravishda haqiqiy va mavhum yarim o‘qlar deyiladi.

¢ =< Kattalikka giperbolaning ekssentrisiteti deyiladi. Bundag > 1.
a

M nuqtadan d, va d, masofada o‘tuvchi, tenglamalari x= +% dan ibo-
€

rat to‘g‘ri chiziqlar giperbolaning direktrisalari deb ataladi. Direktrisalar ushbu

n_nh

—_— ==&
d, d

1 2

tengliklarni qanoatlantiradi.
Giperbolaning fokal radiuslari ushbu
x>0 bo‘lganda r,=ex—a, r,=ex+a;
x<0 bo‘lganda r,=—a—e&x, r,=a—&x
formulalar bilan aniqlanadi.

7-misol. Fokuslari abssissalar o‘qida koordinatalar boshiga nisbatan
simmetrik joylashgan va quyidagi shartlarni qanoatlantiruvchi giperbolaning
kanonik tenglamasini tuzing: 1) M, (8;2v2) va M (-6;1) nuqtalardan o‘tuvchi;
2) fokuslar orasidagi masofa 26 ga, mavhum o°‘qi 5 ga teng; 3) fokuslar
orasidagi masofa 8 ga, ekssentrisitet 2 ga teng; 4) fokuslar orasidagi masofa

20 ga, direktrisalar orasidagi masofa % ga teng ; 5) fokuslar orasidagi
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.Yy

c =3y -

<Yy

o y=3x"+2x-5+ 4

(x-2)"

p— 3X2
2x* —x+4)*

)= Nx+1-3/(x=3)°

2x-1*

. y=Xx+xsiny.

e —1

. lim— .
>0 81N 2x

3
2x  =3x+1"
e4x

T G5y

NEIIRNET

J(x+3)!
Y

2y

e —e+ 2 =1.

X

1

. lim (cos x)? .
x—0

.y 7 —/8—5x+2x".

S (x+2)°

B esin4x
C(2x-5°

e QCx-D'J(x+1)’

2x+3)°

. e’ +3x%e) =4x.

1

- lim(1 +sinx)".

15-variant

2. y=2"".arctg5x’.
4. y=(sinx)""

6. y=Ig(x+3).

x=2—cost,
s.{ .
y=t—sint.

_8(x—1)

10. y= .
T 1y

16-variant

2. y=4"-In(x +2).

4. y — (3x2 _ l)arcsinx.

x=t+Incost,
y=t—Insint.
_ 2x-1

10. y= .
T

17-variant

2. y=3*.arcsin7x".

4. y=(e)™.
6. y: /e3x+l.
=3+ cost,
8. {x c?s
y=t+sint.
o
10. y:37
x” =1
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ed

. y=+3x"-2x +x—%

x+2)°
y=05x"+4x-2)" e,

5. )= J(x+5)°2x+1)’

<y

-y

(x=1y’

cylnx—xlny=x+y.

X sin x

a —a

o lim———

x—=0 X

. y= 3 ——3/Bx* —x+ D"
(x+4)

clgs5x
e

T (Bx-5)"
Y =3y
C2x=1)7Cx+1)°

eV —x+y' =0,

In(cosax)
% In(coshx)

cy=3(x-4) - 10

(Bx* =5x+1)
y= (2xe;3) )
ye Qx+D3/(x+1)°

(x+3)*

.y =3y +sinxy=0.

e -1

. lim—.
(1 + 2x)

12-variant

2. y=cos¥x -arctgx’.
4. y=(x"+1)™",

6. y=cosx +sin(x +1).

13-variant

2. y=1g°2x-cos7x’.

4. y=(sin2x)™.

X =1gt + ctgt,
“ly=2Inctg t.

10. y

_(x+D’

6. y=a™.
x=4-e"
8. 3
e 41
1
10. y =
7 x2 -9
14-variant

2. y=ctg’4x-arcsin+/x.

4. y=(x+1)**

6. y

2 x
=X e.

(=1

8 x =3cos’ t,
) y=2sin’1.

10. »

_ X
C(x-D)
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masofa 26 ga teng, asimptota tenglamalari y = i%x dan iborat.

@® 1) M (8;24/2) va M,(-6;1) nugqtalarning koordinatalari
(3.5) tenglamani ganoatlantirishi kerak, ya’ni
64 8 36 1

— ——=1, ———:1

a b a b
Bundan «° =32, b’ =8. U holda
Xy
32 8

2) Giperbolada a =+/c* —b* . Shartga ko‘ra ¢=13, b=5.
Bundan a=+169-25=12. U holda «’ =144, > =25 va

2 2

X —L_l
144 25

3) Giperbola ckssentrisiteti &= ga teng. Shartga binoan c=4, ¢=2.
a

Bundan a=S=2 va b’=c*—a*=16-4=12. Uholda
&
2 2

R4

Y.
4 12

2

4) Giperbolada direktrisalar orasidagi masofa ga teng. Shartda

2
berilishicha ¢=10, Zi:i_i. Bundan o’ =64, b’ =c’ —a’ =100-64=36 va
C
2 2
* Y g
100 36

5) Giperbolaning asimptotalari y = iéx tenglamalar bilan aniglanadi.
a

Shartga asosan ¢=13, yzi%x. Bundan éz%, bz%
a

@ = — b =169— 3 2 yoki (1+144)a2 =169.
25 25

b

Uholda «&°=25, b*=169-25=144 va
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8 —misol. 5x* —4y* =20 tenglama bilan berilgan giperbolada toping:
1) yarim o‘qglar uzunligini; 2) fokuslar koordinatalarini; 3) ekssentrisitetni;

4) asimptota va direktrisalarning tenglamalarini; 5) M (3;2) nuqtaning fokal

radiuslarini.
@& QGiperbola tenglamasini kanonik shaklga keltiramiz:
xZ B yZ
4 5

1) Bu tenglamadan topamiz: ¢> =4, b* =5,ya’ni a=2, b=+/5.

2) ¢’ =a’ + b’ tenglikdan topamiz: ¢* =4+5=9, ¢=3.
Bundan F,(3;0), F,(-3:0).

3) e =< formuladan topamiz: &= %
a

4) asimptota tenglamalari y=+

El

direktrisa tenglamalari x =+ fox

4
& 3

4) M (3;;) nugqta giperbolaning o‘ng tarmog‘ida yotadi (x=3>0).

Uholda r,=ex—a, r,=ex+a formulalarga ko‘ra

r=33.2-2,.35.,.8 o
2 2 2 2

Yarim o‘qlari teng (a=») bo‘lgan giperbolaga teng tomonli giperbola
deyiladi. Teng tomonli giperbola
xZ _ yZ — aZ

(3.6)
tenglama bilan aniglanadi. Asimptotalari Oxva Oy o‘qlardan iborat bo‘lgan

teng tomonli giperbola y = K ko‘rinishdagi tenglama bilan aniqlanadi.
X
& Agar giperbolaning fokuslari Oyo‘qida yotsa, u holda giperbola

Y X (3.7)

b

tenglama bilan aniqlanadi. Bunda giperbolaning ekssentrisiteti ¢ =% tenglik

bilan, asimptotalari y = J_réx tenglamalar bilan, direktrisalari y= ié
a &
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1. »

-y

4

7

T

97

T (2x-5)
{(x -3y

+4/8x —3x°.

T ey

. lim+/xIn? x.
x—0

sin Sx

e

Cxtgy-xt+yt=4.

« y=3x"+4x-5+

T Bx-2)
(x=2)y(x+1)’°
YT JGxr

c(x+y)Y = (x-2y)’ =0.

« y=33x"—4x+5+

. y=0Cx+D-e™.

(x=4)"

(x=3)"

I CEE NEED

* lim

x—0

(

Bx+1)°

1

e —1

1

X

.y—x'=arctgy.

).

9-variant

2. y=cos’ x-arccos4x.

4. y=(tgx)™".

_3+4x
S 2x+1°
8 {sz(t—sint),
y=2(1-cost).
2x?
10. y= PR
10-variant

2. y=sin’7x - arcctg5x’.
4. y=x"2"

6. y=1log,(3x-1).

X =1gt,
8.+ 1
sin’¢
x
10. y = >
-x

11-variant
2. y=sin’3x - arcctg3x’.

3x

4, y=x"".

6. y=log,(x+4).

x =sin’ 41,
8. I
=—cos” 4t.
73
2x+1
10. y=———.
X
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1. y L+%’/2x2 —-3x+1.

T (x4

e —tlgx
YT a7 =5
y_(x+2)41/(x+1)5

(x=3)’
. xy+Iny-2Inx=0.

. tgx—sinx
. hmgi_.
0 4x —sinx

. yzi—3\/4—3x—x4.
(x+4)°
_cos’x
Y axray

o Je+y
Y 31

(e —=x)Y=x"+4.
. linol(l —co0s2x)ctg2x.

2 8

<Y

cy=A5xt—x+1-e7.
_%/(x+5)3(x+2)
Y Jexry

. e =sin?
x

L
. linnl(l + x)snr,

T(x—1) 6x+3x-7

6-variant

2. y=ctg’x-arccos2x’.
x+3

4. y=x

6. y=sin2x+cos(x +1).

N
8. 3 ’
y=In(t* +1).
_1)2
10, y= =D
Y x+1
7-variant

2. y=e""1g7x".
4. y=(sinx)™.

6. y — 3ax+b.

x=1-¢",
8.
y= %(63‘ +e™).

2—4x2

10. y="—-.
4

8-variant
2. y=e™"-ctg8x’.
4. y=(cosx)".
6. y=xe
=In(1+¢
&{x n(+0),

y=t—arctgt.

_x3+1
- 2
X

10. y
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tenglamalar bilan topiladi. (3.5) va (3.7) tenglamalar bilan aniqlanuvchi
giperbolalarga go ‘shma giperbolalar deyiladi.

9 —misol. %2—%:1 giperbolaning chap fokusi bilan bu giperbolaga
go‘shma giperbolaning o‘ng fokusi orasidagi masofani toping.

@ (’=a’+b> tenglikdan topamiz: ¢’=9+16=25 ¢=5. U holda
berilgan giperbola uchun F(5,0), F,(-5;0)va qo‘shma giperbola uchun
F/(0;5), F(0;=5) bo‘ladi.

Bundan

|F'F, |=/(-5-0)* +(0-5)’ =5\2(ub). @

3.34. Fokus deb ataluvchi berilgan nuqtadan va direktrisa deb
ataluvchi berilgan to‘g‘ri chiziqdan teng uzoqlikda yotuvchi tekislik
nuqtalarining geometrik o‘rniga parabola deyiladi.

Fokusdan direktrisagacha bo‘lgan p masofaga parabolaning parametri
deyiladi.

y'=2px (3.8)
tenglamaga parabolaning kanonik tenglamasi deyiladi.

Parabolada 0(0;0) nuqta uning uchi, Oxo‘q uning o‘qi deb ataladi.

. o KM . .o
Parabolaning ekssentrisiteti ¢ = kM| =1 gateng, direktrisasi x = —§

[MF|

tenglama bilan aniglanadi.

10—misol. x* =6y tenglama bilan berilgan parabolada toping:
1) fokusning koordinatalarini; 2) direktrisaning tenglamasini;

3y M (— 2;;] nuqtaning fokal radiusini.

@ 1) Shartga ko‘ra 2p =6. Bundan p=3.

U holda: 1) fokus F[O;i} = F(O;;j koordinatalarga ega bo‘ladi;

2) direktrisa y = —g = —% tenglamaga ega bo‘ladi;

3) M(— 2;;] nuqtaning fokal radiusi =y, + % = % + % =4gateng bo‘ladi. @
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3.3.5. Ikki xva yo‘zgaruvchining ikkinchi darajali tenglamasi umumiy
ko‘rinishda

Ax* +2Bxy+Cy* +2Dx +2Ey + F =0, A+ B> +C* %0 (3.9
kabi yoziladi.
Bu tenglamani koordinata o‘qlarini « burchakka burish orgali
Ax* +Cy* +2Dx+2Ey + F =0 (3.10)

ko‘rinishga keltirish mumkin.

Teorema. (3.10) tenglama hamma vaqt yoki aylanani (4=Cda), yoki
ellipsni (A4-C>0da), yoki giperbolani (4-C<0da), yoki parabolani
(A4-C=0da) aniglaydi. Bunda ellips (aylana) uchun - nuqta yoki mavhum
ellips, giperbola uchun - kesishuvchi chiziglar juftligi, parabola uchun -
parallel chiziglar juftligi kabi buzilishlar bo‘lishi mumkin.

11-misol. 3x* +4y* +30x 32y + 91 =0tenglama bilan berilgan ikkinchi
tartibli chiziq ko‘rinishini aniglang.

@& Berilgan tenglama ellipsni ifodalaydi, chunki 4-C=3-4>0.
Hagiqatan ham

3(x? +10x +25) + 4(»* =8y +16) = 75— 64 +91=0,
3(x+5)° +4(y—4) =48,
(x+5)° + -4y _1
16 12
Shunday qilib, markazi O(-5;4)nuqtada joylashgan va yarim o‘qlari

a=4, b=2+3ga teng bo‘lgan ellipsning kanonik tenglamasi kelib chiqdi. &

Mustahkamlash uchun mashgqlar

3.3.1. Aylananing kanonik tenglamasini tuzing: 1) markazi M (-1;3)
nuqtada joylashgan va radiusi R=6 ga teng bo‘lgan; 2) markazi M,(-3;5)
nuqtada joylashgan va A4(4;4) nuqtadan o‘tgan; 3) diametrlaridan birining
uchlari B(-1;3) va C(-3;5) nuqtalardan iborat bo‘lgan; 4) D(8;-4) nuqtadan
o‘tgan va koordinata o‘qlariga uringan; 5) markazi M(2;-1) nuqtada
joylashgan va urinmalaridan biri 3x+4y+3=0 to‘g‘ri chiziqdan iborat
bo‘lgan.
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cy=y(x+4)° -

- y=

9. li

cy=(x=-7) + >

45 +3x -5

sin2x

_ e
C(x+5)"

CES R CE

(x+3)

<Yy

eV —x"+xy’=0.

tg3x

o IIM .
o 1g5x

2

cos 5x

yzw/(x+5)3(x—2)3

(x+1)*

. ysinx +cos(x — y)=cosy.

. linol(x Inx).

.y #—1/(x+5)5.

T Ax—3x+1

Nx*=3x-7
e ’
RRCD ST}

(x-2)y

. xsin2y—ycos2x =10.

arcsin4x
m ..
=0 557"

2% =3x+7

3-variant

2. y=tg’2x-arccos2x’.

5x-1

4. y=(arctgx)™".
6. y=I1g(3x+1).
_

3. {x =e”,
y = cost.

_(x—?))2
10. y—4(x_1).

4-variant

2. y=2"-arctg’3x.

4. y=(arctgx)"".

6. y=1t%
1-x
X = ctgt,
8+ 1
cos?t’
2
10. y = .
7 2 +x+1
S-variant

2. y=tg’2x-arcsinx’.

cos 2x

4. y=x

6. y=2"
x =Incos2t,
" ly=sin®2s.
10. y=

x—1

x2=2x
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5-MUSTAQIL ISH

1 - 5. Hosilani toping.

6. Berilgan funksiyalarning » — tartibli hosilalarini toping.
7. Oshkormas ko‘rinishda berilgan funksiyalarning hosilasini toping.
8. Parametrik ko‘rinishida berilgan y funksiyalarning x bo‘yicha
ikkinchi tartibli hosilasini toping.
9. limitni Lopital qoidasidan foydalanib berilgan toping.
10. Funksiyani to‘la tekshiring va grafigini chizing.

1. y=V5x"-2x-1+ 8 —,
(x—35)°
3
pcas
5, - NO+3
(x=2)(x+1)"
7. xsiny—ycosx=0.

. lim(lj .
x>0 X

.y 3 -V5x-7x* - 3.

T (x+2)
B ethx
4% —3x+5

_@=' D

Jx+2)

.3 —xylnx=15.

-y

1

. iImX*.
pares

1-variant
1 4
2. y=ctg—-arccosx’.
x
4. y=(cosx)" ™.
6. y=3".

X =t+sint,
8.
y =1—Cost.

2
x"—x-1

10. y = .
x2=2x
2-variant

2. y=1gx - arcctg3x’.
4, y=(x>+1)".

6. y =sinx +cos2x.

8 x=1 +2¢,
Cly=£2+8-1.

1

1-x

10.y=

5.
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332, x* +3y* —2x+4y-20=0vax’ +y* —10y +20=0 tenglamalar bilan
berilgan aylanalar markazlari orasidagi masofani toping.

3.3.3. 2 + % =1 to‘g’ri chizigning koordinata o‘qlaridan kesgan
kesmasi aylana diametriga teng. Aylananing kanonik tenglamasini tuzing.

3.3.4. A(2;-1), B(3;4)nuqtalardan o‘tgan va markazi x—y—-4=0to‘g‘ri
chiziqda joylashgan aylananing kanonik tenglamasini tuzing.

3.3.5. Uchburchakning uchlari berilgan: 4(-2;2), B(0;-2),C(=1;-1).
Uchburchakka tashqi chizilgan aylananing markazi va radiusini toping.

3.3.6. kning qanday qiymatlarida y =kx to‘g‘ri chiziq

x* +y* —8x—2y+16=0aylanani kesadi, bu aylanaga urinadi?

3.3.7. (x—4)’ + (y — 2)* =4 aylanaga uringan va koordinatalar boshidan
o‘tgan to‘g‘ri chiziqglar tenglamalarini tuzing.

3.3.8. Aylana kanonik tenglamalari bilan berilgan:
1) x* +y* =16x; 2) x*+y*=4y; 3) X+ =2x+2y.
Qutbi koordinatalar boshida joylashgan va qutb o‘qi Ox o‘q bo‘ylab
yo‘nalgan koordinatalar sistemasida aylananing parametrik tenglamasini
tuzing.

3.3.9. Fokuslari ordinatalar o°‘qida koordinatalar boshiga nisbatan
simmetrik joylashgan va quyidagi shartlarni qanoatlantiruvchi ellipsning

kanonik tenglamasini tuzing: 1) kichik o‘qi 12 ga va ekssentrisiteti g ga teng

bo‘lgan; 2) fokuslari orasidagi masofa 10 ga va ekssentrisiteti % ga teng
bo‘lgan; 3) M (6;0)va M,(0;9) nuqtalardan o‘tgan; 4) direktrisalari
orasidagi masofa 5—30 ga va ekssentrisiteti & =§ ga teng bo‘lgan.

3.3.10. % " y? _1 ellipsga tomonlari ellips o*qlariga parallel gilib
kvadrat ichki chizilgan. Kvadratning yuzini toping.

3.3.11. ;—; + y?z =lellipsning x + y —20=0to‘g‘ri chiziqqa parallel

bo‘lgan urinmasi tenglamasini tuzing.
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3.3.12. 16x* + 25y* — 400 = 0 ellipsning fokularining biridan uning kichik
0°qiga parallel o‘tgan vatari uzunligini toping.
3.3.13. ;C—O + i}—g =lellipsning M (x;y)nuqtasidan uning o‘ng fokusigacha

bo‘lgan masofa chap fokusigacha bo‘lgan masofadan 4 marta katta. M (x;y)
nuqtani toping.

3.1.14. %+ )é i =1lellipsning M (x;y)nuqtasidan uning chap fokusigacha

bo‘lgan masofa o‘ng fokusigacha bo‘lgan masofadan 2 marta katta.
M (x;y)nuqtani toping.

3.3.15. Ellipsning fokuslaridan biridan uning katta o°‘qi oxirlarigacha
bo‘lgan masofalar 2 va 8 ga teng. Ellipsning kanonik tenglamasini tuzing.

3.3.16. Kanonik tenglamalari bilan berilgan ellipsning parametrik
tenglamalarini tuzing: 1) 16x* +25y* —400=0; 2) 144x’* + 25y* =3600=0.

3.3.17. Fokuslari ordinatalar o‘qida joylashgan va quyidagi shartlarni
qanoatlantiruvchi giperbolaning kanonik tenglamasini tuzing:

1) direktrisalari orasidagi masofa %ga va ekssentrisiteti gga teng bo‘lgan;
2) direktrisalari orasidagi masofa 21—838 ga teng va asimptotalari tenglamalari
y= i%x bo‘lgan; 3) direktrisalari orasidagi masofa 3—52 ga va haqiqiy o‘qi

8 ga teng bo‘lgan; 4) direktrisalari orasidagi masofa ? ga va fokuslari
orasidagi masofa 14 ga teng bo‘lgan.

3.3.18. Giperbolaning nuqtalaridan biri va asimptotalarining
tenglamalari berilgan. Giperbolaning kanonik tenglamasini tuzing:

5 2

D) M(62),y=%7x; 2) M(42),y=+""x;
3) M(43),y= i%x; 4) M(63),y= J_r*fx.

3.3.19. Giperbolaning ekssentrisiteti 2 ga teng. Uning asimptotalari
orasidagi burchakni toping.
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x+1

x2+2°

X +3
, X, =2
x=2"""
y=3-2x", x,=—
x' -1
= , x, =1
1 70
X
,x =1
x2_4 0
x3
) y_x2+1’ o
dx-2 o
Yx+27 7"
x*=3x+1
= x N 0

.y=6x"-x, x,=3.

. yzi/?—\/;, x, =1

21-variant

2. y=+4x-3, x=0,88.

22-variant

2. y=4/x*+5, x=198.
23-variant

2. y=x"+7, x=101.
24-variant

2. y= F , x=0,1.

1+x

25-variant

2. y=+x"-7x+10 , x=098.

26-variant

2. y=x"-4x*+6x+3, x=1,03.

27-variant

2. y=+l+x, x=03.
28-variant

2. y=4x, x=1586.
29-variant

2. y=+l+x+sinx , x=0,02.

30-variant

2. y=4/2x—sin% , x=101.
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cy=x"=3x, x,=-2.

. y=x"+8/x-16, x, = 4.

. yzx/;—?)x, x, =1
. y=3x-20, x, =-8.

el
-y 1_\/;’ 0

9.

. y=4/x-16, x, =16.

. y=3x"-2x+6, x, =2.

.y=x+2Jx+1, x, =1

X =2x

, x, =—1.
x*+1

0

cy=22x-x, x,=2.

9-variant
2. y=arcsinx , x=0,06.

10-variant

2. y=+x"+x+2, x=097.
11-variant

2. y=4x"+2x+5, x=098.
12-variant

2. y=x", x=0,99.

13-variant
2. p=1 2% i—044.
2+x
14-variant

2. y=5x"-2x+3, x=2,01.

15-variant
2. y=\/;+4x/; , x=159.

16-variant
2. y:51/3_x , x=0,15.
3+x
17-variant

2. y=+4+x" , x=0,2.

18-variant
2. y=+x’+1, x=2,04.
19-variant

2. y=+x+2x>+1, x=1,03.

20-variant

2. y=+x’+2x+4 , x=198.
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3.3.20. Giperbolaning asimptotasi haqiqiy o‘q bilan %ga teng burchak
tashkil qiladi. Giperbolaning ekssentrisitetini toping.

3.3.21. b ning qanday giymatlarida y=2x+5 to‘g‘ri chiziq
18x* — 7y* =126 giperbolani kesadi, bu giperbolaga urinadi?

3.3.22. 5x* +17y* —=85=0 ellips berilgan. Ellips bilan bir xil fokuslarga
ega bo‘lgan teng tomonli giperbolaning kanonik tenglamasini tuzing.

3.3.23. Giperbola 25x* +9y* =225ellips bilan bir xil fokuslarga ega.
Giperbolaning ekssentrisiteti 2 ga teng bo‘lsa, uning kanonik tenglamasini
tuzing.

3.3.24. Berilgan fokusi va direktrisasi tenglamasiga ko‘ra parabolaning
kanonik tenglamasini tuzing: 1)F(-3;4),x-5=0;  2)F(53),y+2=0.

3.3.25. Berilgan tenglamasiga ko‘ra parabolaning uchini va simmetriya
0‘qining tenglamasini aniqlang:

1) y* -2y +16x+65=0; 2) 2x* +y—8x+5=0.

3.3.26. y* =4x parabolaga uringan va quyidagi shartni ganoatlantiruvchi
to‘g‘ri chiziq tenglamasini tuzing: 1) y=2x+7 to‘g‘ri chizigqa parallel
bo‘lgan; 2) A(-2;-1) nuqtadan o‘tgan.

3.3.27. kning ganday qiymatlarida y=kx-1 to‘g‘ri chiziq »*+5x=0

parabolani kesadi, bu parabolaga urinadi?
3.2.28. Berilgan tenglamalar bilan qanday chiziqlar aniqlanadi?

[ v

>

x:l(e’+e’1), x=

2 . 2) t

ey _
Y 2

) : 3)y=-2Jx"+1; 4) x=—y* +4.

~ W

3.3.29. Egri chizigning tenglamasini soddalashtiring, chizigning turini
aniqlang va shaklini chizing:

1) 5x* +9y° —=30x +18y +9=0; 2) 2x* —12x+y+13=0;

3) 5x° -4y’ +30x+8y +21=0; 4) 2y’ —x—12y+14=0;
5)x*-6x+y’-8=0; 6) x> +y+y'—1=0.
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3-NAZORAT ISHI

1. ABC uchburchak tomonlari tenglamalari bilan berilgan:
a) 4B tomon uzunligini toping; b) BD balandlik tenglamasini tuzing
va uning uzunligini toping; c¢) BC tomonni B uchdan C uchga
garab 1:3 nisbatda bo‘luvchi FE nuqtadan va 4 uchdan o‘tuvchi
to‘g‘ri chizigning parametrik tenglamasini tuzing.

2. Ko‘rsatilgan nuqtadan o‘tuvchi va markazi C(x;y) nuqtada
joylashgan aylana tenglamasini tuzing.

I-variant

Tx+3y-3=0 (4B), 4x—3y+3=0 (BC), x+2y-13=0 (CA).

. 33x” +49y” =1617 ellipsning o‘ng fokusi ,C(1;7).

2-variant

. 4x-9y—-6=0 (4B), 2x—y+4=0 (BC), x+3y—12=0 (CA).
. 3x* = 5y* =30 giperbolaning chap fokusi, C(0;6).

3-variant

. 4x+3y+3=0 (4B), x+4y+4=0 (BC), S5x+7y—6=0 (CA).
. 2x* —9y* =18 giperbolaning o‘ng uchi, C(0;4).

4-variant

. 2x+7y+15=0 (4B), 2x-3y+5=0 (BC), 6x+y—15=0 (CA).
. 16x° +41y” =656 ellipsning o‘ng fokusi, C —uning quyi uchi.

S-variant

. x—4y-10=0 (4B), 2x-3y—-10=0 (BC), x+y—5=0 (CA).
. 5x’ —11y* =55 giperbolaning chap fokusi, C(0;5).

6-variant

. 3x+4y+9=0 (4B), 2x-Ty+6=0 (BC), 5x—3y—14=0 (CA).
. 57x* — 64y” =3648 giperbolaning o‘ng fokusi, C(0;8).
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6-NAZORAT ISHI

1. Berilgan funksiyalar grafigining abssissasi x, bo‘lgan nuqtasida

o‘tkazilgan urinma va normal tenglamasini tuzing.

2. Differensial yordamida berilgan funksiyalarning taqribiy
giymatini hisoblang.

I-variant
1
. y:;+2x, x, =1 2. y=x"+3x+1, x=3,02.
2-variant
3
:x3 1’ xo:_l' 2-y=1x3+lxz—x+4,x:1,l_
x +4 3 2
3-variant
y=xi—+1, x, =1. 2. y=3x" , x=1,04.
x +1
4-variant
6
. y=x773, x,=1. 2. y=4x" , x=104.
1-3x
S-variant
__ 3 x, =—1 2 _ L x=415
2x+4” 0 YL
6-variant
y= 2x 1’ x,=0. 2. y=43x+cosx , x=0,01.
X+
7-variant
yzx ;3x’ xO:l' 2'y=3\/;9x=7374‘
8-variant
_ 2
y=3x"-2x+5, x, =-1 2 y_x+ ; i , x=0,97
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6.3.7. R radiusli sharga yon sirti eng katta bo‘lgan silindr ichki chizish
uchun silindming balandligi qanday bo‘lishi kerak?

6.3.8. Silindrning hajmi ¥ ga teng. Silindr eng kichik to‘la sirtga ega
bo‘lishi uchun uning balandligi qanday bo‘lishi kerak?

6.3.9. Berilgan funksiyalar grafigining botiqlik, qavariqlik intervallarini
va egilish nuqtalarini toping:

1) f(x)=x"—4x" +6x; 2) f(x)=(x=5) +4x-13;

4) f(x)=1+3/(x-3)";
6) f(x)=In(1+x%);

3) f(x)=2x-3/x’;
5) f(x)=x-In(1+ x);

1 .
1+x*’

7) f(x)=

8) f(x)=x" 2.
X

6.3.10. Berilgan funksiyalar grafigining asimptotalarini toping:

NI+ x*

]
X

4) ()=~

6) /() =‘“7x;

2) f(x)=

1) f(x)=ﬁ;

3) f(x)=Alx" —3x;

5) f(x)=x%;

sinx_

7) f(x)=3x——=; 8) f(x)=—xarctgx.
x

6.3.11. Berilgan funksiyalarni tekshiring va grafigini chizing:

2

D f=222 2) f(¥)=——
X 1-x

3) f(x):1+;1x3; 4) f(x)=V1-x;

5) f(x)zln();:jj; 6) f(x)=xe".
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7-variant

. Xx+y+1=0 (4B), 3x+5y+3=0 (BC), x—y-T7=0 (CA).
. 12x* —13y? =156 giperbolaning chap fokusi, C(0;-2).

8-variant

. 3x-5y+8=0 (4B), x+4y-3=0 (BC), 4x—-y—-12=0 (CA).
. 24y* —25x* =600 giperbolaning o‘ng fokusi, C(0;-8).

9-variant

. x-4y-7=0 (4B), y+2=0 (BC), x+y—2=0 (CA).
. 4x* =9y’ =36 giperbolaning uchi, C(0;4).

10-variant

. 4x-3y—14=0 (4B), x—-y—-4=0 (BC), 6x—5y-20=0 (CA).
. 40x* —81y* =3240 giperbolaning o‘ng uchi, C(-2;5).

11-variant

. x=2y+3=0 (4B), 6x+7y+3=0 (BC), 4x-3y+7=0 (CA).
. 9x* + 25y =1 ellipsning o‘ng fokusi, C(0;6).

12-variant

. x+4y—6=0 (4B), 5x+3y-30=0 (BC), 3x-5y+16=0 (CA).
. B(1;4), C—-2y* = x—4 parabolaning uchi.

13-variant

. x+4y-8=0 (4B), 5x+3y—40=0 (BC), 3x—5y+10=0 (CA).

2. 3x* +7y* =21 ellipsning chap fokusi, C(-1;-3).

14-variant

. 4x=3y-10=0 (4B), 4x+5y—26=0 (BC), 4x+y—2=0 (CA).
. 5x* =9y* =45 giperbolaning chap uchi, C(0;-6).
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N

15-variant

. 2x-3y+5=0 (4B), 6x+y—15=0 (BC), 2x+7y+15=0 (CA).
. 24x* +25y* =600 ellipsning o‘ng fokusi, C—uning yuqori uchi.

16-variant

« 3x-4y-13=0 (4B), 3x-y-10=0 (BC), y+4=0 (CA).
. 3x* —4y* =12 giperbolaning chap fokusi, C(0;-3).

17-variant

. 12x+5y-47=0 (4B), x—1=0 (BC), 3x+5y+7=0 (CA).
. 3x* +4y’* =12 ellipsning o‘ng fokusi, C — uning yuqori uchi.

18-variant

. 4x+3y—1=0 (4B), x+3y+2=0 (BC), x—4=0 (CA).
. x* —16y* =64 giperbolaning o‘nguchi, C(0;-2).

19-variant

. 4x—-3y+19=0 (4B), 3x+8y+4=0 (BC), Tx+5y—18=0 (CA).
. 4x* =5y =80 giperbolaning chap fokusi, C(0;—4).

20-variant

. 3x+4y-2=0 (4B), 2x+3y-2=0 (BC), x+y—2=0 (CA).
. 0(0;0), C—2y* =—x -5 parabolaning uchi.

21-variant

. x=2y+22=0 (4B), Tx+y—-41=0 (BC), 3x+4y—14=0 (CA).
. x> +10y* =90 ellipsning o‘ng fokusi, C —uning quyi uchi.

22-variant

. 3x+4y-36=0 (4B), Tx+y-59=0 (BC), x—2y+28=0 (CA).
. 3x? —=25y* =75 giperbolaning o‘nguchi, C(5-2).
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Mustahkamlash uchun mashqlar

6.3.1. Berilgan funksiyalarning monotonlik intervallarini va
ekstremumlarini toping:

1) f(x)=x"-9x* +15x; 2) f(x):x?s—%z—Zx;

X' _4x
3)f(x):4_x29 4)f(x)_x2+4=
5) f(x)=xv1-x7; 6) f(x)=3x" —x";
7) f(x)=xe™; 8) f(x)=ch’x;

9) f(x)=In(x* +1); 10) f(x)=—"";
Inx

11) f(x)=x-2sinx, 0<x<2r; 12) f(x)=x+2cos’x, 0<x<r.

6.3.2. Funksiyalarning berilgan kesmadagi eng katta va eng kichik
qiymatlarini toping:

1) f(x)=x"=3x, [0;2];
3) f(x)=x+cos2x, [O;Z};

2) f(x)=x"+3x"-9x-10, [-4;0];

4) f(x)=x"Inx, [L;e].

6.3.3. Jism S =21+ 3¢’ — ¢ qonun bilan harakatlanmoqda. Jismning eng
katta tezligini toping.

2.3.4. Ko‘ndalang kesimi to‘g‘ri to‘rtburchakdan iborat to‘sinning
bukilishga qarshiligi ko’ndalang kesimning eni bilan bo‘yi kvadratining
ko‘paytmasiga proporsional. D diametrli xodadan kesilgan to‘sinning
bukilishga qarshiligi eng katta bo‘lishi uchun to‘sinning o‘lchamlari qanday
bo‘lishi kerak?

6.3.5. Uzunligi /ga teng mis simdan to‘g‘ri to‘rtburchak bukilgan.
To‘g‘ri to‘rtburchakning yuzasi eng katta bo‘lishi uchun uning o‘lchamlari
ganday bo‘lishi kerak?

6.3.6. f—6 + % =1 ellipsga to‘g‘ri to‘rtburchak ichki chizilgan. To‘g‘ri

to‘rtburchakning eng katta yuzasini toping.
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Bundan x<0 da y>0va x>0 da y<0.

Demak, funksiya (—o0;0) intervalda o‘sadi va (0;+w) intervalda kamayadi.
7°. Funksiyani ekstremumga tekshiramiz. Hosila x=-1 va x=1da

mavjud emas va x=0 da nolga teng. Bu nuqtalar berilgan funksiyaning

aniqlanish sohasini to‘rtta (—o0;—1), (-1;0), (0;1), (1;+) intervallarga ajratadi.
Hosilaning  har  bir  kritik

nuqtadan chapdan o‘ngga o‘tgandagi + + _ _
ishoralarini chizmada belgilaymiz: ] 0 1 x
Demak, x =0 maksimum nugqta, — =7 T~ T
Vo = S(0)=—1.

8°. Funksiyani qavariqlikka va botiqlikka tekshiramiz va egilish
nuqtalarini topamiz.

’

[ 4x _ Y
Yoy T

_4(x2 -1’ —x-2(x* +1)-2x _ 4(1+3x7)
(=D @Y

Ikkinchi tartibli hosila x, =-1, x, =1

nuqtalarda mavjud emas. 1
y" hosilaning bu nuqtalardan
chapdan o‘ngga o‘tgandagi ishoralarini -1 o 1 x

chizmada belgilaymiz: L -]

y//>0 y//<o y//>0
-1 1 X

Demak, funksiyaning grafigi (-1;)
intervalda qavariq, (-oo;—1) va (l;+0)
intervallarda botiq bo‘ladi. Funksiya
grafigining egilish nuqtasi yo‘q. 2-shakl.

1’-8  bandlardagi  tekshirishlar
asosida funksiya grafigini chizamiz (2-shakl). O
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(5]

23-variant

3x+4y+5=0 (4B), Tx+y-30=0 (BC), x—2y+15=0 (CA).

. B(3;4), C—4y’ =x—7 parabolaning uchi.

24-variant

« Xx=y+5=0 (4B), 4x-y—-10=0 (BC), 5x+4y—-2=0 (CA).
. 13x* +49y” =637 ellipsning chap fokusi, C(1;8).

25-variant

. 2x—y—1=0 (4B), x-3y+7=0 (BC), x+2y-3=0 (CA).
. 4x* —5y* =20 giperbolaning o‘ng fokusi, C(0;-6).

26-variant

. S5x+y+4=0 (4B), x-3y—12=0 (BC), 3x+7y—-4=0 (CA).
. 0(0,0), C— y* =3(x—4) parabolaning uchi.

27-variant

. 3x—4y—14=0 (4B), 5x—2y-28=0 (BC), x+y=0 (CA).
. 3x* —16y” =48 giperbolaning o‘nguchi, C(1;3).

28-variant

. 4x+3y—-14=0 (4B), 10x+3y+10=0 (BC), 2x—-3y+2=0 (CA).
. 7x* =9y’ =63 giperbolaning chap fokusi, C(-1;-2).

29-variant

. x—4y—-T=0(4B), 2x-5y-8=0 (BC), x—y—4=0 (CA).
. B(2;-5), C—x*=-2(y +1) parabolaning uchi.

30-variant

. x=2y+1=0 (4B), x+3y—-19=0 (BC), 4x-3y—1=0 (CA).
. x* +4y* =12 ellipsning o‘ng fokusi, C(2;-7).
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IV bob
FAZODA ANALITIK GEOMETRIYA

4.1. TEKISLIK

Fazoda dekart koordinatalari. Silindrik va sferik koordinatalar.
Fazoda sirt va chiziq. Tekislik tenglamalari. Fazoda ikki tekislikning
o‘zaro joylashishi. Nuqtadan tekislikkacha bo‘lgan masofa

4.1.1. Umumiy boshlang‘ich O nuqtaga va bir xil masshtab birligiga
ega bo‘lgan o‘zaro perpendikular Ox, Oy va Oz o‘qlar fazoda dekart

koordinatalar sistemasini hosil giladi. Bu sistemada Ox abssissalar o ‘qi, Oy
ordinatalar o ‘qi, Oz applikatalar o ‘qi va ular birgalikda koordinata o ‘qlari
deb ataladi. Bunda Ox,0y va Oz o‘glarning ortlari ,;,k
(|f|:|j\:| k=1, iL7,j LE,IEJ.}) bilan belgilanadi, O nuqtaga koordinatalar
boshi deyiladi, Ox,Oyva Oz o‘qlar joylashgan fazoga koordinatalar fazosi
deb ataladi va Oxyz bilan belgilanadi.

Oxyz fazo M nuqtasining OM vektoriga M nugtaning radius vektori
deyiladi.

OM radius vektorning koordinatalariga M nugtaning to‘g'ri
burchakli dekart koordinatalari deyiladi. Agar OM ={x;y;z} bo‘lsa, u holda
M nuqtaning koordinatalari M (x;y;z) kabi  belgilanadi, bunda x soni
M nuqtaning abssissasi, y soni M nuqtaning ordinatasi va z soni
M nuqtaning applikatasi deb ataladi.

4.1.2. & r,p,z sonlar uchligiga Oxyz fazo M(x;y;z) nuqtasining
silindrik koordinatalari deyiladi, bu yerda r- M nuqtaning Oxytekislikka
proyeksiyasi radius vektorining uzunligi, ¢ — bu radius vektorning Ox o‘q
bilan tashkil qgilgan burchagi, z - M nuqtaning applikatasi (1-shakl).

Silindrik va dekart koordinatalari quyidagi bog‘lanishga ega:

X=rcosep, y=rsing, z=z,
buyerda 0<p<2r, 0<r<+om, —0< z<+ow,
r,@,0 sonlar uchligiga Oxyz fazo M(x;y;z) nuqtasining sferik
koordinatalari deyiladi, bu yerda r— M nuqta radius vektorining uzunligi,
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8°. Funksiyaning qavariqlik va botiglik intervallarini hamda egilish
nuqtalarini aniqlash.
1’ —8° bandlardagi tekshirishlar asosida funksiyaning grafigini chizish.
Keltirilgan sxema albatta bajarilishi shart emas. Soddaroq hollarda
keltirilgan bandlardan ayrimlarini, masalan 1°,2°,7°ni bajarish yetarli bo‘ladi.
Agar funksiya grafigi juda tushunarli bo‘lmasa, 1°-8° bandlardan keyin
funksiyaning davriyligini tekshirish, funksiyaning bir nechta qo‘shmcha
nugqtalarini topish va funksiyaning boshqa xususiyatlarini aniqlash bo‘yicha
go‘shimcha tekshirishlar o‘tkazish mumbkin.
8 —misol. y= x27+1 funksiyani tekshiring va grafigini chzing.

@ [°. Funksiyaning aniqlanish sohasi:
D(f) = (—o0;=1) L (=1;1) L (I;+00).

2°. x=0da y=-1 bo‘ladi. Funksiya Oy o‘qini (0;—1)nuqtada kesadi.
y#0 bo‘lgani uchun funksiya Oxo‘qini kesmaydi.

3°. Funksiya (—ow;—1)va (l;+o0)intervallarda musbat ishorali va
(-1;1) intervalda manfiy ishorali.

4°. Funksiya uchun f(-x)= f(x)bo‘ladi. Demak, u juft.

2 2
.ox +1 x"+1
5° lim =400, =—o0,
x>0 x2 1 =110 2
x*+1 .xT+1
im —; =-o0, lim — = o0,
x—1-0 X _1 x—-1+0 X = 1

Demak, x=-1 va x=1 to‘g‘ri chiziqlar vertikal asimptotalar bo‘ladi.
2

k=lim "1

X400 x(x - 1)

=0 (x> +wda hamx — -« da ham £ =0),

2
b=lim(x2+i—0~xj=1.

Rl U e

U holda y =1 to‘g‘ri chiziq gorizontal asimptota bo‘ladi.
y=1to‘g‘ri chiziq x —» +ooda hamx — - da ham gorizontal asimptota
bo‘ladi.
6°. Funksiyaning o°sish va kamayish intervallarini topamiz.

, 2x(x® 1) = 2x(x” + 1) _ 4
- (x* 1)’ =)
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lim(f(x)—kx) limitlardan hech bo‘lmaganda bittasi

Agar lim &) ,
X+ x X—>+0

mavjud bo‘lmasa yoki cheksiz bo‘lsa, f(x) funksiya grafigi og‘ma
asimptotaga ega bo‘Imaydi.
Agar k=0 bo‘lsa, b=1lim f(x) bo‘ladi. Bunda y=b to‘gri chiziqqa
f(x) funksiya grafigining gorizontal asimptotasi deyiladi.
Izoh. y= f(x) funksiya grafigining asimptotalari x —+o da va x - -oda

har xil bo‘lishi mumkin. Shu sababli k¥ va »ni aniqlashda x — +w va x — —x
hollarini alohida garash lozim.

2

7-misol. y=2"

funksiya grafigining asimptotalarini toping.

2 2
.o x =3 .ox =3
@ lim =400, lim
x>0+ X x—>0- X

Demak, x =0 to‘g‘ri chiziq vertikal asimptota.
2 2 _
lim f(x)=lim > > =4e va lim f(x)=lim > = -
X

X—>+0 X400 X X+ X——0

Demak, gorizontal asimptota yo‘q.

oo x x40 X x>+ x40 X

k= 1im 7 _lim Lf:l, bzlim(f(x)—kx)zlim(x _3—xj:lim e
X—>+00! x

o X x—-00 x>-o X

2 _ 2 _
k = lim 2 _ jim xxz 3.1, bzlim(f(x)—loc)z}irr}o[x - S—szlim 3.0,
Bundan y = kx+5b = x. Demak, y=xto‘g‘ri chiziq og‘ma asimptota. @

6.3.5. Funksiyani tekshirish va grafigini chizishni ma’lum tartibda

(masalan, quyidagicha) bajarish maqgsadga muvofiq bo‘ladi:

1°. Funksiyaning aniqlanish sohasini topish.

2°. Funksiya grafigining koordinata o‘qlari bilan kesishadigan nuqtalarini
(agar ular mavjud bo‘lsa) aniqlash.

3°. Funksiyaning ishorasi o‘zgarmaydigan intervallarni ( f(x)>0 yoki
f(x)<0 bo‘ladigan intervallarni) aniqlash.

4°. Funksiyaning juft-toqligini tekshirish.

5°. Funksiya grafigining asimptotalarini topish.

6°. Funksiyaning monotonlik intervallarini aniqlash.

7°. Funksiyaning ekstremumlarini topish.
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¢ — radius vektorning Oxy tekislikka proyeksiyasining Ox o‘q bilan tashkil
gilgan burchagi, 0 — radius vektorning Oz o‘qdan og‘ish burchagi (2-shakl).
Sferik va dekart koordinatalari quyidagi bog‘lanishga ega
x=rcospsinf, y=rsingsinf, z=rcosb,

buyerda 0<p<27z, 0<r<+m, 0<O<7r.

AN
N

~
~

N M(r52)
M (x;y;2)

I
I
I
I
I
|
|
|
I
|
i
ro
|
|

1-shakl.

2-shakl.

4.1.2. Oxyz fazodagi sirt tenglamasi deb aynan shu sirt barcha
nuqtalarining x,y,z koordinatalarini aniqlovchi uch o‘zgaruvchining
F(x,y,z)=0 tenglamasiga aytiladi.

Koordinatalari uch  o‘zgaruvchining  F(x,y,z)=0  tenglamasini
ganoatlantiruvchi Oxyz fazoning barcha M (x;y;z) nuqtalari to‘plamiga fazoda
shu tenglama bilan aniqlanuvchi sirt deyiladi.

Fazodagi chizigni ikki sirtning kesishish chizig‘i yoki ikki sirt umumiy
nuqtalarining geometrik o‘rni deb qarash mumkin.

I chizigni aniqlovchi ikki sirt F(x,y,z) =0 va G(x,y,z) =0 tenglamalar
bilan berilgan bo‘lsin. U holda 7 chiziq ikkala tenglamani ham
ganoatlantiruvchi M (x; y;z) nuqtalar to‘plamidan tashkil topadi.

F(x,y,z)=0

“tenglamalar sistemasini ganoatlantiruvchi
(x,»,2)=0

Koordinatalari {

Oxyz fazoning barcha M (x;y;z) nuqtalari to‘plamiga fazodagi shu tenglama
bilan aniqlanuvchi chizig deyiladi.
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Oxyz fazodagi chiziq  tenglamasi deb aynan shu chiziq barcha
F(x,y,z)=0,

tenglamalar
G(x,y,2)=0

nuqtalarining x,y,z koordinatalarini aniqlovchi {

sistemasiga aytiladi.

Fazodagi chizigni nuqtaning trayektoriyasi deb garash mumkin. Bunda
chiziq 7=7(¢t)vektor tenglama bilan yoki x =x(¢),y = y(t),z=z(t),t €T
parametrik tenglamalar bilan beriladi.

4.1.3. Tekislikning fazodagi har xil o‘rni turli tenglamalar bilan
aniqlanadi.
1. Berilgan nugtadan o ‘tuvchi va berilgan vektorga perpendikular
tekislik tenglamasi:
A(x-x)+B(y-y,)+C(z-2,)=0, (1.1)
bu yerda 4,B,C - tekislik normal vektori (tekislikka perpendikular bo‘lgan
vektor) ii={4;B;C}ning koordinatalari; x,y,,z, —berilgan nuqtaning

koordinatalari, x,y,z—  tekislikda yotuvchi ixtiyoriy nuqtaning
koordinatalari.
2. Tekislikning umumiy tenglamasi:
Ax+By+Cz+D=0 (1.2)

bu yerda D -ozod had; 4° + B* +C* #0.

Bu tenglama bilan aniqlanuvchi tekislikning xususiy hollari:

By+Cz+ D=0 (4=0)- Ox 0°qqa parallel;

Ax+Cz+ D=0 (B=0)- 0Oy 0‘qqa parallel;

Ax+By+D=0 (C=0)— Oz 0°‘qqa parallel;

Ax + By + Cz=0 (D =0)-koordinatalar boshidan o‘tuvchi;

By+Cz=0 (4=0,D=0)-Ox o‘qdan o‘tuvchi;

Ax+Cz=0 (B=0,D=0)- Oy o‘qdan o‘tuvchi;

Ax+By=0 (C=0,D=0)- 0z o‘qdan o‘tuvchi;

Cz+D=0 (4=0,B=0)—0Oxy tekislikka parallel yoki 0Oz o‘qqa
perpendikular;

By+D=0 (4=0,C=0)-Oxz tekislikka parallel yoki Oy o0°‘qqa
perpendikular;

Ax+D=0 (B=0,C=0)-0yz tekislikka parallel yoki Ox o‘qqa
perpendikular;
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f"(x)hosilaning bu nuqtalardan YW
chapdan o‘ngga o‘tgandagi ishoralarini r> 0_.1V" < 0(.) V>0 T L

chizmada belgilaymiz:

Demak, funksiyaning grafigi (-1;0) va (l;c0)intervallarda qavariq,
(-o0;—1) va (0;1) intervallarda botiq bo‘ladi. 0(0;0) nuqta funksiya grafigining
egilish nuqtasi bo‘ladi. @

Teorema (egilish nugta mavjud bo ‘lishining ikkinchi yetarli sharti).
f(x) funksiya x, ikkinchi tur statsionar nuqtada uchinchi tartibli
f"(x)hosilaga ega bo‘lsin. Agar f"(x)#0bo‘lsa, u holda x, nuqta egilish
nugqta bo‘ladi.

6-misol. y=(x-3)’+5x+4 egri chizigning egilish nuqtasini toping.
@& Funksiyanig uchinchi tartibligacha bo‘lgan hosilalarini topamiz:
y'=3(x-3)*+5, y'=6(x-3), y"=6.
Funksiyaning ikkinchi tartibli statsionar nuqtasini topamiz:
y"=6(x—-3)=0 dan x=3. Bunuqtada y"=6=0.
Demak, x =3 funksiyaning egilish nuqtasi. x=3da y=19. Berilgan egri
chizigning egilish nuqtasi M (3;19). O

6.3.4. Egri chizigning asimptotasi deb shunday to‘g‘ri chiziqqa
aytiladiki, egri chiziqda yotuvchi M nuqta egri chiziq bo‘ylab harakat qilib
koordinata boshidan cheksiz uzoqlashgani sari M nuqtadan bu to‘gri
chiziggacha bo‘lgan masofa nolga intiladi.

Assimptotalar uch turga bo‘linadi: vertikal, gorizontal va og‘ma.
Agar lim f(x) yoki lim f(x) limitlardan hech bo‘lmaganda bittasi

cheksiz (+o yoki -o) bo‘lsa, x=x, to‘g‘ri chiziqga y= f(x) funksiya
grafigining vertikal asimptotasi deyiladi.
Agar shunday kvab sonlari mavjud bo‘lib, x—>o (x> -w)da
f(x) funksiya
f(xX)=kx+b+a(x), }il}la(x)zo
ko‘rinishda ifodalansa, y =kx+5 to‘g‘ri chiziqqa y = f(x) funksiya
grafigining og ‘ma asimptotasi deyiladi. Bu yerda

@, b=1lim(f (x) - kx).
X et

k =lim

X—>+0
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6.3.3. Agar (a;b) intervalning istalgan nuqtasida y = f(x) funksiya
grafigi unga o‘tkazilgan urinmadan yuqorida (pastda) yotsa, funksiya
(a;b) intervalda botiq (qavariq) deyiladi.

Teorema. Agar y=f(x) funksiya (a;b) intervalda ikkinchi tartibli
hosilaga ega bo‘lib, Vxe(a;b)da: f"(x)<0 bo‘lsa, funksiya (a;b) intervalda
qavariq bo‘ladi; f"(x)>0 bo‘lsa, funksiya (a;b) intervalda botiq bo‘ladi.

f(x) funksiya x, nuqtaning biror §atrofida differensiallanuvchi
bo‘lib, x, nuqtadan o‘tganda botiqligini qavariqlikka (yoki qavarigligini
botiglikka) o‘zgartirsa x, nuqta funksiyaning egilish nuqtasi deyiladi. Bunda
M (x,; f(x,)) nuqta funksiya grafigining egilish nugtasi deb ataladi.

Teorema (egilish nuqta mavjud bo ‘lishining zaruriy sharti). Agar
x, nuqta f(x) funksiyaning egilish nuqtasi bo‘lsa, u holda bu nuqtada uning
ikkinchi tartibli hosilasi yoki nolga teng (f"(x,)=0) bo‘ladi yoki mavjud
bo‘lmaydi.

f(x) funksiyaning ikkinchi tartibli hosilasi nolga teng bo‘lgan yoki
mavjud bo‘lmagan nuqtaga ikkinchi tur kritik nuqta deyiladi.

f(x) funksiyaning ikkinchi tartibli hosilasi nolga teng bo‘lgan nuqtaga
ikkinchi tur statsionar nugta deyiladi.

Teorema (egilish nugta mavjud bo ‘lishining birinchi yetarli sharti)
y = f(x) funksiya x, nuqtaning biror § atrofida ikkinchi tartibli hosilaga ega

bo‘lsin. Agar § atrofning x, nuqtadan chap va o‘ng tomonlarida
f"(x) hosila har xil ishoraga ega bo‘lsa, u holda x, nuqta funksiya
grafigining egilish nuqtasi bo‘ladi.

5 —misol. y:% funksiya grafigini botiq va qavariqlikka
- X
tekshiring.
@ D(f)=(-o=D) U (=L (1;0).

,_( x j_ x+1 . [ X+ _2x(x2+3)
TS Ta=oy Y T la=ey) T a0y

Ikkinchi tartibli hosila x, =-1, x, =0, x, =1nuqtalarda nolga teng va mavjud

cémas.
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z=0(4=0,B=0,D=0) - Oxytekislik;
x=0(B=0,C=0,D =0) - Oyztekislik;
1=0(4=0,C =0,D =0) — Oxztekislik.
3. Berilgan nuqtadan o ‘tuvchi va berilgan ikki vektorga parallel tekislik
tenglamasi:
X=X, Y=Y, Z—Z,
2 q, r|=0. (1.3)
P, q, r
buyerda x,,y,,z, —berilgan nuqtaning koordinatalari;
Di»4q,%,> P,-4,,1, — berilgan ikki vektorning koordinatalari.
4. Berilgan uchta nugtadan o ‘tuvchi tekislik tenglamasi
X—-x, y-y z-z
X,—x, y,-y, z,-z |=0. (1.4)
RS A
buyerda x,,y,,z, x,,¥,,2,, X,,¥,,z, —berilgan uchta nuqtaning koordinatalari.

5. Tekislikning kesmalarga nisbatan tenglamasi:
PN IT (1.5)
a b c
bu yerda a,b,c - tekislikning mos ravishda Ox,0y va Oz o‘qlarda ajratgan
kesmalari.
6. Tekislikning normal tenglamasi:
xcosa +ycosB+zcosy=—p=0, (1.6)
bu yerda p-koordinatalar boshidan to‘g‘ri chiziggacha bo‘lgan masofa;
cosa,cos B,cosy —tekislikka perpendikular birlik vektorning koordinatalari.
Tekislikning umumiy tenglamasini normal tenglamaga (1.2) tenglikning
1

NA*+ B +C?
ko‘paytirib, o‘tkaziladi. Bunda M ko‘paytuvchining ishorasi
D koeffitsiyentning ishorasiga qarama-qarshi qilib tanlanadi.

X

chap va o‘ng tomonini M =+ normallovchi ko‘paytuvchiga

x,y,z o‘zgaruvchilaring har qanday birinchi darajali tenglamasi
fazodagi biror tekislikni ifodalaydi va aksincha, fazodagi har qanday tekislik
x,¥,z o‘zgaruvchilarning biror birinchi darajali tenglamasi bilan aniqlanadi.
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1-misol. Tekislik tenglamasini tuzing: 1) Oy o‘qdan va M (53;-2)
nuqtadan o‘tuvchi; 2) Oz o‘qqa parallel bo‘lgan va M (5;0;-1),M,(-3;4;-2)
nuqtalardan o‘tuvchi; 3) Ox o‘qqa perpendikular bo‘lgan va M,(4;-2;4)
nuqtadan o‘tuvchi; 4) Oxy tekislikka parallel bo‘lgan va M,(-1;3;-2)
nuqtadan o‘tuvchi.

@ 1) Oy o‘qdan o‘tuvchi tekislik tenglamasi Ax+Cz=0 bo‘ladi. Bu
tenglamani M (5;3;-2) nuqtaning koordinatalari ganoatlantiradi, chunki bu

nuqta tekislikda yotadi. U holda 54-2C=0 yoki Az%C . Bundan

%Cx+ Cz=0 yoki

2x+5z=0.
2) Oz o‘qqa parallel tekislik tenglamasi 4x + By + D=0bo‘ladi. Bu
tenglamani M (5;0,-1),M,(-3;4;,—2) nuqtalarning koordinatalari
qanoatlantiradi, ya’ni

5SA+D=0,
—-34+4B+D=0.

Bundan 4 =—%D va B =—%D. U holda —%Dx—%DerD:O yoki

x+2y-5=0.
3) Ox o‘qqa perpendikular tekislik tenglamasi Ax+D=0. M,(4;-2;4)
nuqtada 44+ D=0 yoki D=-44. Bundan
x—4=0.
4) Oxy tekislikka parallel tekislik tenglamasi Cz + D =0bo‘ladi. Bu
tenglikdan M, (-1;3;-2) nuqtada —2C + D=0 yoki D =2Ckelib chiqadi.
U holda
z+2=0. O

2 —misol. Tekislik tenglamasini tuzing: 1) M (-1;3;2)nuqtadan o‘tuvchi
va normal vektori i7i={3;2;-2} bo‘lgan; 2) M (3;-1;2) nuqtadan o‘tuvchi,
5, ={,-1,2} va §,={2;-3;0} vektorlarga parallel bo‘lgan; 3) M,(3;2;-1),
M,(1;-1;2) nuqtalardan o‘tuvchi va s, = {2;1;-1} vektorga parallel bo‘lgan;

4) M,1;-1;2), M (-2:3;1) va M, (1;-3;3) nuqtalardan o‘tgan; 5) koordinata
o‘qlarida a=-2; b=3; ¢=-5 birlik kesmalar ajratgan; 6) koordinatalar
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Teorema (ekstremum mavjud bo ‘lishining ikkinchi yetarli sharti).
f(x) funksiya x,statsionar nuqtada ikkinchi tartibli f"(x)hosilaga ega
bo‘lsin. U holda: f"(x)<0bo‘lsa x, nuqta maksimum nuqta bo‘ladi;
f"(x)>0bo‘lsa x, nugta minimum nugqta bo‘ladi.

3-misol. Asosi a ga va balandligi # ga teng uchburchakka eng katta
yuzaga ega bo‘lgan to‘g‘ri to‘rtburchak ichki chizilgan. To‘g‘ri
to‘rtburchakning yuzasini toping.

@ To‘g‘ri to‘rtburchakning tomonlari
x va y bo‘lsin.

Uchburchaklarning o‘xshashlik

alomatidan topamiz (1-shakl): y
y_h-x
) a h ) . Y
U holda y= Z(h —x)va S=xy= Z(hx -x%).
S =9 (h-2x)=0 dan x=". a
h 2
Bu giymatda S’= —Zh—a <0. Demak, to‘g‘ri 1-shakl.

to‘rtburchak eng katta yuzaga ega bo‘ladi.

x :g da y= z[h - Zj :% va eng katta to‘g‘ri to‘rtburchak yuzasi

S=xy=—- =% (yuza.b) @

[a;b] kesmada uzluksiz y= f(x) funksiyaning eng katta va eng
kichik giymatlarini topish uchun funksiyaning kesmadagi kritik nuqtalaridagi
va kesmaning chetki nuqtalaridagi qiymatlari orasidan eng kattasi va eng
kichigi tanlanadi.

4-misol. y=x'-3x funksiyaning [0,2] kesmada eng katta va eng
kichik qiymatlarini toping.

® f'(x)=3x*-3=0 danx, =-1,x, =1. Bu kritik nuqtalardan x, €[0,2].

Funksiyaning x, =1nuqtadagi va kesmaning chetki nuqtalaridagi
giymatlarini topamiz va solishtiramiz: f(1)=-2, f(0)=0, f(2)=2.

Demak’ Y eng katta = f(Z) =2 Y eng richie = f(l) =-2. ()
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6.3.2. Agar x, nuqtaning shunday & atrofi topilsaki, bu atrofning
barcha x = x, nuqtalarida f(x)< f(x,) (f(x)> f(x,))tengsizlik bajarilsa,

x, nuqtaga f(x) funksiyaning maksimum (minimum) nuqtasi deyiladi.

Funksiyaning maksimum va minimum nuqtalariga ekstremum nuqtalar
deyiladi. Funksiyaning ekstremum nuqtadagi qiymati funksiyaning
ekstremumi deb ataladi

Teorema (ekstremum mavjud bo ‘lishining zaruriy sharti). Agar f(x)
funksiya x, nuqtada ekstremumga ega bo‘lsa, u holda bu nuqtada uning
hosilasi yoki nolga teng (f'(x,)=0) bo‘ladi yoki mavjud bo‘Imaydi.

f(x) funksiyaning hosilasi nolga teng bo‘lgan yoki mavjud bo‘lmagan
nuqtaga kritik nuqta deyiladi. f(x) funksiyaning hosilasi nolga teng bo‘lgan
nuqtaga statsionar nugta deyiladi.

Teorema (ekstremum mavjud bo ‘lishining birinchi yetarli sharti). Agar
f(x) funksiya x, kritik nuqtaning biror § atrofida differensiallanuvchi bo‘lib,
x, nuqtadan chapdan o‘ngga o‘tganda f'(x) hosila: ishorasini musbatdan
manfiyga o‘zgartirsa x, nuqta maksimum nuqta bo‘ladi; manfiydan
musbatga o‘zgartirsa x, nuqta minimum nugqta bo‘ladi; ishorasini
o‘zgartirmasa x, nuqtada ekstremum mavjud bo‘lmaydi.

2-misol. f(x)=x* —g funksiyaning ekstremumlarini toping.

o . 2 1 . 1 2-
® D(f)=R. Hosilani t Cf'(x)=———= yok "(x)==-
f osilani topamiz: f'(x) 33x 3 yokt f'(x) 3T

Hosila x, =0 nuqtada mavjud emas va x, =8nuqtada nolga teng. Bu
nuqtalar berilgan funksiyaning aniqlanish sohasini uchta
(—00;0), (0:8), (8;+w)intervallarga ajratadi. Hosilaning har bir kritik nuqtadan
chapdan o‘ngga o‘tgandagi ishoralarini chizmada belgilaymiz:

_ + —

Demak, x, =0minimum nuqta,y_ = f(0)=0 va x, =8 maksimum nuqta,

min

ymxzf<8>:§. o
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boshidan 26 ga teng masofada yotuvchi va normal vektori 7= {3;-4;12}
bo‘lgan.
@ Berilgan masala shartiga mos tekislik tenglamalaridan foyda-
lanamiz.
1) Shartga ko‘ra tekislik M, (-1;3;2)nuqtadan  o‘tadi  va
i = {3;2;-2} vektorga perpendikular bo‘ladi. (1.1) tenglamadan topamiz:
3 (x+41)+2-(y—3)-2-(z—2)=0 yoki
3x+2y-2z+1=0.

2) Shartga  binoan  tekislik M, (3;-12) nugtadan  va
5, ={1,-1,2},5, ={2;-3;0} vektorlardan o‘tadi. (1.3) tenglamadan topamiz:
x=3 y+1 z-2
1 -1 2 |=0.
2 -3 0
Bundan (x-3)-6—(y+1)-(-4)+(z—2)-(-3+2)=0 yoki
6x+4y—z—-12=0.

3) Tekislik M, (3;2;-1), M,(1;-1;2) nuqtalardan o‘tib, 5, = {2;1;-1} vektorga
parallel bo‘lgani sababli u M,(;-1;2) nuqtadan va W ={-2;-3;3},
5, ={2;1;-1} vektorlardan o‘tadi. U holda

x—1 y+1 z-2
-2 -3 3 |=0.
2 1 -1

Bundan (x-1)-3-3)-(y+1)-(2-6)+(z—-2)-(-2+6)=0 yoki
y+z—-1=0.

4) Shartga ko‘ra tekislik uchta nuqtadan o‘tadi. (1.4) tenglamadan
topamiz:

x=1 y+1 z-2 x—1 y+1 z-2
-2-1 341 1-2 (=0, -3 4 -1 |=0.
I-1 -3+1 3-2 0o -2 1

Bundan (x-1)-2—(y+1)-(-3)+(z —2)-6=0 yoki
2x+3y+6z-11=0.

139



5) Tekislik koordinata o‘qlarida a =-2; 5=3; ¢=-5 kesmalar ajratadi.

Tekislikning kesmalarga nisbatan tenglamasidan topamiz: —— +2 + = =]

(=2) 3 (9
yoki
15x-10y+6z+30=0.

6) Tekislikning normal tenglamasidan foydalanamiz. Buning uchun
ii = {3;2;-2} vektorning yo‘naltiruvchi kosinuslarini topamiz:
3 3 4 12

—_— =~ cosf=——, cosy=—.
Sy 1 Pt Ty
U holda (1.6) tenglamaga ko‘ra izlanayotgan tekislik tenglamasi
3x 4y 12z 26,

13 13 13 13

Ccosox =

yoki
3x-4y+122z-26=0. @

4.1.4. Ikki tekislikning normal vektorlari orasidagi burchakka ikki
tekislik orasidagi burchak deyiladi.
o, va o, tekisliklar orasidagi burchak ¢ ga teng bo‘lsin.
Agar tekisliklar 4x+B,y+Cz+D,=0 va A,x+B,y+C,z+ D, =0
tenglamalar bilan berilgan bo‘lsa
AA +BB,+CC, . (1.7)
JA + Bl +C\[ 42 + B + C:
Bu tekisliklar orasidagi qo‘shni burchaklardan kichigi (1.7) tenglikning
o‘ng tomonini modulga olish orqali topiladi.
o,vaco, tekisliklar perpendikular bo‘lsin.

cosQ =

U holda
AA,+BB,+CC,=0. (1.8)
o,vao, tekisliklar parallel bo‘lsin.
U holda
A B C
AP M 1.9
AZ BZ CZ ( )
o,vac, tekisliklar ustma-ust tushsin.
U holda
4_8_6._D (1.10)
AZ BZ CZ D2
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6.2.9. Funksiyalarni Makloren formulasi yordamida xning darajalari
bo‘yicha yoying:

1) f(x)=xe"; 2) f(x)=chx.
6.2.10. Berilganlarni 0,001 aniqlikda hisoblang:

1) sin36’; 2) cos32’;

3) Ve; 4) 1g10,09.

6.3. FUNKSIYALARNI TEKSHIRISH VA
GRAFIKLARINI CHIZISH

Funksiyaning o‘sishi va kamayishi. Funksiyaning ekstremumi.
Funksiya grafigining botiqligi, qavariqligi va egilish nuqtalari.
Funksiya grafigining asimptotalari.

Funksiyani tekshirish va grafigini chizishning umumiy sxemasi

6.3.1. y = f(x) funksiya X to‘plamda aniglangan va X, = X bo‘lsin.

Agar Vx,x,e X,uchun x <x,bo‘lganda: f(x)<f(x,)(f(x)>f(x,))
tengsizlik bajarilsa, y=f(x) funksiyaga X, to‘plamda o ‘suvchi
(kamayuvchi) deyiladi.

Funksiya o‘suvchi va kamayuvchi bo‘lgan intervallar funksiyaning
monotonlik intervallari deb ataladi.

f(x) funksiya (a;b) intervalda differensiallanuvchi bo‘lsin:
1) Vxe(a;b) da f'(x)>0 bo‘lsa, funksiya (a;b) intervalda o‘sadi;
2)Vxe(a;b) da f'(x)<0 bo‘lsa, funksiya (a;b) intervalda kamayadi.

I-misol. f(x)=8+27x—x" funksiyaning monotonlik intervallarini
toping.
@ D(f)=R. Hosilani topamiz: f'(x)=27-3x*>=3(9-x%).
Uholda: 1) f'(x)=3(9-x*)>0 dan | x|<3 yoki —3<x<3;
2) f'(x)=3(9-x*)>0 dan | x|>3 yoki x<-3 va x>3.
Demak, berilgan funksiya (-3;3) intervalda o‘sadi,
(—o0;-3) U (3;+w) intervalda kamayadi. @
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6.2.5. Funksiyaning o‘zgarmas bo‘lishlik alomatidan foydalanib,

quyidagilarni isbotlang:
) 5 - —2arctgx, x<-1,
- =2arctgx, 0< x < +0; 2)arcsin al -=4 2arctgx, -1<x<1,
+x 1+x

— 1 —2arctgx, x21.

1-x

1) arccos

6.2.6. Limitlarni Loopital qoidasidan foydalanib toping:

1) lim S 7mx : 2) lim X — a}:ctgx :
=l Inx x—0 X
3) lim 282X, 4) lim 0¥
0 Insinx 40 ctgy
! ) —
5) lim 98 %, 6) hmm;
X+ 3X X400 1
ln(l + j
X
x? 2 2
7) Tim e ' ic 1 8) lim In co§(3x : X) :
=0 sin” x 0 sin 2x
9) lim xtgé; 10) lim(1 - e’ )ctgx;
X0 x X
. ! 1
11) lim(secx — tgx); 12) lim| — - ;
z =0 x  arctgx

x—>—
2
1

13) lim (7 —22)™"; 14) lim x™
0 x—>

x>
2

i
6

15) lim(z _x) ;
x—3 3

17) lim(zgx)™";

T
x>

2

16) 1}11[]1(0053x)7;

18) lim(x +3x)".

6.2.7. Ko‘phadni (x - x,) ning darajasi bo‘yicha yoying:

1) P(x)=x"+5x* =3x+1, x,=-2; 2) P(x)=x"'-2x"+5x-6, x,=2.

6.2.8. Funksiyaning berilgan nuqtada uchinchi tartibli Teylor
formulasini yozing:

D) f)=+l+x, x,=3; 2) f(x)=

, X, =—2.

o =
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3-misol. 4x-10y+z-3=0 va 11x-8y-7z+8=0 tekisliklar orasidagi

burchakni toping.
@& Ikki tekislik orasidagi burchak formulasi (1.7) bilan topamiz:

o A0 (LD A2
’ &+ (107 + 1 1P+ (=8 +(-7)* 2

Bundan ¢= % o

4 —misol. Tekislik tenglamasini tuzing: 1) M (1;-2;3) nuqtadan o‘tuvchi
va 2x -6y +3z-5=0 tekislikka parallel bo‘lgan; 2) M, (3;-2;1), M, (2;-1;4)
nuqtalardan o‘tuvchi va 3x -4y +z-2=0 tekislikka perpendikular bo‘lgan.
@& 1) Tekislik tenglamasini Ax + By + Cz + D =0 ko‘rinishida izlaymiz.

Misolning shartiga ko‘ra:
A-2B+3C+ D=0 (tekislik M ,(1;-2;3) nuqtadan o'tadi),

2 -6
2 23
Bundan A:§C, B=-2C, D:—?C. U holda

4 = B = % (tekislik 2x — 6y +3z—-5=0 tekislikka H)

%Cx—ZCy+CZ—?C=O yoki
2x—6y+3z-23=0.

Bu masalani boshqacha yechish mumkin. Tekislik A (1;-2;3) nuqtadan
o‘tgani uchun (1.1) tenglamaga ko‘ra 4(x —1)+ B(y +2)+ C(z -3)=0.
Tekislik 2x-6y+3z-5=0 tekislikka parallel bo‘lgani uchun uning normal
vektori sifatida 7 = {2;-6;3} vektorni olish mumkin. U holda

2-(x=1)=6-(y+2)+3-(z—3)=0yoki
2x—-6y+3z-23=0.
2) Tekislik tenglamasini 4x + By + Cz + D =0 ko‘rinishida izlaymiz.

Misol shartiga ko‘ra:
34-4B+C =0 (tekislik 3x—4y+z—-2=0 tekislikka 1),

34-2B+C =-D (tekislik M,(3;-2;1) nugtadan o‘tadi),
2A—-B+4C =-D (tekislik M,(2;—-1;4) nugtadan o‘tadi).

Sistemaning yechimi: 4=13C, B=10C, D=-20C.
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A, B,D koeffitsiyentlarni izlanayotgan tenglamaga qo‘yamiz:
13Cx +10Cy + Cz = 20C =0

Bundan
13x+10y+2z-20=0. o

4.1.5. Nugtadan tekislikka tushirilgan perpendikularning uzunligiga
nuqtadan fekislikkacha bo ‘Igan masofa deyiladi.

M (x,;¥,;2,) huqtadan Ax + By + Cz+ D=0 tenglama bilan berilgan
tekislikkacha bo ‘Igan masofa ushbu formula bilan topiladi:

d:'Ax° + By, +Cz, +D|.
NA+ B+ C?

5-misol. M, (54;-1) nuqtadan M, (3;0;3), M,(0;4;,0) va M, (0;4,-3)
nuqtalardan o‘tuvchi tekislikkacha bo‘lgan masofani toping.

@ Berilgan uchta nuqtadan o‘tuvchi tekislik tenglamasini tuzamiz:

(1.11)

x-3 y z-3 x=3 y z-3
0-3 4 0-31|=0, -3 4 -3 |=0.
0-3 4 -3-3 -3 4 -0

Bundan -12-(x-3)-9-y+0-(z—3) yoki 4x+3y-12=0.

M ,(5:4;-1) nuqtadan 4x + 3y —12 =0 tekislikkacha bo‘lgan masofani
(1.11) formula bilan hisoblaymiz:
_[4:5+3-4-12]

d
N4* +32 +0°

=4(ub). O

Mustahkamlash uchun mashqlar

4.1.1. Oz o‘qning M, (-1;-2;5) va M,(2;1;3) nuqtalardan teng uzoqlikda
yotuvchi nuqtasini toping.

4.1.2. Oxy tekislikning M (1;-3;1), M,(1,9;5) va M, (0;—1;-2)
nuqtalardan teng uzoqlikda yotuvchi nuqtasini toping.

4.1.3. M (2;-1;3) nuqtadan o‘tuvchi va shu nuqtaning radius vektoriga
perpendikular bo‘lgan tekislik tenglamasini tuzing.

4.1.4. ii = {2;-3;4} vektorga perpendikular bo‘lgan va Oz manfiy
yarim o‘qda 5 ga teng kesma ajratuvchi tekislik tenglamasini tuzing.
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12 —misol. e sonini 0,001 aniqlikda hisoblang.
& Shartga ko‘ra x=1, £ =0,001.
Makloren formulasiga binoan
e=1+l+l+...+i+R”(l).
2 n!

0
e

n=6 da Rn(l):(n+1)!

<e=0,001,0<0<1 tengsizlik bajariladi.

Demak,

I 1 1 1
erl+—+—+—+.+—=
n o2 3 6!

=2+0,5+0,16667+0,04167+0,00833+0,00139=2,718.

Mustahkamlash uchun mashqlar

6.2.1. Funksiya uchun berilgan kesmada Roll teoremasi o‘rinli
bo‘lishini tekshiring. Agar o‘rinli bo‘lsa, cning tegishli qiymatini toping:

2) f(x)=sin2x, [Z;ﬂ};
4) f(x)=3~|x]|, [-2:2].

1) f(x)=4x-x*+5, [0;2];
3) f(x)=2-x7, [-L1];

6.2.2. Funksiya uchun berilgan kesmada Lagranj formulasi orqali
¢ ning tegishli qiymatini toping:

1) f(x):%xS—x+1, [0;1];
3) f(x)=Inx, [Le];

6.2.3. Berilgan funksiya grafigining urinmasi 4B vatarga parallel
bo‘lgan nuqtasini toping:

2) fx)=e', [0:1];
4) f(x)=x" —6x+1, [0:1].

1) f(x)=x"+3x, A(-2;-2),B(1;4); 2) f(x)=~x+1, A(0;1),B(3;2).

6.2.4. Funksiya uchun berilgan kesmada Koshi formulasini yozing va
¢ ning tegishli qiymatini toping:

1) f(x)=sin2x va g(x) =cos2x, [O;Z} 2) f(x)=x"-3, g(x)=x"+2, [0;2].
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11-misol. f(x)=x*-3x*-x+2 ko‘phadni (x+1) ikkihadning butun
musbat darajalari bo‘yicha yoying.
@ Funksiyaning hosilalarini topamiz:
f'(x)=4x’—6x-1, f"(x)=12x> -6, f"(x)=24x, f"(x)=24,
f7(x)=0, (n=5 uchun, £ (x)=0).
Ko‘phad va uning hosilalarining x, =—1dagi qiymatlarini topamiz:
fED=1 f'D=L f'(-D=6, f"(1)=-24, f"(1)=24.
U holda
24 24

f(x)=x"-3x"—x+2=1+— (x+1)+ ( +1)° ——( +1)° +—(x+1)

=1+ (x+D+3(x+1D)* -4x+1)’ +(x+D'. O

x, = 0da Teylor formulasining xususiy hollaridan biri
f (0) £ _f "”)('9)6) .
hosil bo‘ladi. Bu formulaga Makloren formulasi deylladl.

Ayrim funksiyalarning Makloren formulasiga yoyilmasi:

2 n 0x
) X X X e
1. e‘=1+—|+—2'+...+—+ x™, xeR;

9 2

1! n (n+1)!
x3 xS x7 x2nfl 2r1+2
2. sinx=x—"—+" "+ +(-])"" +(=1)" sin 6x XeR;
357 @2n-1)! 2n+2)
x.’l x4 x2n+l
3. cosx=1-"—+"—+. g , XeR;
21 4 (2 )! (2n+1)!
4. (1+x)" M=) o =D Gmmnt D) o
1! 2! n!
+m(m_1)"'(m_n)(1+6x)/11—n+1xn+l’ XE(_I;I),
(n+1)!
Xususan, n» =m da ( Nuyton binomi)
(1+x)”:l+ﬁx n(n=1) xt M X+t +x"
1! 2! 3!
5 ln(1+x)—x—£+x—3+x—4+ + (=1 ’1x—+( ) - ! xe (=11
’ 2 3 4 7 n+l (1+60"" e
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4.1.5. Tekislik tenglamalarini tuzing:

1) M,(1;3;-2) nuqtadan va berilgan o‘qdan o‘tuvchi: a) Ox; b) Oz;

2) M,(2;-1;3) nuqtadan o‘tuvchi va berilgan o‘qgqa perpendikular
bo‘lgan: a) Oy; b) Oz;

3) M,(3;-2;4) nuqtadan o‘tuvchi va berilgan tekislikka parallel bo‘lgan:
a)Oxy;  b) Oyz;

4) M. (2;-3;1), M,(3;4;0) nuqtalardan o‘tuvchi va berilgan o‘qqa
parallel bo‘lgan: a) Oy;  b) Oz;

5) koordinatalar boshidan va berilgan nuqtalardan o‘tgan:
a) M (3;-4;2), M,(-1;34); b) M, (2:4;5), M,(-1;2;-1);

4.1.6. 2x + y - 3z + 6 = 0 tekislikning koordinata o‘qlari bilan kesishish
nuqtalarini toping.

4.1.7. M (1;-2;3) nuqtadan va berilgan ikkita vektorga parallel tekislik
tenglamasini tuzing:

1) a={211} va b={31;-1}; 2) d={1;4;-2} va b={52;-2}.

4.1.8. M (2;-1;3), M,(-1;3;2) nuqtalardan o‘tuvchi va Ox, Oz o‘qlarida
teng musbat kesmalar ajratuvchi tekislik tenglamasini tuzing.

4.1.9. M (2:;5;-2) nuqtadan o‘tuvchi va Ox,0z o‘qlarida Oy o‘qqa
nisbatan uch barobar uzun kesma ajratuvchi tekislik tenglamasini tuzing.

4.1.10. Berilgan uchta nuqtadan o‘tuvchi tekislik tenglamasini tuzing:
1) M, (251-1), M, (31,0), M,(-1.2-1); 2) M,(1;-2;3), M,(413), M, (1;2;-1).

4.1.11. 9x -2y + 6z -11=0 tekislik tenglamasining kesmalarga nisbatan
va normal ko‘rinishlarini yozing.

4.1.12. M (3;3;3) nuqtadan koordinata tekisliklariga tushirilgan
perpendikular asoslari orqali o‘tgan tekislik tenglamasini tuzing.

4.1.13. Tekisliklar orasidagi burchakni toping:
1) x=2y+2z+5=0 vax—y-3=0;
2)3x—y+2z+12=0 va 5x+9y-3z-1=0;
3)2x-3y-4z+4=0va S5x+2y+z-3=0;
4) x+2y+3=0va y+2z-5=0
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4.1.14. mva nning qanday qiymatlarida tekisliklar parallel bo‘ladi:
1)3x-5y—-nz—-2=0, mx+2y-3z+11=0;
Dnx—6y—6z+4=0, 2x+my+3z-8=0.

4.1.15. mning qanday qiymatlarida tekisliklar perpendikular bo‘ladi:

1) 4x-7y+2z-3=0,-3x+2y+mz+5=0; 2) x—my+z=0,2x+3y+mz-4=0.

4.1.16. Tekislik tenglamalarini tuzing:

1) M,(2;2;-2) nuqtadan o‘tuvchi va berilgan tekislikka parallel bo‘lgan:
a) x—2y-3z=0; b)2x+3y+z-1=0;

2)M,(-;-1;2)nuqtadan  o‘tuvchi  va  berilgan ikki tekislikka
perpendikular bo‘lgan: 1) x+2y-2z+6=0, x—2y+z+4=0;
2) x+3y+z-1=0, 2x—y+2z-2=0.

3)M,(5:—4;3), M,(-2;1;8) nuqtalardan o‘tuvchi va berilgan tekislikka
perpendikular bo‘lgan: a) Oxy; b) Oyz; c) Oxz.

4.1.17. M(-2;1;3)nuqtadan va x -2y —-2z+6=0, 2x+3y—z+3=0
tekisliklarning kesishish chizig‘idan o‘tuvchi tekislik tenglamasini tuzing.

4.1.18. M (2;;-2)nuqtadan o‘tuvchi va x +3y+2z+1=0, 3x+2y—z+8=0
tekisliklar kesishish chizig‘iga perpendikular tekislik tenglamasini tuzing.

4.1.19. M, (2;0;0), M,(0;1;0) nuqtalardan o‘tuvchi va Oxy tekislik bilan
45°1i burchak tashkil giluvchi tekislik tenglamasini tuzing.

4.1.20. Tekisliklarning kesishish nuqtasini toping:
1) x+2y—-z+2=0,x—y-2z+7=0, 3x—y—-2z+11=0;
2) x-2y—4z=0, x+2y-4z+4=0,3x+y—z-4=0.

4.1.21. M (5;-1;4) nuqtadan M, (3;3;0), M,(0,-3;4), M,(0;0;4) nuqtalardan
o‘tuvchi tekislikkacha bo‘lgan masofani toping.

4.1.22. 2x+y-2z+6=0, x+ 2y + 2z —9=0tekisliklardan teng uzoqlikda
yotuvchi Oxogning nuqtasini toping.

4.1.23. 2x — y — 2z - 5 =0tekislikka parallel bo‘lgan va M (4;3;-2)
nuqtadan 4 =3masofadan o‘tuvchi tekislik tenglamasini tuzing.

4.1.24. Ikki yoqi 12x+3y—4z-4=0 va 12x+3y—4z+22=0tekisliklarda
yotuvchi kubning hajmini toping.
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9 —misol. limln(lj limitni toping.
X

x40

| »
1 x lim \ln( [le(O-w) Lm“ 1 [m]
_ 0)__ x — x —
) lggln(xJ _(oo )_ =e =
o)
ln(l) 2
lim —% lim — !
X0 1 X—>+0 1 1
(%) o _ s
=e X =e V== =1. O
—misol. lim(1 + sin x)“limitni toping.
10 . 1 : 1 = [imitni t
) ) . ln(1+sinx)[0j
) o 1 2
® lim(1+sinx)“‘gx=(l°°)= e‘y%ctgm(mum( ? =e"131° e Ao
x—0

cosx

o : .
lim cos x-limm 1-lijm LEsinx.

- Iimm 1
— ex%(l x>0 smx — e x>0 cosx — exao — e — e' o
6.2.3. Teylor teoremasi. f(x) funksiya x, nuqtaning biror atrofida
aniqlangan bo‘lib, bu atrofda (n +1) —tartibligacha hosilalarga ega va " (x)
hosila x, nuqtada uzluksiz bo‘lsin. U holda

£ = f(x)+f( ) (x—x,)+ f( ) x—x,) + ot
f”(x) R A
FE ey e L)

bo‘ladi, bunda c¢=x, + H(x - xo), 0<0<1.
Bu tenglikka Lagranj ko ‘rinishidagi qoldiq hadli Teylor formulasi
deyiladi.

-w(xx)—f(xo>+f'§x°)( )+

markazi x, nuqtada bo‘lgan » —darajali Teylor ko phadz

TACA NN TR

R (x)= {n:r(l))'(x —-x,)"" ga Teylor formulasining Lagranj ko ‘rinishdagi
n .
qoldiq hadi deyiladi.
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1
6 —misol. limx(e‘ —1] limitni toping.

X0

1

=) limx[eX —ljz(oo.o)zhm ell_l :(OO):

X0 o0

- 1
e'_? 1 1

=lim =lime* =e* =" =1. O

e (_1) x>0
x2

7 —misol. 1im(1 - xj limitni toping.
“\Inx x-1
& lim 1o x = (0 — ) = lim x-l-xlnx :(O -
=\Inx x-1 = (x=1DInx 0
Climo Y gy X g el 1
Hllnx+x_1 = xx+x-1 = lhhx+1+1 2
X

lim g(x)In f(x)
x->x0

& 0’ ,0° yoki 1” ko‘rinishdagi anigmasliklar lim f(x)** =e

formula yordamida asosiy anigmasliklarga keltirilib, ochiladi.

8 —misol. lim(cosx) limitni toping.
o

lim In(cos X)(Bj
. T S ! ©
lim (x—;]ln(cosx)(Om) 2 T

) lim(cos x)'% = (00): e’ =e 2 =

x>

2 2 . . 1 .
n lim sin x- l‘mT " 1- lim

= T E cosx n
oI > -z
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4.2. FAZODAGI TO*‘G‘RI CHIZIQ

Fazodagi to‘g‘ri chiziq tenglamalari. Fazoda ikki to‘g‘ri chizigning
o‘zaro joylashishi. Fazoda to‘g‘ri chiziq bilan tekislikning o‘zaro
joylashishi. Nuqtadan to‘g‘ri chizigqacha bo‘lgan masofa

4.2.1.To‘g’ri chizigning tekislikdagi har xil o‘rni turli tenglamalar bilan
aniqlanadi.
1.70 ‘g 7i chizigning kanonik tenglamasi.:
x_xo:y_yozz_zn, 2.1
p q r
bu yerda, p,q,r— to‘gri chiziq yo ‘naltiruvchi vektori (to‘g‘ri chiziqqa
parallel bo‘lgan vektor) §={p;q;r}ning koordinatalari; x,,y,,z, —berilgan
nuqtaning koordinatalari, x,y,z— to‘g‘ri chiziqda  yotuvchi ixtiyoriy
nuqtaning koordinatalari.
2. To ‘g 'ri chizigning parametrik tenglamalari:
X=X, + pt,
y=y,+qt, (2.2)

z=z,+rt

bu yerda, ¢ —parametr.
3. To ‘g ‘ri chizigning vektor tenglamasi:
F=F 41, (2.3)
bu yerda, 7={x;y;z}, 7, ={x,;¥,;z,} — mos ravishda M(x;y;z), M (x,;,:2,)
nuqtalarning radius vektorlari.
4. Berilgan ikki nugtadan o ‘tuvchi to‘g‘ri chizig tenglamasi:
x—xl:y—ylzz—zl, 2.4)
X, =X, Y,—¥ Z,—2Z
buyerda, x,,y,,z,x,,y,,z, —berilgan ikki nuqtaning koordinatalari.
5. To ‘g ‘vi chizigning umumiy tenglamalari:
Ax+By+Cz+D, =0,
{A2x+ B,y+C,Z+D,=0,
bu yerda, 4,B,,C, 4,,B,,C, —ikkita parallel bo‘lmagan tekislik 7, ={4,;B,;C,}
va i, ={4,;B,;C,} normal vektorlarining koordinatalari.

(2.5)

29
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Umumiy tenglamasi bilan berilgan to‘g‘ri chizigning yo‘naltiruvchi
vektori
EZ{

formula bilan topiladi.

Bl Cl
BZ C2

4 C

1

AZ CZ

Al Bl
AZ B2

1

> >

} (2.6)

xX+4y-z+2=0,
2x-3y+z-7=0.
kanonik va parametrik ko‘rinishlarga keltiring.

® To‘g‘ri chizigda yotuvchi M, nuqtaning koordinatalarini topamiz.
Buning uchun berilgan sistemani
{ x+4y= z-2,

1 -misol. { to‘g‘ri chizigning umumiy tenglamasini

2x-3y=—z+7.
ko‘rinishga keltirib, z ga z,=0 qiymat beramiz va sistemadan x=x, va
y =y, larni aniqlaymiz: x, =2, y, =-1.
To‘g‘ri chizigning yo‘naltiruvchi vektorini (2.6) formuladan topamiz:

4 -1 -1 l1 4
5= = {1;-3;-11}.

-3 1 2 1 2 -3
U holda (2.1) formulaga ko‘ra berilgan tenglama ushbu
x=2_y+l_ z
1 -3 -11

—

5

kanonik shaklga keladi.

C -2 1
¢ parametr kiritamiz: al r*

YT __ % _; Bundan
-3 -11

x=2+t, y=—1-3t, z=-11t, teT. O

2 —-misol. M(2;-1;1) nuqtadan o‘tuvchi va koordinata o‘qlari bilan « =% ,

ﬁz%r, y:% burchaklar tashkil qiluvchi to‘g‘ri chizigning umumiy

tenglamasini tuzing.
& To‘g‘ri chizigning yo‘naltiruvchi vektori § = {p;q;r} bo‘lsin.
RY/4 V2

Masala shartiga ko‘ra: p=cosa = cos% = J;, g=cosfB= cos= ==~

b
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2 —
4 —misol. lim K ol+lnx

- limitni toping.
x>l e —e

® f(x)=x"-1+Inx, g(x)=e¢" —e funksiyalar x=1 nuqta atrofida
aniqlangan. lim f(x)=1lim g(x)=0, ya'ni g ko‘rinishdagi anigmaslik hosil

bo‘ladi.
£1(x) 2x+ 1
lim - =lim——~* ==~ mavjud va g'(x)=e=0 .
x>l g’(x) x—l1 e‘ e
U holda 1-teoremaga ko‘ra
lim © 10X _3 o

ol e —e e

2-teorema. (OO ko'rinishdagi anigmaslikni ochishning Lopital qoidasi)
o0
x, nuqtaning biror atrofida f(x) va g(x) funksiyalar uzluksiz,

differensiallanuvchi va g'(x) =0 bo‘lsin. Agar lim f(x)=1lim g(x)= bo‘lib,

XX XX

tim £ limit mavjud bo‘lsa, u holda

XX, g (X) . .
tim £ g L&)
on g(X)  won g'(x)

bo‘ladi.

5—misol. lim —2=9_ Jimitni toping.
wa In(e* —e*

a

& lmBE=9 :(wj:lim X=d _jim ¢ 7€
x—a 1n(e)‘ — e” x—a e x—a e‘(x — a)

. e’ . 1 1 1
=lim Vth = = =1.
wa e (x—a)y+e" wal+(x—a) l+(a—a) 1+0

Keltirilgan teoremalar asosiy anigmasliklar deb ataluvchi % yoki =
o0

ko‘rinishdagi anigmasliklarni ochishda qo‘llaniladi.
0-00 yoki -0 ko‘rinishdagi anigmasliklar algebraik
almashtirishlar yordamida asosiy aniqgmasliklarga keltirilib, ochiladi.
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3—misol. arctgx + arcctgx= %, x € R ekanini isbotlang.

@ f(x)=arctgx +arcctgx deb olsak, xeR da
11

f(x)—1+x2 1+ x7

U holda natijaga ko‘ra f(x)=C, ya’'ni arctgx + arcctgx=C bo’ladi. C ni

topish uchun xga biror qiymatni, masalan, x=1 ni qo‘yamiz:

arctgl + arcctgl = C yoki % =C. Bundan
T
arctgx + arcctgx = E, xeR. @

Koshi teoremasi. f(x)vag(x) funksiyalar [a;p] kesmada aniqlangan va
uzluksiz bo‘lsin. Agar funksiyalar (a;b) intervalda differensiallanuvchi
bo‘lib, Vxe(a;p) uchun g'(x)=0 bo‘lsa, u holda shunday ce(a;p) nuqta
topiladiki,

S®)-fa) _f'(©
gb)y—g(a) g'(c)
bo‘ladi

6.2.2. 1-teorema. (g ko'rinishdagi anigmaslikni ochishning Lopital qoidasij

x, nuqtaning biror atrofida f(x) va g(x) funksiyalar uzluksiz,
differensiallanuvchi va g'(x) =0 bo‘lsin. Agar lim f(x)=0 va lim g(x)=0

XXy

boclib, tim £~k (chekli yoki cheksiz) limit mavjud bo‘lsa, u holda

-y g'(x
i L) S
on g(X) o g(x)

bo‘ladi.
Izohlar: 1. 1- teorema f(x) va g(x) funksiyalar x=x, da anigqlanmagan,
ammo lim f(x)=0va lim g(x)=0 bo‘lganda ham o‘rinli bo‘ladi.

2. 1-teorema x — o da ham o‘rinli bo‘ladi.
3. f'(x) va g'(x) funksiyalar 1-teoremaning shartlarini ganoatlantirsa,
bu teoremani takror qo‘llash mumkin:
lim Jx) =lim f'(x) =lim f”(x)
on g(X) on g1(x) e g(x)

va hokazo.
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r=cosy :co%:o, ya’'ni §={\/2§;—\25;0}-

To‘g‘ri chiziq M (2;-1;1) nuqtadan o‘tadi. Shu sababli (2.1) tenglamadan
x-2 y+1 z-1

= = oki
BT
2 2
x—=2 y+1 z-1
1 -1 0
x=2=—(y+1), .
Bundan { w+D yoki
z—-1=0
x+y—-1=0,
d =3
z-1=0.
422, 270 YN _E7E X7 8 _VTV 272 tenglamalari bilan

b q, h P, q, r
berilgan ikki /, va I,to ‘g ‘ri chiziglar orasidagi burchak ¢ ga teng bo‘lsin.
U holda

pp,+q.9, +nn
Jpirai i pl gl @7
Bunda to‘g‘ri chiziqlar orasidagi o‘tkir buqchak (2.7) tenglikning o‘ng
tomonini modulga olish orqali topiladi.
I val, to'‘g‘ri chiziglar perpendikular bo‘lsin. U holda cosp =0 yoki
pp,+q4q,+rr,=0. (2.8)
lval, to‘gri chiziglar parallel bo‘lsin. U holda 5 ={p;q,;r}va
5,=1{p,;q,;r,} vektorlar kollinear bo‘ladi, ya’ni
B4 % 2.9)
P, 4 N
1 va I, to ‘g ‘ri chiziglar bir tekislikda yotsin.

cosQ =

Uholda 5, ={p;;q,;;1},5, ={p.;q,;1,}» MM, ={x, —x,;, — .3z, — z,} vektorlar
shu tekislikda yotadi, ya’'ni
X=X VT 24,7

D q, h =0. (210)
P, q, 7
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Agar [, va [, to ‘g ri chiziglar ayqash bo‘lsa

X, =X, YV,—= YV, Z,—Z
D q, r |#0. (2.11)
p, q, n

I va I, to ‘g ri chiziglar ustma-ust tushsin.
U holda

p_4 N

P 4 T (2.12)

X=X _ V=N %
2 4, no

to‘g‘ri chiziqlar

. x-2 y+3 z-1 Tx+2z-8=0,
3—- misol. = = va
8 7 11 4x+ y+6=0
orasidagi o‘tkir burchakni toping.
@& Birinchi to‘g‘ri chizigning yo‘naltiruvchi vektori s, = {8;7;11},

Ikkinchi to‘g‘ri chiziqning yo‘naltiruvchi vektorini (2.6) formuladan

topamiz:
o2 |7 2| |7 o
Sz_ 109_4 05 1 _{_77}’
U holda (2.7) formulaga ko’ra
cosg = |8-(=2)+7-8+11-7| :Q‘ Bundan(pzz. o
V8 4+ T+ 11 (-2 +8° +7° 2 4

4.2.3. To‘g‘'ri chiziq bilan uning tekislikdagi proyeksiyasi orasidagi
burchakka to ‘g i chiziq bilan tekislik orasidagi burchak deyiladi.

I to‘gri chiziq > —0=2"2_2"% tenglama bilan va o tekislik
p q r
Ax + By + Cz + D=0 tenglama bilan berilgan bo‘lsin.
U holda
sing = Ap+Bq+Cz 2.13)

VA + B +C2\/p2 +q° +r’

bo’ladi, bu yerda ¢ — to‘g‘ri chiziq bilan tekislik orasidagi burchak.
Bunda to‘g‘ri chiziq bilan tekislik orasidagi o‘tkir burchak

(2.13) tenglikning o‘ng tomonini modulga olish orqali topiladi.
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1 -misol. Roll teoremasi o‘rinli bo‘lishini tekshiring:
1) f(x)=x* —3x—4 funksiya uchun [0;3] kesmada; 2)f(x)=3/x* -1 funksiya
uchun [-1;1] kesmada.

@ 1) f(x)=x>-3x-4 funksiya  [0;3] kesmada  uzluksiz,
differensiallanuvchi va uning chetki nuqtalarida bir xil qgiymatga ega:
f(0)=f(3)=-4. Shu sababli, bu funksiya uchun Roll teoremasi o‘rinli
bo‘ladi. x ning f'(x) =0 bo‘lgan qiymatini topamiz: f'(x)=4x-3=0.

Bundan x= %
2) f(x)=3Vx* -1 funksiya [-1;]] kesmada uzluksiz, f(-1)=f(1)=0,
f(x)= %% Bu hosila x =0e (-1;1) nugtada mavjud emas. Demak, bu

Vx

funksiya uchun Roll teoremasi o‘rinli bo‘lmaydi.

Lagranj teoremasi. f(x) funksiya [a;b] kesmada aniqlangan va uzluksiz
bo‘lsin. Agar f(x) funksiya (a;b)intervalda differensiallanuvchi bo‘lsa,
u holda shunday c e (a;) nuqta topiladiki,

£e) = S(b)— f(a)
b—a

bo‘ladi.

Natija. Biror intervalda hosilasi nolga teng bo‘lgan funksiya shu
intervalda o‘zgarmas bo‘ladi.

2 -misol. y=x*+ 6x +1parabolaning urinmasi 4(-1;,—4) va 4(3;28)
nuqtalarni tutashtiruvchi 4B vatarga parallel bo‘lgan nuqtasini toping.

@® y=x"+6x+1 funksiya 4 va B nuqtalarning abssissalari chetki
nuqtalar bo‘lgan [-1;3] kesmada uzluksiz, chekli hosilaga ega. Shu sababli,
bu funksiya uchun Lagranj teoremasini qo‘llash mumkin. Teoremaga ko‘ra
AB parabolada hech bo‘lmaganda bitta ¢ nuqta topiladiki, funksiya grafigiga
bu nuqtada o‘tkazilgan urinma 4B vatarga parallel bo‘ladi.

Lagranj formulasidan topamiz:

FB)= f(=D)=f"(c)3-(~1)) yoki 28+4=(2c+6)-4.
Bundan c¢=1. U holda 7(c)=8.

Demak, M (1;8) nuqtada berilgan parabolaning urinmasi 4(-1;—4)

va A(3;28) nuqtalarni tutashtiruvchi 4B vatarga parallel bo‘ladi. O

261



6.1.16. Berilgan chiziglarning kesishish burchaklarini toping:
1) y=4-x to‘g‘richiziqva y=4- % parabola;

2) y=sinx sinusoida va y=cosx kosinusoida (0<x<r);
3) y=(x—-2)> va y=4x-x"+4 parabolalar;
4) y=In(~3x—1) egri chiziq va abssissalar 0°qi .
3
6.1.17. Material nuqta Ox o°qi bo‘ylab x= % —2¢* +3¢ qonun bilan
harakatlanmoqda. Qaysi nuqtalarda nuqtaning harakat yo‘nalishi o‘zgaradi?

6.1.18. Material nuqta s =s(#) qonun bilan to‘g‘ri chiziqli harakat
gilmoqda. Qaysi vaqtda material nuqtaning tezlanishi a(m/c*) ga teng
bo‘ladi?

1)s(r)=2¢ —%tz +3t+1(m), a=19; )s@)=¢ +%t2 —4t+3(m),a=9.

61.19. O’tkazgich orqali o‘tuvchi tok miqdori /=0 vaqtdan boshlab
g=3t"-1 gonun bilan aniglanadi. Ikkinchi sekund oxiridagi tok kuchini
aniqlang.

6.2. DIFFERENSIAL HISOBNING
ASOSIY TEOREMALARI

O‘rta giymat haqidagi teoremalar.
Lopital qoidasi. Teylor teoremasi

6.2.1. Ferma teoremasi. f(x) funksiya (a;b) intervalda aniqlangan
bo‘lib, bu intervalning biror ¢ nuqtasida o‘zining eng kichik yoki eng katta
qiymatiga erishsin. Agar funksiya ¢ nuqtada differensiallanuvchi bo‘lsa,
uholda f’'(c)=0 bo‘ladi.

Roll teoremasi. f(x) funksiya [a;b] kesmada aniqlangan va uzluksiz
bo‘lib,  f(a)=f() bo‘lsin. Agar funksiya (a;b) intervalda
differensiallanuvchi bo‘lsa, u holda shunday ce(a;p) nuqta topiladiki,
f'(c)=0 bo‘ladi.

260

I to‘gri chiziq o tekislik perpendikular bo‘lsin.

U holda
4_8_€C 2.14)
p q T
1 to ‘g ‘i chiziq o tekislik parallel bo‘lsin.
Bunda
Ap + Bg+ Cr=0. (2.15)
Agar I||c bo‘lmasa, u holda to ‘g 7i chiziq va tekislik kesishadi.
Shu sababli
Ap + Bg + Cr 20. (2.16)
4 - misol, - yIZ = 2_25 to‘g‘ri chiziq bilan 2x - y—z+9=0

tekislik orasidagi o‘tkir burchakni toping.

& (2.13) formuladan topamiz:

[2-1+ (=D -1+ (=D (-2)] :l
V2 )+ (1) PP (2 2

singp = Bundan ¢= % )

x+2 y+1 z-1
-1 -2
tekislikning kesishish nuqtasini toping.
@ Ap+Bg+Cr=2-(-1)+3-(-2)+(-1)-3=-11=0. Demak, to‘g‘ri chiziq
bilan tekislik kesishadi.

To‘g‘ri chiziq va tekislik M (x;y,;z,) nuqtada kesishsin. U holda bu
nuqta ham to‘g‘ri chiziqda, ham tekislikda yotadi. Shu sababli M, (x;y,;z,)
nuqtaning koordinatalari to‘g‘ri chiziq va tekislikning tenglamalarini
qanoatlantiradi:

al +12 =2 ;1:213_1, 2x, +3y, —z,-3=0.
To‘g‘ri chiziq tenglamalarini parametrik ko‘rinishga keltiramiz:
X, =—2-t, y=-1-2t, z =1+3¢.

5 — misol.

to‘g‘ri chiziq bilan 2x+3y-z-3=0

Bu koordinatalarni tekislik tenglamasiga qo‘yamiz:
2(=2-1)+3(-1-26)—(1+31)-3=0.
Bundan 7=-1. ¢t ning qiymatlarini parametrik tenglamalarga qo‘yib,
topamiz:
x ==2—(=l)==1, y =-1-2-(=1)=1, z =1+3-(-1)=-2.
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Demak, M (-1;;-2). @
[ to ‘g 'ri chiziq o tekislikda yotsin.
U holda

(2.18)

Ap + Bq + Cr =0,
Ax,+ By, +Cz, + D=0.

6 — misol. M (-1;2;-3) nuqtadan o‘tuvchi va 2x-3y+6z-1=0
tekislikka
perpendikular to‘g‘ri chiziq tenglamasini tuzing.
@ To g ri chiziq bilan tekislikning perpendikularlik shartidan topamiz:
2 -3 6

p q r
Bundan ¢ = —%p, r=3p.
(2.1) tenglamadan topamiz:

x+1:y—2:z+3 yoki x+1:y—2_z+3.

3 3 2 -3 6
p_Epp

Bu masalani boshqacha yechish mumkin. To‘g‘ri chiziq tekislikka
perpendikular bo‘lgani sababli tekislikning  normal vektori  to‘g‘ri
chizigning yo‘naltiruvchi vektori bo‘ladi, ya’'ni § = {2;-3;6}.

U holda M, (-1;2;-3) nuqtadan o‘tuvchi to‘g‘ri chizigning kanonik
tenglamasi:

x+1=y—2=z+3. o
2 -3 6

7- misol. mning qanday qiymatida > J3r 2_y-l_z43

to‘g‘ri chiziq
m  m+1
va 3x+y —3z-1=0 tekislik parallel bo‘ladi?

@& To‘g'ri chiziq va tekislikning parallellik shartiga ko‘ra

3-3+1:m+(=3)-(m+1)=0. Bundan m=3. O

3x-y+ z-3=0,

8 — misol.
2x+y-2z+9=0

to‘g‘ri chiziq va M (-2;-3;2) nuqtadan o‘tuvchi tekislik tenglamasini tuzing.
@ Berilgan to‘g‘ri chizigdan o‘tadigan tekisliklar dastasi tenglamasini
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6.1.10. Berilgan murakkab funksiyalarning differensialini erkli
o‘zgaruvchi va uning differensiali orqali ifodalang:
-1

1) y=x"+5x, x=t+2t+1; 2) y=cosx, x= 1

E

1
3y=e", x:Elnt, t=2u" -3u+l. 4) y=Inx, x=tgt, t=2u’+u.

6.1.11. Berilgan funksiyalarning birinchi tartibli differensialini toping:

1)y=x(Inx-1); 2) yzln—x; 3) y=cos’2x;
x

4)y=asin’ x. 5) y=3<7, 6) y=In’cosx.
6.1.12. Berilgan hosilalar uchun »" ni toping:

Dy=("-1° 2)y=e”cosx; 3) y=(+x)arctgr; 4)y=x’(Inx-1).
6.1.13. Berilgan funksiyalar uchun »’ (0)ni toping:

1)y =sin5xcos2x; 2) y=xcosx; 3) y=x’sinx; 4) y=x’e".

2
6.1.14. Berilgan funksiyalar uchun Z f ni toping:
X
n {xzt +1, 2) {xzaCf)St,
y=t' -1 y =asint,
=In(1+¢%), X =arcsint,
3) 7 4
){y=t—arctgt; ){y=\/1—t2.

6.1.15. Berilgan egri chiziqqa M, (x,,y,) nuqtada o‘tkazilgan urinma va
normal tenglamalarini tuzing:

3
l)y:);aMo(_la_;); 2) y=sinx, Mo(ﬂ',O);

3) y=x"+x* -1 egri chiziqqa y =x’ parabola bilan kesishish nuqtasida;

1+¢
2 2 X = > =sint,
44X o1 m, 2.4l 5) £ 6 M, ey
9 25 5 231 y=cos2t, 2°2
y_ 2 4
t t
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1, x-3
20)y=—In ;
=g

19)y=cos’ x —sin’ x;

22)y = ln(e“ + 1)— 2arctge”;

21)y=~1-x* + xarcsinx;

23) yz%lniJr;; 24)y=log . x;

2
25)y= tg3x + lglcos 3x;

27)y=+e —1-arcigye —1; 28)y:1nctg(Z+;j;
29)y:3arccosx_3+\/m; 30)y 2-x ! arctg = +In/x* + 2.

26)y =e " (sin3x + cos3x);

75 T4+ 42 A2
6.1.5. Berilgan x=¢ (y) funksiyalar uchun 3’ hosilani toping:
l)le_—y; 2) x=e"; 3) x=2siny; 4) x=3ctgy.

l+y

6.1.6. Oshkormas funksiyalarning hosilasini toping:
1) b°x* +a’y* =a’b’; 2) y’=x"+3xy; 3) e =xy;
4) cos(xy)=x7; 5)e +xy=¢; 6) xsiny+ ysinx=0.

6.1.7. Funksiyalarning berilgan nuqtadagi orttirmasini va
differensialini berilgan argument orttirmasida toping:
1) y=x"—x, x=10, Ax=0,]; 2) y=x*+3x+1, x=2, Ax=0,1;
3) y=x-7x" +8, x=5, Ax=0,]; 4) y=x'-x, x=2, Ax=0,01.
6.1.8. Quyidagi sonlarni differensial yordamida taqriban hisoblang:
1) 3/33; 2) 1g10,21; 3) ctg 45°10; 4) 3,013,

6.1.9. Quyidagi funksiyalarning berilgan nuqtadagi taqribiy qiymatini
differensial yordamida hisoblang:
1)y=+x"—7x+10, x=0098; 2)y=5/§;x,x:0,15;
X

2
3y= 3, x=2037; 4) y=12x—sin =X, x=102.
x +5 2
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tuzamiz:
3x—y+z-3+A2x+y—-2z+9)=0.

M (-2;-3;2) nuqta koordinatalari tekislik tenglamasini qanoatlantiradi.
Shu sababli
3.(=2)=(=3)+2-3+A(2-(-2)=3-2-2+9)=0.
Bundan 1=-2.
Aning topilgan qiymatini tekisliklar dastasi tenglamasiga qo‘yamiz:

x+3y-5z+21=0. O

424. M,(x;v,;z,) nugtadan *—0=Y"Y_Z7% tenslama bilan
p q r

berilgan / to‘g‘ri chizigqacha bo‘lgan masofa d ga teng bo‘lsin.
U holda

d="—""—"""". (2.19)

x-2 y-3 z-
3

9 — misol. M,(-5;4;3) nuqtadan to‘g‘ri chiziggacha

bo‘lgan masofani toping.

@ Masalaning shartiga ko‘ra: M (-54;3), M, (2;3;]), 5§ ={-1;3;2}.
Bundan
MM, = {2~ (-5)3-41-3} = {T:-1;-2}.
U holda
ik
MM, x5=|7 -1 =2|=
-1 3 2

=(2+6)i —(14—-2)j +(21- )k =47 —12 + 20k,
| MM, x5 =4 +(=12)* +20° =435,
|5 [=4(=1)F +37 +2° =14,

(2.19) formula bilan topamiz:

44/35
d="22= b). @
= 23/10(uz.b)
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Mustahkamlash uchun mashgqlar

4.2.1. To‘g‘ri chizigning kanonik tenglamasini tuzing:
1) M, (1;1;-2) nuqtadan o‘tuvchi va s ={2;3;-1} vektorga parallel bo‘lgan ;
2) M,(2;-3;-1) nuqtadan o‘tuvchi va Oy o‘qqa parallel bo‘lgan;
x=3+2t,
3)M,(-1,-2;3) nuqtadan o‘tuvchi va {y=-1+3¢, to‘g‘ri chiziqqa parallel
z=1-t¢
bo‘lgan;

x+3y+ z+6=0, _ . ..
to‘g‘ri chiziqqa

4)M ,(-1;-2;-1) nuqtadan o‘tuvchi va
2x— y—4z+3=0

parallel bo‘lgan.

4.2.2. M (-3;6;2) nuqtadan o‘tuvchi va Oz o‘qni to‘g‘ri burchak ostida
kesuvchi to‘g‘ri chiziq tenglamasini tuzing.

4.2.3. To‘g‘ri chiziq tenglamasini parametrik ko‘rinishga keltiring:
1 5x+y—-3z+5=0, 2) x+y—-z—-1=0,
8qx—4y—-z+6=0; x—y+2z+1=0.
+2y+4z—- 8=0, . . IR
ey tenglama bilan berilgan to‘g‘ri chizigning
6x+3y+2z—-18=0
yo‘naltiruvchi vektorini toping.

4.2.4. {

4.2.5. Berilgan nuqtalardan o‘tuvchi to‘g‘ri chizigning umumiy
tenglamasini tuzing: 1)M,(-1;2;2),M,(3;1;-2);
2)M (1;-251), M, (3;5,-1); )M, (3-1;-2) ,M,(2;2;2).

4.2.6. M (2;2;—1) nuqtadan o‘tuvchi va a ={L1;2},b = {~1:3:1} vektorlarga
perpendikular to‘g‘ri chiziq tenglamasini tuzing.

4.2.7. M(-1;2;-3) nuqtadan o‘tuvchi va koordinata o‘qlari bilan a = % ,
B= % , V= 2?” burchak tashkil qiluvchi to‘g‘ri chiziq tenglamalarini tuzing.

4.2.8. Uchburchakning uchlari berilgan: A(-1;2;3), B(-1;-2;1),C(3;4;5).
A uchdan o‘tkazilgan mediana tenglamasini tuzing.
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Mustahkamlash uchun mashqlar

6.1.1. Hosila ta’rifidan foydalanib funksiyalarning hosilasini toping:
D f()=3x1; 2 /(0=
3) f(x) = ctg2x; 4) f(x)=ch2x.

6.1.2. f'(x,)ni hosila ta’rifidan foydalanib hisoblang:
Df(x)=e™, x,=0; 2) f(x)=In(1-4x), x, =0;

3) £(x) =tg(2x+ Zj X, =7; 4) f(x) =:—§, x,=1.

6.1.3. Berilgan funksiyalarning f'(x,) va f/(x,) hosilalarini toping:
2) fx)=x=2|+]x+2], x,=2;

4) f(x)=+e" -1, x, =0.

D/ =3x-21 %=
3y e x agar x <2 bo'lsa,
) y= —x’+3x agar x <2 bo'lsa,x, =2;
6.1.4. Differensiallash qoidalari va formulalaridan foydalanib berilgan
funksiyalarning hosilasini toping:

l)y:3x4—%x3+ln2; 2)y:%x6+3x4—2x;

3)y:l+3x“\/;— 6 4)y=\/;—3+%;
X x 3x

o ot
.\’_ —-X 2)’+3\
5y, Xe e; 6) 1 :
)y="— =25
Inx Inx+e
7 :xi; 8 = ;
)y Inx -1 )y Inx—e"
1+ cosx 1+ tox
9) y= ; 10) y=—""8%,
I—cosx 1—1gx
11)y =tgx — ctgx; 12)y27xsmx—cc')sx;
XCOSX +sin x
13)y= xchy = shx th; 14) y = thx + cthx;
xshx — chx
15)y=1log_e; 16) y =4sin’ x - 3lgx + 4cos’ x;
17)y =+4-3x7; 18) y = argsin+/x;
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A(-1;3)nuqtada f'(-1)=5, f)(-1)=-1; B(2;,0) nuqtada f/(2)=2, f/(2)=-1. 4.2.9. ABCD parallelogrammning ikki uchi A(-1;2;0), B(4;1;3) va

To*g'ri chiziglar orasidagi burchak formulasidan topamiz: diagonallari kesishish nuqtasi O(-2;1;2) berilgan. Parallelogramm

1 CDtomonining tenglamasini tuzing.
1-5 3 3
A(-13) nuqtada g =——=—=", ¢ =arcig_; o e o
I+(=1)-5 2 2 4.2.10. To‘g‘ri chiziglar orasidagi o‘tkir burchakni toping:
—-1=-2 — -
B0 nuqtada g =" =3, ¢ mareigl. O AP et X+y+z-1=0, [x—y+2=0,
+(=D- 1)<y=0, va{y=0, 2
. . . . . x—y+3z+1=0, (2x+y—-z-6=0.
Material nuqta harakat qonunidan ¢ vaqt bo‘yicha olingan hosila z=3-1 z=-3+1

material nuqtaning rvaqtdagi to‘g‘ri chizigli harakat tezligiga teng. Bu . . ) e
jumla hosilaning mexanik ma nosini ifodalaydi. 4.2.11. M (-2;3;-1) nuqtadan o‘tuvchi va berilgan to‘g‘ri chiziqlarga

Agar y= f(x) funksiya biror fizik jarayonni ifodalasa, u holda y' hosila perpendikular to‘g‘ri chiziq tenglamasini tuzing:

bu jarayonnig ro‘y ‘t?erish tezligini ifodalaydi. Bu jumla hosilaning fizik 1 x_y_z-2 x+l_y+l_z-2
ma’nosini anglatadi. 2 1 371 -1 2’
15-misol. Massasi 27 kg bo‘lgan jism s=In(1+¢) qonun bo‘yicha 2) x=5_ y+l_z-3 x+2_y _z+1
to‘g‘ri chiziqli harakat qilmoqda. Jismning harakat boshlangandan 2 sekund 3 1 -27 2 -5 4
o‘tgandan keyingi kinetik energiyasini ( K= m2v j toping. 4.2.12. To‘g‘ri chiziglarning o°zaro joylashishini aniglang:
, 342 4 s 4 3 x=2+8t,
@ v(t)_s’(t)_1+t3 , V(Z)—g. 1) x_—4 _ y_—3 =z; Ay=er,
U holda z=-3_ 4I;
m? 27(4Y
K= 5 =2(3J =24()). © 2)x+4:y+3:z—1 L:y—122+2.
3 2 1 7-2 3 -1
. . =3sin2¢, . Do L e S
16 —misol. Material nuqta {x \En 5 gonun bilan harakatlanmoqda. 4.2.13. To‘g‘ri chiziq bilan tekislik orasidagi burchakni toping:
y=+/3cos2t
x=1 y z+1 .
Nugqta tezligining = %Vaqtdagi yo‘nalishini toping. ) T 2x+2y-9=0;
& Nugta tezligi uning harakat yo‘nalishiga o‘tkazilgan urinma bo‘ylab x—2y-1=0,
yo‘naladi. Urinma og‘ish burchagining ¢ =7, vaqtdagi tangensi ){ Y- z2-2=0 X+2y-z+6=0.
go=y'(t,)=— V3sin 21 = ﬁ 4.2.14. To‘g‘ri chiziq bilan tekislikning o‘zaro joylashishini aniqlang:
) 3cos2t | . 3
=5 x—y+4z-6=0,
. ) o o 1) 3x—y+6z-12=0;
Demak, ¢= 2 vaqtda material nuqta tezligi Ox o‘qining musbat 2x+y—-z+3=0,

2) x+1:y—2:z+2

, 2x+y—4z-8=0.
2 8 Y

yo‘nalishiga ¢ =-60° li burchak ostida yo‘naladi.
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4.2.15. To‘g'ri chiziq bilan tekislikning kesishish nuqtasini toping:
1) x—4:y—7 :z—S

, x=3y-2z+5=0;

1 5 4
Xyl _zv7 s . _4-0.
2 17 13
4.2.16. m va nning qanday giymatlarida x_43 =Y ;1 =Z +13 to‘g‘ri

chiziq:

1) mx+2y—4z+n=0 tekislikda yotadi;

2) mx+ny+3z—-5=0 tekislikka perpendikular bo‘ladji;
3) 2x+3y+2mz —n =0 tekislikka parallel bo‘ladi.

4.2.17. M(1;-1;-1) nuqtadan o‘tuvchi va berilgan to‘g‘ri chiziqqa
perpendikular tekislik tenglamasini tuzing:

x+1 y+2 z+2, 2)x+3_y—l_z—5_ ) x—-1=0,
2 -3 4 4 -1 =2’ y+2=0.

1y

4.2.18. M (4;5;-6) nuqtadan berilgan tekislikka tushirilgan perpendikular
tenglamasini tuzing:

1) x-2y-3=0; 2) x—y+z-5=0.

x-=3y+5=0,

to‘g‘ri chizigdan
2x+ y+z-2=0

4.2.19. M(0;1;2) nuqtadan va {
o‘tuvchi
tekislik tenglamasini tuzing.

4.2.20. M (5;2;-1)nuqtaning x +2z—1=0 tekislikdagi proyeksiyasini
toping.
4.2.21. M(2;3;4)nuqtaning xl_l = y2—1 = 23_1 to‘g‘ri chizigdagi

proyeksiyasini toping.
4.2.22. M(2;-3;-1) nuqtadan berilgan to‘g‘ri chizigqacha bo‘lgan

masofani toping:

1))

x=3 y+2 z+1, 2)x+1_y+2_z+1
4 3 57 2 -1 27
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2 2
13 —misol. %6 + % =1 ellipsga M (2;3) nuqtada o‘tkazilgan urinma va
normal tenglamasini tuzing.
@ Hosilaning x, =2 nuqtadagi qiymatini topamiz:
2x 2y, 3

1
Ly == )=—1,
16 12 Yty Y

M ,(2;3) nuqtaning koordinatalari va »'(2)ni urinma hamda normal
tenglamalariga qo‘yamiz:

y—3=—%(x—2) yoki x+2y-8=0;

y-3=2(x-2) yoki 2x-y-1=0.
Demak, izlanayotgan urinma tenglamasi
Xx+2y-8=0,
normal tenglamasi
2x-y-1=0. O

& M,(x,;f(x,)) nuqtada kesishuvchi ikkita chiziq x, nuqtada hosilaga
ega bo‘lgan y=f(x) va y=f,(x) funksiyalar bilan berilgan bo‘lsin. Bu ikki
chiziq orasidagi burchak deb, ularga M, nuqtada o‘tkazilgan urinmalar

orasidagi burchakka aytiladi.
Bu burchak
Sy (%) = £(x,)
l’ - e
ST ) £

formula bilan topiladi.

2

14 —misol. y="> ,y=2-xchiziqlar orasidagi burchakni toping.

@& Chiziglarning tenglamalarini birgalikda yechib, ulaming kesishish
nugqtalarini topamiz:

Bundan 4(-1;3), B(20).
Funksiyalar hosilalarining bu nuqtalaridagi qiymatlarini hisoblaymiz:

x' -4 x*+4 ,
J: e fi(x)=-1L

oo
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6.1.8. y = f(x) funksiya
x=(1),
y=y(@)eT

parametrik tenglamalar bilan berilgan bo‘lsa, u holda

4 N\
v :L’, va " :7();")’ yeus

t t

x=3cost, . . .
bo‘lsa, y” ni toping.

xxx¢

12 —misol. { .
y=2sint

Y, _ (2sin?); _ 2cost ——gct y
® % x' (3cost)) —3sint 3 st

t

U holda
o (—gctgt) E;
y/r :(yx)I: 3 ' :3 Sinzt:_z. 1
oy (3cost)'1 —3sint 9 sin’f’

(_%. 1 j' 2 cost
" _On) U 9sin’t) 3 gin*s 2 cost

X (3cost)

—3sint 9 sin’t

6.1.9. f(x) funksiya x, nuqtada hosilaga ega bo‘lsin.
f'(x,) hosila y = f(x) funksiya grafigiga M (x,;f(x,)) nuqtada
o‘tkazilgan urinmaning burchak koeffitsiyentiga teng, ya’'ni

k=tga = f'(x,).

Bu jumla hosilaning geometrik ma’nosini ifodalaydi.
y=f(x) funksiya bilan berilgan egri chiziq grafigiga M (x,;f(x,))
nuqtada o‘tkazilgan urinma
Y=y, =S"0x)(x—x,)
tenglama bilan, normal
—y = —#(x -x,)
Y=Y 1) 0

tenglama bilan aniglanadi.
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4.3. IKKINCHI TARTIBLI SIRTLAR

Sfera. Ellipsoid. Giperboloidlar. Konus sirtlar.
Paraboloidlar. Silindrik sirtlar

4.3.1. Oxyz koordinatalar sistemasida x,y,z o‘zgaruvchilarning ikkinchi
darajali tenglamasi bilan aniqlanuvchi sirt ikkichi tartibli sirt deyiladi.
Uchta x,y va z o‘zgaruvchining ikkinchi darajali tenglamasi umumiy
ko‘rinishda
Ax* + By’ +Cz> + Dxy+ Exz+ Fyz+ Gx+ Hy+ Kz +L=0, A*+B*+C*=20 (3.1)

kabi yoziladi.
(3.1) tenglamani koordinatalar sistemasini almashtirish orqali
Ax* +By* +Cz2* +L =0 (3.2)
yoki
Ax*+By* +Kz +L=0 3.3)

ko‘rinishdagi tenglamalardan biriga keltirish mumkin.

(3.2) ko‘rinishdagi tenglamalar bilan aniqlanuvchi sirtlarga sfera,
ellipsoidlar, giperboloidlar va konus sirtlar, (3.3) ko‘rinishdagi tenglamalar
bilan aniqlanuvchi sirtlarga paraboloidlar kiradi.

Shu bilan birga ikkinchi tartibli sirt

F(x,y)=0 (G(x,2)=0, H(y,z)=0)
tenglama bilan berilishi mumkin. Bunday tenglamalar bilan aniqlanuvchi
sirtlarga silindrik sirtlar kiradi.

Markaz deb ataluvchi nuqtadan teng uzoqlikda yotuvchi fazodagi
nuqtalarning geometrik o‘rniga sfera deyiladi.

Markazi M, (x,;y,;z)nuqtada bo‘lgan va radiusi Rga teng sferaning
kanonik tenglamasi:
(x=x)+(-y) +(z-z) =R (3.4)
Markazi koordinatalar boshida bo‘lgan va radiusi Rga teng sferanig
kanonik tenglamasi:
¥+ +z2' =R

1-misol. Markazi M (-2;2;))nuqtada yotgan va 2x+y-2z-5=0
tekislikka uringan sfera tenglamasini tuzing.

@ Tekislik sferaga uringani sababli sferaning markazidan, ya’ni

M, (-2;2;))nuqtadan 2x +y—-2z-5=0 tekislikkacha bo‘lgan masofa sferaning
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radiusiga teng bo‘ladi. Nuqtadan tekislikkacha bo‘lgan masofa formulasidan
topamiz:

R_|27(D+1-2+(=2) 1-5] _9 _
22 +17 +(=2)° 3
Bundan

x+2) +(y-2 +(z-1)’=9. O

4.3.2. Oxyzkoordinatalar sistemasida
—+ y—z + Z—z =1 (3.5)
a b ¢
kanonik tenglama bilan aniqlanuvchi sirtga ellipsoid deyiladi.
Ellipsoidning Oxy, Oxz, Oyz tekisliklarga parallel tekisliklar bilan

kesimlari ellipslardan iborat bo‘ladi. a, b, ckattaliklar ellipsoidning yarim

o‘glari deyiladi. Agar ular har xil bo‘lsa, u holda ellipsoid uch o ‘qli
ellipsoid bo‘ladi; agar ulardan ixtiyoriy ikkitasi bir-biriga teng bo‘lsa, u
holda ellipsoid aylanish ellipsoidi bo‘ladi; agar ularning uchalasi teng
bo‘lsa, u holda

ellipsoid sfera bo’ladi.

2 2

2 —misol. %+Z—2=1 ellipsning Ox va Oy oqlari atrofida aylanishidan

hosil bo‘lgan sirtlarning tenglamalarini toping.

@& Agar ikkinchi tartibli chiziq F(x,y)=0 tenglama bilan berilgan
bo‘lsa, u holda bu sirtning Ox oqi atrofida aylanishidan hosil bo‘lgan sirt
F(x;J_n/ yi+z )= 0 tenglama bilan, Oy oqi atrofida aylanishidan hosil bo‘lgan
sirt esa F(J_r VXt + 2% y)z Otenglama bilan aniglanadi.

2 2

x—2+Z—2=1ellipsning Ox oqi atrofida aylanishidan hosil bo‘lgan sirt
a

tenglamasini topamiz:

2 i [ 2+ 22 X 2 2 2
x—2+7( Y 2 ) =1 yoki X rrE g,
a b’ a’ b’

Ellipsning Oy oqi atrofida aylanishidan hosil bo‘lgan sirt tenglamasini

shu kabi topamiz:
2 2
al +ZZ + ;—2 =1.
a
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f(x) funksiya (a;b) intervalda dy differensialga ega bo‘lsin.

Birinchi tartibli dy differensialdan olingan differensialga ikkinchi
tartibli differensial deyiladi va d’y = f"(x)dx*kabi yoziladi, bunda dx* = (dx)’.
Ikkinchi tartibli differensialdan olingan differensialga wuchinchi tartibli
differensial deyiladi va hokazo. n-—tartibli differensial deb (n-1)-tartibli
differensialdan olingan differensialga aytiladi va d"y = /" (x)dx" kabi
yoziladi.

10-misol. y=x"+3x>-1Dbo‘lsa, d'y nitoping.

® V' =5x"+9x%, y"=20x" +18x, y"=60x" +18, y* =120x.

Bundan
d'y=y?(x)dx* =120xdx'. @

6.1.7. x nuqtada differensiallanuvchi y=y(x) funksiya F(x,y)=0
tenglama bilan berilgan bo‘lsin.

& )'(x) hosilani topish uchun avval F(x,y)=0 tenglikning chap va
o‘ng tomoni x bo‘yicha differensiyalanadi ( bunda y=y(x)ga x ning
funksiyasi deb qaraladi) va so‘ngra hosil bo‘lgan tenglama ' ga nisbatan
yechiladi.

11-misol. y—cos(x+ y)=0bo‘lsa, y"ni toping.
@  y-cos(x+y)=0 tenglikning har ikkala tomonini x bo‘yicha
differensiallaymiz: ' +sin(x+ y)(1+y")=0.

Bundan
V' (A +sin(x+ y))=-sin(x+y) yoki
,___sin(x+y)
- 1+sin(x + y)
U holda
- sin(x+y) | _ cos(x+ y)(1+y)1+sin(x+ y))—cos(x+ y)(1+ y")sin(x+y)
7 _(_1+sin(x+y)J w (1+sin(x + y))’ -
cos(x + y) ,
= lrsinr )y Y
yoki
w___ cos(x+y) [1 __sin(x+y) j_ _cos(x+y)
T T Uasin(x+ )’ 1asin(x+y))  (+sin(x+y)
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8 —misol. y=x"In3x bo‘lsa, y(2)ni toping.

= y':(xz)'1n3x+x2(ln3x)':2x1n3x+xz-%:x(21n3x+1);
X
y”:(x(21n3x+1)) =x'2In3x+1)+x2In3x+1)' =

=1-(21n3x+1)+x-2-3i=21n3x+3;
X

yn!:(21n3x+3)f:2_3izz; y(4) :(2) :_%; y(S) :(_22) 213,
X X X

Bundan

. 4 1
®) 2 =—=—
y7(2) 73 ()

Yugori tartibli hosilalar uchun quyidagi formulalar o‘rinli bo‘ladi:

1. (@)"” =a"In"a (a>0), (e“)(”) =e"; 2. (sinx)™ = sin(x + nzﬂj,

3. ) =a(a-1..(c—n+1)x"",aeR;

4. (cosx)™ = cos(x + nzﬂj,

5' (lnx)(”) = L:l_l)" 6' (u + v)(n) — u(n) + V(n);
X

n
7. (Cu)" =Cu; 8. (u-v)"=yClu"v"",
k=0

9 —misol. y =xe* funksiyaning » —tartibli hosilasini toping.
® @-v)" =Y C'u*"* formuladan foydalanamiz.
k=0
Shartga ko‘ra u=x, v=e.
Bundan
x' _ 1’ x" ZO, . x(n) _ O; (62\')! :262)(’ (62)()7!: zzezx’ '",(eZX)(H) _ 2!162)('
U holda
xezx ) _ < Ckx(k) ezx (n—k) :Cox(()) ez)[ (n) +Clxl e2x (n-1) +."+Cr1x(n) er © _
();n() X0 () +Cx(e) X (e™)
n! n!

_
S0 T T

12" +0+...+0=2""e*(2x +n).

Demak,
(erx)(H) — 2””1@2)((2)(? + n) O
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Hosil bo‘lgan tenglamalarning har ikkalasi ham aylanish ellipsoidini
aniglaydi. @
4.3.3. Oxyzkoordinatalar sistemasida
et (3.6)
a b c
kanonik tenglama bilan aniqlanuvchi sirtga bir pallali giperboloid deyiladi.
Bir pallali giperboloidning Oxy tekislikka parallel tekisliklar bilan
kesimlari ellipslardan, Oxz va Oyz tekisliklarga parallel tekisliklar bilan
kesimlari giperbolalardan iborat bo‘ladi. a =b bo‘lganda (3.6) tenglama bir
pallali aylanish giperboloidini ifodalaydi.

3-misol. x> —4y* +4z° + 2x + 8y — 7=0 tenglama qanday sirtni aniqlaydi?
@® Tenglamaning chap tomonini to‘la kvadratlarga ajratamiz:

X +2x+1-40" +2y+1)+4z° —-1+4-7=0
yoki
(x+1)° —4(y—1) + 42" =4.
Bundan
(x+1)> 22 (y-1)°
r T T 2 =1.
2 1 1

xX'=x+1, y'=y-1, z/=z deb, Oxyz sistema markazini O’'(-1;1;0) nuqtaga

!

parallel ko‘chirish orqali O'x'y’z’ sistemaga o‘tamiz. Bu sistemada tenglama

xIZ ZIZ yrz

+ —
2? 1’ 1’
ko‘rinishni oladi. Bu tenglama 0Oy’ oq bo‘ylab yo‘nalgan bir pallali
giperboloidni aniglaydi. @

=1

Oxyzkordinatlar sistemasida

R e (3.7)
a b c
kanonik tenglama bilan aniqlanuvchi sirtga ikki pallali giperboloid deyiladi.
Ikki pallali giperboloidning Oxy tekislikka parallel tekisliklar bilan
kesimlari ellipslardan, Oxz va Oyz tekisliklarga parallel tekisliklar bilan
kesimlari giperbolalardan iborat bo‘ladi. a =b bo‘lganda (3.7) tenglama ikki
pallali aylanish giperboloidini aniglaydi.
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4-misol. mning qanday qiymatida x+mz—1=0 tekislik x* +y* -z> =-1
ikki pallali geperboloidni kesadi: 1) ellips bo‘yicha; 2) giperbola bo‘yicha?

@ 1) Giperboloid  tenglamasidan  topamiz: x>+’ -z'+1=0.
Giperboloidni  tekislik bilan kesganda ellips hosil bo‘lishi uchun
x> =z’ +1>0 bo‘lishi kerak.

Tekislik tenglamasidan topamiz: x=1-mz.

xning qiymatini tengsizlikka qo‘yamiz:
(I1-mz)’ =22 +1>0, m’z2* —2mz+1-z> +1>0, (m* —1)z> = 2mz +2>0. Bundan

2 -1>0, 2>,
{ " {m R 1<|m|<ﬁ.

m* =2(m* -1)>0. ~ |m*<2.

2) Kesim giperboladan iborat bo‘lishi uchun x* - z* +1<0 bo‘lishi kerak.
U holda (m* —=1)z° = 2mz + 2< 0 yoki

P -1<0, T <1,
T AT mkl. @
m°=2(m" -1)>0. |m <2.

4.3.4. Oxyzkoordinatalar sistemasida

P (338)
a b ¢
kanonik tenglama bilan aniqlanuvchi sirt konus sirt deyiladi.

Konus sirtning Oxy tekislikka parallel tekisliklar bilan kesimlari
ellipslardan, Oxz va Oyz tekisliklarga parallel tekisliklar bilan kesimlari

ikkita kesishuvchi to‘g‘ri chiziqlardan iborat bo‘ladi.

4.3.5. Oxyzkoordinatalar sistemasida
2 2

%+Z—2=z,a>0,b>0 3.9

kanonik tenglama bilan aniqlanuvchi sirt elliptik paraboloid deyiladi.

Elliptik paraboloidning Oxy tekislikka parallel tekisliklar bilan
kesimlari ellipslardan, Oxz va Oyz tekisliklarga parallel tekisliklar bilan
kesimlari parabolalardan iborat bo‘ladi. a=5 bo‘lganda (3.9) tenglama
aylanish elliptik

paraloidini aniqlaydi.
Oxyzkoordinatalar sistemasida
2 2
Lz—;fz:z, a>0, b>0 (3.10)
a
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Bundan Ay -dy=(6x - 1)Ax’* + 2Ax°.
x,=2 va Ax=0lda Ay=2]112, dy=2, Ay—-dy=0,]12.
Absolut va nisbiy xatoliklarni hisoblaymiz:

Ay— bl = 0112, Ay—dy| 0112

= ~0,053 yoki 5,3%. @
Ay | 2112

Ko‘pchilik masalalarni yechishda funksiyaning x, nuqtadagi orttirmasi
funksiyaning shu nuqtadagi differensialiga taqriban almashtiriladi, ya’ni
Ay =~ dy deb olinadi.

Bunday almashtirish yordamida biror 4 miqdorning taqribiy qiymati
quyidagi tartibda hisoblanadi:
1’. A miqdor x nuqtada biror f(x) funksiya qiymatiga tenglashtiriladi:

A=f(x);

2°. x, nuqta x ga yaqin va f(x,) ni hisoblash qulay qilib tanlanadi;
3°. Ax va f(x,) hisoblanadi;
4°. f'(x)topilib, f'(x,)hisoblanadi;
5°. Ax, f(x,), f'(x,) qiymatlar f(x)=~ f(x,)+ f'(x,)Ax formulaga qo‘yiladi.

7 —misol. arcsin0,47 ning taqribiy qiymatini toping .
@ 1.°A=arcsin0,47, f(x)=arcsinxdeymiz. U holda 4=7(0,47) va
x=0,47;
2°. x,=0,5 deb olamiz;

3%, Ax=0,47-0,5=-0,03, £(0,5)= % ~0,5236;
1

£ W=

5°. £(0,47) ~ £(0,5) + £'(0,5)Ax = 0,5236 + 1,1547 - (0,03 =) = 0,489.

f(0,5)=1,1547,

6.1.6. f(x) funksiya (a;b) intervalda f’(x) hosilaga ega bo‘lsin.

f'(x) funksiyaning hosilasidan olingan hosilaga ikkinchi tartibli hosila
deyiladi. Ikkinchi tartibli hosila mavjud bo‘lsa, bu hosiladan olingan hosilaga
uchinchi tartibli hosila deyiladi va hokazo. Hosilalar ikkinchi tartiblidan
boshlab yugori tartibli hosila deyiladi va y",y",y",... ,y",...

(yoki f"(x), f"(x), f ™ (x),eer f ™ (x),... ) kabi belgilanadi.
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»'ni topamiz:

, 3x? 4 3
Y=y 5—+ +In2-——|,
x+1 5(x-2) x—4

y,:(x3+l)-51/(x—2)4~2“ (3x2 L4 3 J o

= ; - +In2 - ~
(x—4) x+1 5(x-2) x—4

yoki

& Dararajali-ko ‘rsatkichli funksiya deb ataluvchi y=u" funksiyaning
hosilasi logarifmik differensiallash yordamida

W) =u’ -[lnu-v’+v-u—)

u
formula bilan topiladi.

5-misol. y=x" funksiyaning hosilasini toping.
@ y=x, u' =1, v=cos3x, v'=-3sin3xlarni formulaga qo‘yib topamiz:

Y =x (lnx -(=3sin3x) + (cos3x) - lj
x

yoki

’

y'=x"".(cos3x —3xInx-sin3x). O

6.1.5. Agar y = f(x) funksiyaning x, nuqtadagi orttirmasini
Ay = AAx + a(Ax)Ax
ko‘rinishda ifodalash mumkin bo‘lsa, f(x) fumnksiva x, nugtada
differensiallanuvchi deyiladi, bunda 4-o0°zgarmas son, lim a(Ax) = 0.

v = f(x) funksiya orttirmasining Ax ga nisbatan chiziqli bo‘lgan bosh
qismi f'(x,)Ax ga y= f(x) funksiyaning x, nuqtadagi differensiali deyiladi
va dy (yoki df (x)) bilan belgilanadi, ya’ni

dy = f'(x,)dx.

6 -misol. y=2x’-x’+1 funksiyaning x, =2 nuqtadagi orttirmasini va
differensialini Ax=0,1 da toping. Orttirma bilan differensial orasidagi
ayirmaning absolut va nisbiy xatoliklarini hisoblang.

® Ay=Qx+A) —(x+A)+1)-2x’ = x> +1)=

=2x(3x —1)Ax + (6x —1)Ax’ + 2Ax’;
dy =2x(3x —1DAx.
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kanonik tenglama bilan aniqlanuvchi sirt giperbolik paraboloid deyiladi.

Giperbolik paraboloidning Oxy tekislikka parallel tekisliklar bilan
kesimlari giperbolalardan, Oxz va Oy:z tekisliklarga parallel tekisliklar bilan
kesimlari parabolalardan iborat bo‘ladi.

5—-misol. M,(0;6;0) nuqtadan va y=-b tekislikdan teng uzoqlikda
yotuvchi nuqtalarning geometrik o‘rnini toping va shaklini chizing.

@ M (x;y;z) fazoning ixtiyoriy nuqtasi bo‘lsin.

Masala shartiga ko‘ra [M,M |5y +b|

y0k1 z

N+ =b)Y +2 =y +b|.
Bundan
XX+ =2yb+b* +z° =y +2yb+b’,

x*+z=4by  yoki
XLz
4 4p
Sirtning Oxz tekislikka parallel tekislik
bilan kesimi ushbu
xZ 22
+—=1
4bh  4bh
y=h, h>0

tenglamalar sistemasi bilan aniglanuvchi aylanalardan iborat. Sirtning Oxy

3-shakl.

2

va Oyz tekisliklar bilan kesimlarida y:z—b va y:i—b parabolalar hosil

bo‘ladi. o
Shunday qilib bu sirt aylanish paraboloididan iborat bo‘ladi (3-shakl).

4.3.6. Fazoda L chiziq va / to‘g‘ri chiziq berilgan bo‘lsin.

L chizigning har bir nuqtasi orqali / to‘g‘ri chiziqqa parallel qilib
o‘tkazilgan to‘g‘ri chiziglar to‘plamidan hosil bo‘lgan sirtga silindrik sirt
deyiladi. Bunda L chiziq silindrik sirtning yo ‘naltiruvchisi, | to‘g‘ri
chiziqqa parallel to‘g‘ri chiziqlar silindrik sirtning yasovchilari deb ataladi.

& Agar Oxyz koordinatalar  sistemasini Oz o‘q / yasovchiga
parallel, L yo‘naltiruvchi Oxy tekislikda yotadigan qilib tanlansa va
L yo‘naltiruvchining Oxy tekislikdagi tenglamasi F(x,y)=0 bo‘lsa, u holda
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F(x,y) =0 tenglama yasovchilari Oz 0‘qqa parallel bo‘lgan silindrik sirtni
ifodalaydi.
Silindrik sirtning nomlanishi va tenglamasi L yo‘naltiruvchining shakli
2 yz
1

asosida aniglanadi: Oxy tekislikda x—z+b—2 =1 tenglama elliptik silindrni,
a

2

x—; - ;—2 =1 tenglama giperbolik silindrni, y* =2px tenglama parabolik
a
silindrni ifodalaydi.

6-misol. x*=2z tenglama bilan
aniqlanuvchi sirt shaklini chizing. z
@ Berilgan tenglamada
v qatnashmaydi va x* =2z chiziq
Oxz tekislikda yotuvchi parabolani

ifodalaydi. P
Shu sababli {x :Ozz’ tenglama i Z{
y= 1
yosovchilari Oy o‘qqa parallel bo‘lgan /0 y

parobolik silindrni ifodalaydi. Parabola 2
y=0 tekislikda Oz o‘qqa nisbatan * 4-shakl.
simmetpik bo‘ladi, uchi  0(0;0,0)

nuqtada yotadi va M (-2:0;2),M,(2;0;2) nuqtalardan o‘tadi (4-shakl). O

Mustahkamlash uchun mashgqlar

4.3.1. Sferaning tenglamasini tuzing: 1) markazi M (4;-4;-2) nuqtada
yotgan va koordinatalar boshidan o‘tgan; 2) diametrlaridan birining uchlari
M, (41;-3)va M,(2;-3;5)nuqtalarda yotgan; 3) markazi M, (3;-5-2) nuqtada
yotgan va 2x-y-3z+11=0 tekislikka uringan; 4) markazi 2x+y-z+3=0
tekislikda yotgan va M (-5;0,0), M,(3;1;-3), M,(-2;4;1) nuqtalardan o‘tgan;
X'+t +27 =25,

aylanadan o‘tgan.
2x -3y +5z-5=0

5) koordinatalar boshidan va {

4.3.2. mning qanday qiymatlarida x+my—2=0 tekislik % + % =y
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] s —enr ™ )
4|2 2 +2cth2x:2cth2x—7-

2 Shzfchzf sn°x
2 2

7) vy=Arshx funksiyaga teskari funksiya x=shy. Teskari funksiyani

differensiallash qoidasiga ko‘ra
1 1 1 1

y'=(Arshx) = —=—= = .
(shy), chy \1+sh’y 1+x°

8) y = arctgx| funksiyani
| actgx agar x 20 bo'lsa,
| —arctgx agar x < 0 bolsa

ko‘rinishda yozib olamiz.
U holda

5 agar x 20 bolsa,
y= I+x

! > agarx <0 bo'lsa. O
1+x

6.1.4. Funksiyani avval logarifmlab, so‘ngra differensiallashga
logarifmik differensiallash deyiladi.

O+ -4(x=2)* - 2"

4 -misol. y=
(x=4)

funksiyaning hosilasini toping.

@ Bu hosilani differensiallash qoidalari va formulalaridan foydalanib
topish mumkin. Bu jarayonda bir qancha almashinishlar bajarishga hamda
differensiallash qoidalari va formulalarini qo‘llashga to‘g‘ri keladi. Shu
sababli bu jarayonni engillashtirish uchun logarifmik differensiallash
qoidasidan foydalaniladi.

Funksiyani logarifmlaymiz:

Iny= ln(x3 + 1)+ gln(x -2)+xIn2-3In(x —4).

Tenglikning har ikkala tomonini x bo‘yicha differensiallaymiz:

l~y': 31 ~3x2+ﬂ~ ! +In2-3- ! .
y x +1 5 x=-2 x—4
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Differensiallash qoidalari va formulalaridan foydalanib topamiz:

P 3 31 1 -2 1) -3
V==3x"=2-(2)x"+0+2-=x*4+3-—x ‘=4 |——|x ? =
3 2 6 2

=x2+i+3&+
e

1 2
+—.
2‘&/? x\/;
2) Differensiallash qoidalari va formulalarini qo‘llab topamiz:
V= [xz +3° j _ (¥ +3) xe" —(xe")'(x* +3%)

x

xe' 2 2x

X e

_(2x+3 In3)xe’ —(x'e" +(e")x)(x’ +3") (2x+3"In3)xe" —(1+x)e’ (xz + 3X)

2 2x 2 2x

x’e x’e
22X +3'xIn3-x"-3"-x-3"x  3"(xIn3-x-1)+x’(1-x)
x'e x’e '

3) y'=(e"arctgx — 2/xcosx + xlog ,x)' =

=(e") arctgx + e (arcigx)' — 2(\x) cosx — 2+/x(cosx)' + x'log, x + x(log, x)' =
1 cosx

1+x*  x

2xsinx — cosx

1
=e"| arctgx + + + log, (ex).
( 8. 1+x2j \/; g, (ex)

. X
+2\/;smx+log2x+—

=e'arctgx+e” - =
xln2

4) Murakkab funksiyani differensiallash qoidasidan foydalanamiz:
1 darctg’x
S P

y' = (arctg*x)' = 4arctg’x - (arctgx)' = 4arctg’x - 1

5) logarifmik ifodani soddalashtiramiz:

2
- 2 .
y=Ilog,sin’3x = 510g4 sin3x.

Murakkab funksiyani differensiallaymiz:
, 2 1 2cos3x
=—-————-cos3x-3=—

3 sin3x-In4 sin3x

-log,e=2log, e-ctg3x.

6) y= th% + cth% + In(2shx) + In(chx) = th% + cth% + In(sh2x).

U holda
y'= 11 -l+ ! ~ch2x-2=
X 2 o gp* 2 sh2x
2 2
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elliptik parabaloidni kesadi: 1) ellips bo‘yicha; 2) parabola bo‘yicha?

4.3.3. Berilgan sirtning ko‘rsatilgan o‘qlar atrofida aylanishidan hosil

2
bo‘lgan sirt tenglamasini tuzing: 1) z:—%, Ox va Oz;
x2 yZ yZ ZZ
2) Z——=—=1,0x va Oy; 3) =—+=-=1,0yva Oz.
)16 2 4 )64 TighOyva Oz

4.3.4. Markazi koordinatalar boshida yotgan va yo‘naltiruvchilari
x*=2z+1=0, y-z+1=0 tenglamalar bilan berilgan konus tenglamasini
tuzing.

4.3.5. Berilgan sirtlarning kesishish chizig‘ini aniqlang:

2 2 2 2

1) %+%:22, 3x—y+6z-14=0; 2) %—%:22, 3x—y+6z-14=0;

_ 2 2 2 2 2
3)M—M=22, x-2y-1=0; 4)x—+y——z—=—l, 5x+2z+5=0.
4 3 39 25

4.3.6. M (o;g;oj nuqtadan va y = —% tekislikdan teng uzoqlikda yotgan
fazoviy nuqtalarining geometrik o‘rnini toping.

4.3.7. Har bir nuqtasidan M (3;0;,0) nuqtagacha va x=1 tekislikkacha

bo‘lgan masofalar nisbati /3 ga teng bo‘lgan fazoviy nuqtalarning geometrik
o‘rnini toping.

4.3.8. Berilgan tenglama bilan aniqlanuvchi sirt turini aniqlang:
1) 36x" +64y* —144z* +576=0; 2) X+ + 2 =2(x+y+2)-22=0;
3)3x*+2y* -12z=0; 4) 16x* +3y* +162° —64x — 6y +19=0;
5) 25x* —=9y* —225=0, 6) 9x* —4y* —362=0;
7) 4x* +3y* =522 +60=0; 8) x* + )" —2x—3=0;

9) 36x* +64y* +144z° =576 =0; 10) z*> -2x=0.
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4-NAZORAT ISHI

1. (1.1.-1.15) 4,B.C,D nugqtalar koordinatalari bilan berilgan:
a) 4,B,C nuqtalar orqali o‘tuvchi o tekislik tenglamasini tuzing;
b) D nugtadan o‘tuvchi va o tekislikka perpendikular bo‘lgan / to‘g‘ri
chizigning kanonik tenglamasini tuzing: ¢) / to‘g‘ri chiziq bilan
o tekislikning kesishish nuqtasini toping.

1.(1.16.-1.30) 4,B,C nuqtalar koordinatalari bilan berilgan:
a) 4B to‘g‘ri chizigning kanonik tenglamasini tuzing; b) C nuqtadan
o‘tuvchi va 4B to‘gri chizigqa perpendikular bo‘lgan o tekislik
tenglamasini tuzing; c) 4B to‘g‘ri chiziq bilan o tekislikning kesishish
nuqtasini toping.

2. Berilgan chiziqlarning ko‘rsatilgan o‘q atrofida aylanishidan hosil
bo‘lgan sirt tenglamasini tuzing va turini aniglang.

I-variant

- ACLL=1), B(1:-9:6), C(5;-1,6), D(=5;2;=1).

2. a)x2 —9y2 =9, Ox; b) 3y2 =z, Oz.
2-variant

. A(4;-3;-7), B(10;=-5;0), C(6;—-13;0), D(L;2;1).

. a)5x° -7y’ =35, Ox; b) y=5,z=2, Oy.
3-variant

. A(3;2;-8), B(10;0;2), C(10;—4;—6), D(—4;—4;1).

2. a)x’ +3z° =9, Oz b) 3y* +18z° =1, Oy.
4-variant

. A(=7:3,0), B(=83;-1), C(-4L4), D(3;-13).

2. a) 3y’ +18z° =1, Oy; b) x=2,y=-4, O=.

S-variant

. A(-2;-51), B(6;-7;6), C(4:-5;3), D(-5;-2;6).
2. a)x’ +3z° =9, Oz b) x=3,y=4, Oy.
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6.1.3. Hosilalar jadvali (differensiallash formulalari)
1. (C) =0;

’

1 1 1
2. W) =au" -u', xususan | —| =——-u', (Ju)= u'
(") (u] o (Vu) 2

3. (a") =a"Ina-u', Xususan (e') =e"-u';

’.
‘U,

4. (log,u) = -u', xususan (Inu) =

!
ulna u

5. (sinu) =cosu -u'; 6. (cosu) =—sinu-u';

1 1
7. (1gu) =——-u'; 8. (ctgu) =————-u';
cos’u sin’u
. 1
9. (arcsinu)' = u'; 10. (arccosu)' =— u';
—u’ 1-u’
1
11. (arctgu)' = —-u'; 12. (arcctgu)' =— —u';
1+u 1+u”

13. (shu)' =chu-u'; 14. (chu)' = shu -u';

15. (thu)' = hl u';

ch’u

16. (cthu) =- hl u',

sh’u

Keltirilgan differensiallash qoidalari va formulalari bir o‘zgaruvchi

funksiyasi differensial hisobining asosini tashkil qiladi, ya’'ni ular ixtiyoriy
funksiyani differensiallash (hosilasini topish) imkonini beradi.

3 -misol. Differensiallash qoidalari va formulalaridan foydalanib

funksiyalarning hosilasini toping:

3)
3)
7)

X2 2 + 33X —4 x> +3°
yE eSSt T 2) y= —;
3 x \/; xe’

y=e"arctgx — 24/xcosx + xlog ,x;

4) y=arctg'x;

2
y=log,sin’ 3x; 6) y= th% + cth% + In(shx) + In(chx);

y = Arshx; 8) y=|arctgx]|.
@ 1) Funksiyani differensiallash uchun qulay ko‘rinishga keltiramiz:

1 ER !
y:§x3 —2x7+5+2x% +3x° —4x 2,
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y = f(x) funksiyaning x, nuqtadagi o ‘ng (chap) hosilasi deb
£ )= lim ( £ = Aljgﬂqgj limitga aytiladi.

2 —misol. Funksiyaning x, = 0 nuqtadagi hosilalarini toping:

1) f(x)=x], 2) f(x)=x|x|.
@& 1) Funksiyaning x, = 0 nuqtadagi orttirmasi
Ay = f(0+Ax)— f(0) =[O+ Ax[ -] 0= Ax|.
U holda
| Ax| Ax | Ax|

L A oo A
LU0 = lim =2 == lim ~—=1, f1(0)= lim —F= = lim —===

-1.

f(x) = x|funksiya uchun Ax —0da % = %Cx' nisbatning limiti mavjud

emas. Shu sababli f(x)= x| funksiya x, =0 nuqtada hosilaga ega emas.
2) Funksiyaning x, = 0 nuqtadagi orttirmasi

Ay = f(0+Ax) = f(0) = (0+Ax)-| 0+ Ax|—0-| O|]= Ax| Ax|.
U holda

Ax—0+ Ax Ax—0+ Ax—0-

! — s AX‘A)C|_ —
f(O)—ErE]T—Ilm|Ax|—O. (=)

Ax—0

6.1.2. Differensiallash qoidalari
l. (utv)=u'"+v', u=u(x),v=v(x)—differensiallanuvchi funksiyalar;

2. (u-v)' =u'v+w', xususan (Cu) =Cu', C—0°zgarmas son;
’ ’

(u] u'v—u' (C) cv
3.]=| = xususan | — | =——;
v

2 ’ 22
v 1% 1%

o1
4. y! = agar y=1(x) va x=9(y);

v

5.yl =ylul,agar y=f(u) va u=q(x).
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6-variant

. A(L=L6), B(2;0:6), C(6;3;4), D(4;2;-3).
2. a)3x’ -8y’ =288, Ox; b) x=5,z=-3, Oy.

7-variant

. A(-1;3;-6), B(47;-8), C(0;4;-6), D(-54,-5).
. a)2x’ -6y’ =12, Ox; b) y* =4z, Oz

8-variant

. A(3;7,-10), B(;1L,-5), C(3:8,-9), D(1;—Ll).
2. a)x’ +3z° =9, Oz b) x=4,z=6, Oy.

9-variant

. A(-7;2;4), B(3;-6;12), C(1;,-2;12), D(—4;0;-1).

. a)3x* -5z2° =15, Oz; b) z=-1,y=3, Ox.

10-variant

. A(2;-4;3), B(3;—4;4), C(12;0;11), D(—4;6;1).

. a)y’ =3z, Oz b) 2x* +3z* =6, Ox.

11-variant

. A(=3-2;0), B(—4;-1;3), C(=5:-2;-2), D(=5:9:6).

. )2y’ =72, Oz b) 6y° +5z% =30, Oy.

12-variant

. A(4-57), B(2:-2;0), C(6;—4;8), D(=3:6:1).

. a)5x* -7y’ =35, Ox; b) x=2,y=-4, O

13-variant

. A(=54;-8), B(3;0;2), C(-3;4;-6), D(7;2;—4).

. a)3x* =-27, Oz b) 6y° +5z% =30, Oy.
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N =

=

2. a)y’ =2z, Oz;

2. a)4x’ -3y’ =12, Ox;

. a)5y° —8z* =40, Oz;

. a)x’=-3z, Ox;

. )3y’ -4z’ =12, Oz;

14-variant
A(-83;-1), B(-41;4), C(-7;3;0), D(3;~1;3).
b) y=3,z=1, Ox.

15-variant

. A(3;—44), B(2;-4;3), C(12;0;11), D(—4;5:1).
.a)3x’ =-4y, Oz

b) 4x* +3z* =12, Oz
16-variant

A(3;3:3), B(1;2;5), C(6;-6:7).

b) 9y* +4z* =36, Oy.

17-variant

A(=3:4-7), B(-1;6;-8), C(0;1;2).

b) x=1,y=2, Oz
18-variant

A(5;2;6), B(3;0;5), C(—4;1;2).

b) 3x* +5z% =15, Ox.

19-variant

A(15:-8), B(2:3:-10), C(3:0:3).
b) y=4,z=2, Oy.

20-variant

1. A4(-4;9,-12), B(-5;7,-10), C(1;0;=3).

2. a)x’ =3y, Oy; b) 3x* +4z* =24, Oz
21-variant

1. A(3;0;5), B(5;2;6), C(=5L1).

2. a)x’ +2z=4, Oz;

2. a)l5x* -3y’ =1, Ox;

b) x=3,y=-1, Oy.

22-variant
A(0;—4;3), B(1;-2:5), C(6;5,0).
b) x=3,y=4, Oy.
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VI bob
BIR O‘ZGARUVCHI FUNKSIYALARINING
DIFFERENSIAL HISOBI

6.1. FUNKSIYANING HOSILASI VA DIFFERENSIALI

Hosila. Differensiallash qoidalari. Hosilalar jadvali.
Logarifmik differensiallash. Funksiyaning differensiali. Yuqori tartibli
hosilalar va differensiallar. Oshkormas funksiyani differensiyallash.
Parametrik Kko‘rinishda berilgan funksiyani differensiyallash.
Hosilaning geometrik va fizik tatbiqlari

6.1.1. f(x) funksiya x, nuqtaning biror atrofida aniqlangan bo‘lsin.
f(x) funksiyaning x, nuqtadagi hosilasi deb, funksiya orttirmasi
Ay ning argument orttirmasi Ax ga nisbatining Ax — 0dagi limitiga (agar bu
limit mavjud bo‘lsa) aytiladi va quyidagilardan biri bilan belgilanadi:
S Y VL
Shunday qilib,
£'(x,) = lim Ay lim SO 80— f(x,)

Ax Ax

1-misol. f'(x,)ni hosila ta’rifidan foydalanib toping:
1) f(x)=%x, x,=-8; 2) f(x)=tgax, x,=x.
@ 1) Hosila ta’rifiga ko‘ra

, S . A-8+Ax-3-8 -8+ Ax+8
['8)=@x)|  =lim = lim =
=8 A0 Ax 0 Ax - (J(=8+ Ax)? + (=2 -8+ Ax + 4)
=1lim ! !

%01 [( 8+ Ax) +(2N—8+Ax+4 12

2) Hosila ta’rifini va tangenslar ayirmasi formulasini qo‘llab, topamiz:

o " . tg(ax+aAx)—tgax _
['(x)=(rgax) =1lim ~ =

. sinaAx . 1 1 a
=lim -lim =q—F—=—7—.
a0 Ay A0cos(ax + aAx)cos ax cos” ax cos”ax
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el 277 -1 9
g 7 n2
Demak, lim —lim-4 = 542 @

X1 . x 1—0 B i
31+1n(s1n2j—1 24

x+3, —o<x<-2,
10.16(1). f(x)=<(x+1)?, 2<x<],

4-x°, l<x<+oo.

y

@ Funksiya xe(-o;+0)da aniglangan.
(—o0;-2), (-2:1),(1;+0)  oraliglarda  funksiya
uzluksiz. x=-2, x=1 nuqtalarda funksiya
analitik berilishni o‘zgartiradi. Shu sababli,
bu nuqtalarda funksiya uzilishga ega bo‘lishi
mumkin.

x=-2 nuqtada: f(-2-0)= lim (x+3)=1,
f(24+0)= lim (x+1)* =1, f(-2)=-2+3=1.
Bundan f(-2-0)= f(-2+0)= f(=-2).

Demak, x=-2 nuqtada funksiya uzluksiz.

x=1 nuqtada: f(1-0)=lim(x+1)’=4=4, f(1+0)=lim(4-x")=3=4,.

4-shakl.

Demak, x=1 sakrash nuqtasi va bu nuqtada funksiya birinchi tur
uzilishga ega. Funksiyaning sakrashi u=|4, — 4|=[3 -4|=1(4-shakl). @

3
10.30. f(x)=5"*; x,=—4, x,=-3.
3 3
® X, =4 nuqtada: f(-4-0)= XEIEOS““ =0, f(-4+0)= XEEHOSM =+00,
Demak, x, =4 nuqtada funksiya ikkinchi tur uzilishga ega.
3 3
x, =-3 nugtada: f(-3-0)= lim 5% =125, f(~3+0)= lim 5% =125,

f(-3)=5"*=125. Demak, x, =3 nuqtada funksiya uzluksiz. &
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Moo=

2. a)7x* —5y* =35, Ox;

23-variant
A(2:3:-10), B(1;5:-8), C(2:-133).
.a)y’ =5z, Oz b) 3x* +7y* =21, Ox.
24-variant
A(9;-3,7), B(11;—4;5), C(0;=2:11).
.a)15y* —x* =6, Oy; b) y=5,z=2, Oy.
25-variant
. A(-5:2;4), B(-7:4;3), C(3:4:0).
a)5z=-x°, Oz b) 3y° +18z° =1, Oy.
26-variant
A(-3;5;0), B(—1;4;2), C(-6;10;1).
b) x=-1,y=-3, Ox.
27-variant
A(8;=5;4), B(9;-7;2), C(0;3;1).
. a)2x’ =z, Oz b) x> +4z° =4, Ox.
28-variant
A(4;-3;7), B(2;—4;5), C(5;7;10).
. )2y’ =5z=10, Oz; b) y=2,2=6, Ox.
29-variant
A(=1;7;10), B(3;5;11), C(2;9;-1).
. a)x’ =-5y, Oy; b) 2x* +3z=6, Oz
30-variant

A(1;2:5), B(3;2;3), C(6;-5:6).

. a)2x’ =z, Oz b) y=3,z=1, Ox.
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3-MUSTAQIL ISH

1. ABC uchburchak uchlarining koordinatalari berilgan: a) C uchdan
tushirilgan balandlik tenglamasini tuzing va uning uzunligini toping;

b) B uchdan o‘tkazilgan mediana tenglamasini tuzing va uchburchak
medianalarining kesishish nugqtalarini toping; c)4 burchakning radian
giymatini hisoblang va uning bissektrisasi tenglamasini tuzing.

2. (2.1- 2.16.) Har bir M (x;y)nuqtasidan berilgan A(x,;y,) va B(x,;y,)
nuqtalargacha bo‘lgan masofalar nisbati aga teng bo‘lgan chiziq
tenglamasini tuzing.

2. (2.17-2.30) Har bir M (x;y)nuqtasidan berilgan A(x,;y,) nuqtagacha
va x=b to‘g‘ri chizigqacha bo‘lgan masofalar nisbati mga teng bo‘lgan
chiziq tenglamasini tuzing.

3. ABCD piramidaning uchlari berilgan: a) 4B qirra tenglamasini

tuzing; b) 4BC yoq tenglamasini tuzing; c) D uchdan A4BC yoqqa
tushirilgan balandlik tenglamasini tuzing va uning uzunligini toping;
d) C uchdan o‘tuvchi 4B qirraga parallel to‘g‘ri chiziq tenglamasini
tuzing; e) D uchdan o‘tuvchi 4B qirraga perpendikular tekislik
tenglamasini tuzing; f) 4D qirra bilan ABC yoq orasidagi burchak sinusini
toping; g) ABC va ABD yoqlar orasidagi burchak kosinusini toping.

4. Berilgan nuqta va to‘g‘ri chizigdan o‘tuvchi tekislik tenglamasini
tuzing.

5. To‘g‘ri chizigning kanonik tenglamasini yozing.

6. Berilgan to‘g‘ri chiziq bilan tekislikning kesishish nuqtasi
koordinatalarini toping.

7. Sirt turini aniglang va shaklini chizing.

I-variant
2. A4, B(-2;-1), a=4.
x+3 y-2 z-1

1. 4(1;2), B(9R), C(6;14).

3. A(3;5;3), B(8;7:4), C(510;4), D(4;7;3). 4. AG;-2;)), 3 " IR
5 2x+3y—z+5=0, 6 x-3 y+3 z-5
“lx+5y-2z+3=0. o0 3 10’
X+2y—-2z+27=0.
7.a) 5x°+y*-3z"=0; b) z*=2y°+4.
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x+2
:limln(2x+3) ~ limIn

x—1 X—0

2x-1 [2 771](“2)
- 4x48
et ) “lime™ =im 28, o
X — X0 X0 2x _ ]

23x

z_lj |
)

tg[f .
9.30. lim—

s 1+ ln(sinx
2

® x—n da % ko‘rinishdagi anigmaslik berilgan. ¢ =x — 7z almashtirish

bajaramiz. Bunda x >z da 1 —0.

U holda
023X msz[%+%] B
g2 * -1 tg| 2 1
31+ln(sinx)—l 3[1+1In sin(ﬂ+tj -1
2 2 2
sinziz (Si“%r
tg(z 2 _lj tgl 2 -1
T

im =lim .
t—0 t t—0 t
3 l+ln(cos)—l 3\/1+ln(1+[cos—1D—l
2 2

t—0 da o‘rinli bo‘ladigan ekvivalentliklardan foydalanamiz:
g(zimz] —1] 7
_(( . 3t)2 (yj- 9% 1 1@2 12]
=||sin—| ~| = | =—, cos——l~——| = | =——|=
t 2 2 4 2 2\2 8
3\/1 + ln(l +(cos2 - ID -1

9¢2
tg[24—lJ 1
QL 2 2 2
= IR PO AP S U (A | SO
£ 4 8 8
31+ 1Inf 1+ -1

lim
X7
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4.30. hmw
) e 3yt 4 x? 1

J 1 2 2 1
———+1 4=
x—2xz+x4_x(x3 x* J ! i

2-variant
oy 1. A(2;-3), B(-3;9), C(6;0). 2. A(5;7), B(=2), a=4.
’ fy 1 1Y) L, 1 17 -
T (“*J St 3. A(665), BA9S), C(461D, D693). 4. A2, T2
X X X X 4 3 -2
U holda 5 x=y+z+2=0, 6 x+1 y+3 z-2 =Ty —37—21 =0
2, 201 " Bx+y+z-6=0. T 0 -2’ Y '
v—2c4xt L T at s ot 1040 1
lim~— =" =lim xl )1C = oi’ ‘?: == @ 7.a) x’+4z° +6y=0; b) 4x®+3z° =12.
e 3xt +xT+1 @ cFULIVRL IR B St 3+40+0 3
vl *” 3-variant
) x> —=x-30 1
5.30. lim >~ 1. A(-1;-2), B(7:4), C(4;10). 2. A(-33), B()), a=-.
=5 xT +125 3
4 +1
® fimX X730 o GAHE=6 o ox-6 11 3. A(3:2:2), B(5:-32), C(5:-3—1), D(2=3;7). 4. A(-312), ~ 14 z =
= 4125 oS (x+5)(x7 —5x+25) Sxt—=5x+25 75 3r—Ty+22+1920 U ovlr a3
5. : 6. =YL T s oy z-13=0.
6.30. 1i ,/ -3 x+7y—-z+ 8=0. 2 -3 1
i 3«7+2 7.a) 8x' -y’ +42° +32=0; b) 33" +2z°=6.
- i VI=x -3 W-x-3)(1-x+3) Yx’-2Vx+4 _
S Vr 2 A+ —2Vx+4)  Vlox+3 Lovariant
~(x+8) V' -2x+4 U -2k 4 (227 -2-(-2)+4 5
=lim e =—lim ——— == =20 1. A(-21), B(5), C(-14;6) 2. A(2:-4), B3:5), a==
x—>-8 (x+8) l_x+3 x—>-8 l_x+3 3+3 . s1)s s~ )s V). . ] ] ) )
tg3x x+2 z=5
7.30. lim— &> 6 s 6 " 1. _y
lim ————— 3. A®=6:4), BU0-55), C(5-65), DEAT). 4 ACLZD, = ===2===.
, 2x—y-3z-2=0 -1 -
xsin3x i xsindx 5.{x rooE 6. 2 Y=l 272 4 5 i3z411=0.
= cos3xcosx(l—cos’x) *° cos3xcosxsin’ x 3x-y-2z-1=0 -2 4 3
50 Sin3r |sindx 7.a) 6x°+5y°—10z2-30=0;  b) 5x’—4z"=6.
lim—— -l 3 _p3 3 31 .
>0 c083xC0SX H"(sinx] 2 lim[sinxj 1 5-variant
x—0
x o 1. A1), B(9;5), C(6:11). 2. A(1:6), B(4:-2), a=2.
8.30. lim(x +2)(In(2x+3) = In(2x ~1)). 3. A(0:4:5), BG:=21), C(-4;56), D33:-2). 4. A(Z12), "17 P4 _35 - Z;Z.
2x+3 -
) 11m(x+2)(1n(2x+3)—1n(2x 1))—11m(x+2)1n( - j 5 x+7y—-4z-6=0, 6 x+5 y-3 z-1 S 2va3e-3-0
"\2x =7y +224+10=0. T '
242
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7.a) 2x*+6y° =3z, b) 3x’+6z°=18.
6-variant

1. A(-4), B(-48), C(5;-1). 2. AG:-2), B46), a:%

y—1 z+5

3. A(-1;3), B(6;58), C(3;5:8), D(8;41). 3 5

4. A(=2:31), T =
( ) 5

2x—y+z+6=0, - - -
5.{ roryTe 6. X2 Y73 775 5 3i10=0.

3x+y+2z-3=0. 0 -1 1
7.a) 2x* -3y’ -5z +30=0; b) 3z -2x=6.

7-variant

1. A(-LD), B(7;7), C(4:13). 2. A(0:6), B(2;0), a=2.
3. A(=2;7), B(4;2:10), C(2:=3:5), D(53;7). 4. A(—4:—1;2), st =2 ;2 = 2—21.

5.{ xX—y+z-2=0,

x=3 y+2 z+1

, X+3y-5z-21=0.

6x+y—4z+8=0. -2 2 -3
7.a) x’ -6y’ +z° —124=0, b) 2x* -3z’ =6.
8-variant

1. A(5:-2), B(8:2), C(-7:3). 2. A(6,0), B(0;-3), a=2.

x+2 y-1 z

3. A(4;2;7), B(1;2;0), C(3;5;7), D(2;-3;5). 4. A(-4;-2;)), 5 =3

. 1,3x—2y—z—6:0.
3x-y-3z-9=0. 12 -5 8
7.a) 3z2°+9y’ —x=0; b) 3x* +5z° =15.

4x+y+z+2=0, - -
5.{)6 y+z 6. XTS5 _y-8_:z

9-variant

1. A(2-4), BA41), C(-2-1). 2. A(-4,0), B(0:0), a=3.
4. A(50:4), %:y_zzz_l.

3. A(2;3:5), B(5:3;-7), C(1;2;7), D(5;2;0). R

3x4y—z-6=0, o g

5.0 TrT 6. 7T VT2 IS Syi22424-0.
2x—3y+z-8=0. 10 2

7.a) y—4z' =3x7% b) x*-4z’=4.
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NAMUNAVIY VARIANT YECHIMI

Jx+5
1g(9 - 5x)
® Elementar funksiyalar (darajali funksiya, kasr ratsional funksiya,
logarifmik funksiya) ning aniqlanish sohalarini inobatga olsak,
x o‘zgaruvchi quyidagi shartlarni qanoatlantirishi kerak:

1.30. 7 (x)=

x+520, x>-5, x=>-5,
1g(9-5x)#0, =>9-5x=1, = xig,
9-5x>0, 5x<9,
xX<—.
y 8 89
a'nt D(f)=|-5~-|Y|l=:=|.
i 000-[-55)0[%2). o

2.30. x, =n’Jn (0’ +1)(n’* -2).
o limx, =lim(n*n—(n* +)(n* =2)) =

n—»wo

o= +2n=-n"+2 . 2n' —n* +2
=lim =1

= n?Nn + (0’ +1)(n* —2) ”I£I°‘}nz\/;+1/(n3 +1)(n* -2)

2_l+£
~ lim n_n - 27040 _
M\FJF (1+1J(1_2) 0+/(1+0)0-0)
n n \n n
(n+2)42(n+1)!

3.30. x, = .
n(1+5+9+...+(4n-3))

. (n+2)+2(n+1)! _nm+D(n+2+2) (n+D)(n+4)
"4 5+ 94+ (4n—3)) n'-(l+4n_3j~n oa@n-1)
' 2

®

Bundan

1 4 (1+1j(1+4j 1+0)1+0) 1
. = n2n=1) o o1 2-0 2
n
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29-variant

1. f(x):\/}ﬂ/zl —lg(2x - 3).. 2. x =n-(n=35+n*).
—Xx
n 4 _ 2
3. x,,=§+i+i+m+l+2 . 4, limu.
4 16 64 4" 0 x+3x7 +2x*
. x’ —64 . 2-38+3x+x’
5. lim———+——. 6. lim—————.
=t Tx? =27x -4 =0 X' +x
. sinSx—sin3x .
7. hnoizi. 8. lim(x—4)[In(3-2x) —In(5-2x)].
x=> X X—>—0
-4
9. lim—2 —1_ 10. f(x)=—"—; x=-2, x,=-1
X2 X X X +8
arcsm(ln)
2
30-variant
1. f(x)=7vx+5. 2. x, =n*In —\J(n’ +1)(n* -2).
1g(9 - 5x)
[} ] _ 2 4
3.x - (n+2)42(n+1)! . 4. lim > 42x f—x .
n(1+5+9+...+(4n-3)) e 3xT +x7 41
5 x*—x-30 . ANl=-x-3
o lim ————. 6. lim————.
=S xT +125 =3 3x+2
7. 1imL3x} 8. lim(x+2)[In(2x +3)—In(2x —1)].
>0 COSX —COS™ X X
COSIB;V
{7 |
9. lim 10. f(x)=5"*; x=-4, x,=-3.

oy 1+1n(sinxj -1
2

240

10-variant

1. A(6:0), B(9:4), C(=6:5). 2. A(4-2), B(6), a=2.

3. A53;7), B(-235), C(4;2;7), D@;=2;7). 4. A(—4:5;3),
x-4 y+5 z-2
4 -3 5
3x—y+2z-4=0 -
Ly ’ SRS vl 23 4y 432-16=0.
2x+3y-2z-6=0. 2 3

7.a) 3x*+5y°—4z=0; b) 5x*+4z°=20.

11-variant

1. A(8:2), B(-4;7), C(14;10). 2. A(2))), B(-22), a=4.

x+2 y-1 z-2

3. A(3;L;4), B(-L651), C(=L1;6), D(0;4;-1). 3 s

4. A(3;0;2),

2x+3y—2246=0, _
A 6. 3 YT 2 54y 5240320,
3x+3y+z+1=0. 3 2 1

7.a) 9x*+12y* +4z°-72=0; b) 4x’-3y* =12.

12-variant

1. A(-1;-6), B(~6:6), C(3:=3). 2. A(-33), B(5:), a=3.

3. A(3-12), B(-LO;), C1;7;3), D(9;59). 4. A(=5;3;-4),
x-3 y+3 z

2 6 -3

-3y+z+3=0, - _
5.0 TTE 6. X1 Y=l 2t3 4 50 280,
2x -3y -2z+6=0. 5 3 2
7.a) 10x>=9y" —152-9=0; b) »* =2z’ +z.

13-variant

1. A(4;-1), B(7:-5), C(-8:4). 2. A(233), B(-1), a=

AW

x=1_ y+1 z+4
1 -3

3. A(3;5:4), B(58;4), C(1;2;-2), D(-1;3;2). 4. A(6;2;0),
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x-4 y-4 z-

3x+4y+3z+5=0, 3
. 6. ,4x+y—-T7z-19=0.
6x—-5y+3z-16=0. 2 5 -1

7.a) 6z°-3)"—2x>—18=0; b) 4y> —5z>=20.

14-variant

2. A(3;0), B(-60), a=

N | =

1. 4(12:0), B(0;5), C(18:8).

3. A(2:43), B(LLS), C(4:9:3), D(-3:6,7). 4. A(-632), %:%3 - ”35 .

2y—z+ 2=0, 4 y-2 oz
.{x Yoz 6. -4 Y72 272 5 3,4 2-36=0.

6x+5y—4z+4=0. T3 -1 2
7.a) 3x° -9y’ +z2°+27=0; b) x? -4z =10.

15-variant

1. A(1;-2), B(-113), C(7:6). 2. A(3:-2), B(4)), a:%.

-1
3. A(9;55), B(=3;7}1), C(57:8), D(60;2). 4. A(~4;-1;2), %:%3:%.

=-3y+z+2=0, -
N 6. X 2 Y72 %3 4 isi43-0.
5x+3y+2z+7=0. 3 -5 1
7.a) 4x* +z° -2y =0; b) y’=x+3.

16-variant

1. AG:4), B(159), C(~1;7). 2. A(-3;5), B(4:2), a%.
3. A(2:9:6), B2:8:2), CO86). D(T93). 4. A25—1), *13_7 ;5=i1.
+5y—2z-12=0, _ _
LTy 6. X1 _Y=3 272 4 oizo8-0.
8x—-5y—-3z+11=0. 4 -1 1
7.a) 2y° +6z=3x% b) z?=x-4.

17-variant

1. A(-12), B(7:8), C(414). 2. A(61), x=-5, m%.
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. lim

. lim

. lim

i

xt =1

it ot x4+l

. lim

COSX —COS’ X
=0 x.sin2x

arcsin(x + 2)
x—>-2 2«/2+x+xZ —4 :

6. lim 2x* +3x-9
T X410 -4 —x

5x

8. lim(4x + 9)2,

10. f(x)=6""; x,=-2, x,=-3.

27-variant

. f()=Vx=3+3B-x+1+x.

. 245484+ (3n-1)
' Van' -3 '

4x* +19x -5

. lim————M =,
©52x* +11x+5

tgx — ctgx
oI (4x—m)°

tg(2x—rm)’

" In(1+ cosx)’

2. x, =/(n* + ) =1) =/n" 1.

4. lim x'+7x-1
T4 3x? —5x0

2 —
6. lim x +3x-4

o4 x+20-412-x

8. 1im(6x+5j .

e x—10

x+5

10. /(x)=

>
X —

28-variant

. f0)=1g2" —4)+i/z —x.

L (241!
" (n+ 2+ 1)

2x* +15x -8

o Aim——
=83y  +25x+8

cos2x—cos’ 2x
m— ="
x>0 4x2

1+ cosmx

9. lim

el 4t -1

2. x, =\/n(n4 —1)—~/n’ -8.

_ 4
4. lim 2%
= x+4x° +2x

. A2x+12-3x+17
6. lim )
w5 x> —8x+15

8. 1im(6"x]“.
x—3 3

10. f(x)=8; x,=-3, x,=-2.
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[y

. f(x)=+/1-5x +arccos

5"=2"
D
5;1 1 +2n

. X +27
lim——.
=39x"+5x-3

cosx—sin x
mi
ot 1—cigx
tg(x+2)

. lim———"—.
xa723 4420457 _9

24-variant

3x2_1.. 2. x =’ +8-Qln* +2 -n* —1).

4. lim xt+5x-1
T 4y xP43x°

6. lim 3x° +4x+1
T8 —x—J4-5x

2

8. lirr21(3x—5)"T“.

3

X
o %5 =2, x,=3.
—X

10. f(x)= 1

25-variant

1. f(x)=arccos————.. 2. x =2n-33+8x".
4+ 2sinx
7 29 133 5" 42" _7xt =3x+1
Jox, =—+—+—+-+ . 4. lim ————.
10 100 1000 10" e = 2x—
5 limx3—3x+2 6. lim X 4+x-2
Tl —4x 43 BN TS TN
7. lim—SN2¥ 8. lim(3x + D[In(2x — 1) In(2x +1)].
0 gin3x —sin x T
9, lim— (13-4 10. f(x)=5; x =3, x =4

o

w

4 3x+x7 -2

. f(x)=log, log, (: -2 j

_n+1)H+(2n+2)!
" @u+3)

26-variant

2. x, :\/(n2 —1)(n* +4)—/n* -9.

. S5x +3x7—x-1
4. hmﬁ.
e D4 3xT —x
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3. A(1;8:6), B(52;2), C(5;7:6), D(4;8;-1). 4. A(1;-1;-2),

x=1_ y+3 z-

1
, Sx+2y+z-16=0.

{x+3y+22+16=0,

S5x+3y+2z-4=0. s -4 -1

7.a) 4x*-12y° +3z°-24=0; b) 3x’+z°=30.
18-variant

1. A(LD), B©O;7), C(613).

3. A(0;7;1), B(2;-1;5), C(1;6;3), D(3;-9;-8). 4. A(4-3;0), 3

6.

2. A(-1;2), x=9, mzz.

x—2 y+4 z-

2x+3y+3z+5=0. 2 4 -1

{3x—y+22—9:0,
7.a) 2x*+4y’ 52" =0, b) 7x* -5z =35.

19-variant

1. A(14:-6), B(26;-1), C(20;2).

3. A(5:5:4), B(1;-1;4), C(3;51), D(5:8;-3). 4. A4:5)), xl_

6 z—1
2x+5y+z+6=0. 2

7.a) 7x’+2y°+6z°—42=0; b) x*+4z’ =4,

5 {x+5y+2z—5=0, x+3
) 1

20-variant
1. A(2:-1), B(10;5), C(7:11).

3. A(6:1;1), B(1;6;6), C(4:2;0), D(1;2;6).

1, Tx+3y+2z-25=0.

2. A(L0), x=8, m -1

I y+2 z-2

:%:—, 4x-y+2z=0.

2. A(0;5), x=3, m=

4. A(a), XFE_y=1_ =

x+3 y-1 z+2

5 x+y—-2z-4=0,
" lex—y—4z-3=0. T2 1 -1

7.a) 4x* +9y* -36z°=0; b) 2y*-3x=12.

21-variant

1. A(5-3), B(17;2), C(10).

, X—=2y—z+2=0.

2. A2, x=-5, m=3.
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x+7 y-6 z+4

3. A(7;5;3), B(9:4;4), C(4;57), D(7;9;6). 4. A(0;2;]), . 5 5
—y—z-2=0, _ _
5,07 )7F 6. X _Y=3 273 oy 2s2-0.
x+3y+2z-6=0. 3 -1 1

7.a) 4x*+4y*+52°-20=0; b) 9x’+4)’=36.

22-variant

1. A(=2), B(6;7), C(313). 2. A(-3:4), x=3, m=3.

x+3 y+1 =z

3. 4(6;8;2), B(5:4;7), C(2:8;2), D(7;3;7). 4. A(-51;2), . e
—2y+z+4=0, - -
5 ) 7T 6. X8 _Y¥2 I3 L oyis-7=0.
2x+2y+z-4=0. 3 -1

7.a) 5x*+5y°-62z2-30=0; b) z?=4y*-3.

23-variant

1. A(2-1), B(-10:4), C(8;7). 2. 4(20), x=—§, mz%

3. A#2:5), B(0;61), C(0;2;7), D(1;4;0). 4. A(4;2:-1), x—53:y;4: z;l_
S5x+y-3z+4=0, - _

5 )0FTYToE 6. X8 _y=2 2Tl o 4i9-0.
5x-3y—-z+8=0. 7 1 -1

7.a) 4x* -3y +2z2°-24=0; b) x*-y*=2y.

24-variant

1. A(-1-1), B(7:5), C(4:11). 2. 4(2:0), x=—§, m:%.
3. A(4:4:9), B(7:10:3), C(2:8:4), D(9:6:9). 4. A(-1:4:5), %:%7‘:2:1.

xX—y+2z4+2=0, -1 —
5.{ yreE 6. 7L Y3 275 o g 3411=0,

x-3y—z+4=0. ) 5 -1

7.a) 8x’ -y’ -2z -32=0; b) 2x* +3z°=6-12z.

25-variant

1. A(=2;-6), B(10;-1), C(~6;-3). 2. A-10), x=-4, m= %
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] ox Jx=2
) f(x)_V2x+1+\/x+5

1+4+7+---+(3n-2)

. lim

. f(x) — 2arcsin x +

. lim

. lim

6+x—x°

3y _27

1-sinx
xa% (72'/2—)6)2

. lim

A |

= tg(lnx—In3)

. limsin

X
! Nnt=n? -1
. 7x> +4x -3

. lim ———

= 2% +3x 41

x-tgdx
0 gretg2x

tg(6x — )’

) =% In(sin 3x) ’

-

2x —

_3+5+T7+-+(2n+3)

X
nvn® —1
4x* = 5x* +1
x—l1 x2 _1 '
al-x
=7 1—cos’ x
2 ]
w7 (x =) sin4x’

9. lim

10. f(x)=

22-variant

23-variant

6.

8.

. 5x+9-7
Iim———.
X8 2_3/x

. (4+3x)""‘
lim .
X—>—a0| 5+x

2x
x* -1

2. x,=~n*+3n* +1-n’.

—_1\7e
8. lim[3x 1) B
ol x+1

10. f(x)=7"; x,=2, x, =4

8.

.l

e 3yt - x4 x

. lim :
16 x"+5x-6

. i

. 2x +10x-7
m X TN

V2x+13 -7 +x

1

1 2

. x, =3n-@An* =3fn(n-1))

4x° +5x
o 53y +5x0

A2
w16 4 _ \/;

. lim

3
lim(2x+3)"".

10. f(x)=4i; x =1 x =2

;o =1L x,=2
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19-variant

2_
1. f(x)zlgw. 2. x =" —n+2-n’+n-1.
X +4x+6
2_
U IV EOUVUS B S 2%
1.3 3.5 Qn—-1)2n+1) om0 —xt 1
. x' -4 . A2x+1-3
S, lim———. 6. lim .
=2 3x" +x-10 4y =2 -2
. cosx—sinx C(1=x)"
7. im————, 8. lim
ot 1—igx e\ 2—x
9, fjm2—Y3x+1 10. 7= ¢ =3 x -5
=1 gin3mx X+
20-variant
1. f(x)=lg}4-x|. 2. x, =/n' =2 —/n" +3.
1) ! 42
3. ”:w, 4. hmw.
3nl(n+1) e l—x" +3x
2x* —11x -6 . N2x+1—-4/x+6
5. lim—— —. 6. im—————,
=60 3x* —20x+12 =5 x* —8x+15
_ 2 2x+1
7. lim =608 ¥ 8. 1im(x+lj .

[y

0 x.arcsin x

lim— 8%
=2 In(2x> = 7)

. f(x)=4/arcsin(log, x)..

X0

3x—1

10. f(x)=3"; x,=-1, x,=-2.

21-variant

2. x, =vn’+4-n+n’.

X
" 3 2n+3

_3n+1 245+8+---+4(3n-1)

4 3
4. fim > 2 +L
ey —4x —8x
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3. A(4:6;5), B(6;9;4), C(2:;3;5), D(7:5;9). 4. A(43)D),

x-2 y+1 z+2

5 {3x+4y—22+7=0, x-1_ y+1 z-1
x—4y-2z-3=0. -1 0
7.a) 2x* -2y* -5z -10=0; b) x*+2x=z"+1.
26-variant
1

2. A40), x=-2, m=—.

1. AG7), B(=25), C(7:-4). :

3. A(2;-1;7), B(6;3;-1), C(3;2;8), D(2;-3;-2). 4. A(—4;1;-3),

, 4x+2y-3z+8=0.

4 3 -1

x+3 y-5 z-2

-3 2
x+2 y-1 z-1

2x—d4y+3z-1=0,
5.{ ronymes , x—2y—4z+411=0.

x+4y+z-1=0. T3 -1
b) 2x*-6y* =12x.

9

.a) 6x°+y*+627-18=0;

27-variant

1. A(-6;,-4), B(6;1), C(~10;-1). 2. A(30), ng, m:?
3. A7), B(3:3:6), C(2:-39), D(1:2:4). 4. 4(2:30), XT” - % - Z;I.

5 x+5y+2z—1:0, 6 x+3_y—2_z+2
" 3x—-y-2z-11=0. 0 0
.a) 3x*+12y* +4z°-48=0; b) 2y’ +3z° =6z.

|

28-variant

1. A(3:-3), B(61), C(-9;2). 2. A(13), x=—6, m=

1
2

3. A(2;1;6), B(1;4;7), C(2;-5;8), D(5;4;3). 4. A(-52;-1), —=—=

3 4

5 3x-2y+z-7=0, 6x+4_y—1_z—2
“l2x-2y+3z+3=0. T -1 1
7.a) x* -7y -14z"-21=0; b) 4y’ +3z°=8y—62

29-variant

1. A(1;-2), B(9:4), C(6:10). 2. A(1;5), x=-1, m=%.

x-5 y+2

, 3x—y—-2z+23=0.

3

, Sx+3y-2z+9=0.

Z
-3
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3. AG2:5), B(40:6), C(26:5), D(6:Aml). 4. A(2:3), *H1_¥=6_z+6

2 -2
—2y—z+4=0, - - -
AP e 6. 4 =2 7l 4 hiati9-0.
6x+2y+3z+4=0. 1 0 2
7.a) 9x*+9° +9z> —16=0; b) 3y° -3x*=15.
30-variant

1. A(0-2), B(-510), C(4]). 2. A(6,0), x==, m=2.

N | W

3. A7), B(3:3:6), C(2:-39), D(:2:5). 4. A(5:0:4), ~ _32 =7 ;2 - 21—1.
5 x—y+2z-1=0,
“lx+y+z+11=0. T2 =3 1

b) 4x* -3y* =12.

6 x-1_ y-2 z-3

, Sx—-2y—-z—-13=0.

|

.a) 9x’—2y+z° =18,

NAMUNAVIY VARIANT YECHIMI

1.30. A(0-2), B(-510), C(4]).
@ a) 4B tomon tenglamasini berilgan ikki nuqtadan o‘tuvchi to‘g‘ri
chiziq tenglamasi formulasidan topamiz:

X5 _ v=l0 Sy 410=0(4B).
0+5 —2-10

Bundan
12 12

yz—?x—z, kl :—?.
CM balandlik 4B tomonga perpendikular bo‘lib, ¢ nuqtadan
o‘tadi (5-shakl). Shu sababli uning tenglamasi
1 5
“1=k(x- = (x— —1="(x—4
y=l=k(x-4), y-1 k(x 4), y 12(x )s

1

5x—12y-8=0(CM).

CM balandlik uzunligi C nuqtadan 4B to‘g‘ri chizigqacha bo‘lgan
masofaga teng.
Demak,
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i

. f(x)=arcsin

. lim

. lim

9. lim

lim tg(lnx —In2) .

X2 6*2*4 -1

. f)=Vx—1+/x -Tx+6.

3-n*+24n

T T2+ +(5n=3)

X +x=2

. lim

ol = x4 x—1

. 1—cos®2x
m——-.
=0 x-arctgx

1imx/x2 +3x-3-1
= sin 7o '

x-3

X = .
" 14345+-+(2n-1)

x> +3x-28
=) —64
arcsinSx
x>0 xz —X .

In(7 - 3x)
= J1+4x -3

—Ig(4 —x).

x°, x<0,
10. f(x)=1 (x—1), 0<x<3,

x+1, x>3.

17-variant
2. x,=3(n+2)’ —3(n-2)".

2
4. lim 0¥ =%
—e 6x? +3x—1

6. lim 3x*—2x-8
=2 2 +1-4/9-2x"

8. lim(2x—1)[In(l - 3x) - In(2 - 3x)].

[
N

10. f(x)=

o

-5
il ;ox, =3, x
x—2

18-variant

2. x =" —n*+n*+1.

n

4
4. tim 22
= 2x0 —x +1

. AVA4x—-3-+2x+3
6. lim )

=3 x?-2x-3

3x
8. lim( 2x ) .
e\ 2x -3
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. lim

x>0

. lim

1
X
2

arctg2x

tg3x

In(4x —1)

JI—cosm -1

. f(x)=(x2+x+1)7%.

« X =

n

. lim

X3

. lim

X0

1 1 1
I+—+ S+ +
3 3 3

I+ -+ 5+
2 2 2"

3x*—=Tx—-6

2x7 = Tx+3

sin x +sin 3x
arcsinx

(x —m)tgx

e In(cos2x)

. fx)=4x"—|x]-2.

1-243-4+--+(2n-1)-2n

n

. lim
x—2

. lim

x—=0

I 1 1

8. lim(4—3x)"".
X +1, x<1,
10. f(x)= 2x, 1<x<3,
xX+3, x2>3.

15-variant

16-variant

N2+n?

x* -8

2x2—9x+10°

sin’2x —sin’ x

3x°

10.

2.

4.

. lim

. lim

. x, =In’ —S—n\/n(n2 +5).

2x° =5x+1

o lim—.
e x(5x% +3)

Vi+x—+1-x
0314 x —31-x

. lim(2x +3)[In(x +2) - In x].

xX+2, x < -1,
f(x)=1 x> +1, —-1<x<1,

—-x+3, x>1.

. 5xt=3x7
lim ————.
=014 3x42x°

Vx+8—-+4x+5
o 3 +dx -7

3x

. lim(2x —3)*2,

234

|CM |=
12° +5°

[12-4+5-1+10] _ E(u'b')'

63

b) AC tomon o‘rtasi N(x;y) nuqtada bo‘lsin. U holda kesmaning o‘rtasi

koordinatalarini topish formulasiga ko‘ra:

0+4 -2+1
X=—= 2’ y = =
2 2
BN mediana tenglamasini tuzamiz:
x+5 y-10
2+5 1

-10

1 . 1
—~ yoki N[22
. yoki [J

, 3x+2y—-5=0(BN).

Uchburchak medianalarining xossasiga ko‘ra medianalarning kesishish

nuqtasi K (x;y)da |BK|:%=2 bo‘ladi. U holda
|KN| 1
1
10-2.-—
x:75+2'2=—1; y=—2=3 yoki K —1;3 .
1+2 3 1+2 3
¢) AC tomon tenglamasini tuzamiz: y
x=0 y+2
= , 3x—4y-8=0(40C).
40 1+2 4 (40)

AB va AC tomonlar orasida burchak
ZA4 = ¢ bo‘lsin. Uni ikki to‘g‘ri chiziq
orasidagi burchak formulasidan foydalanib
hisoblaymiz:
12:3+5-(4) 16

cosQ = =— yoki
V122 +5% .37 4+ (—4)° 65”7

Q= arccosE ~ 0,3134.
65
A burchak bissektrisasi CB tomon bilan
L(x;y) nuqtada kesishsin (5-shakl).

Uchburchak bissektrisasining xossasiga
ko‘ra

\

ICL|
|

N
a

l\
|

~
=
'
=

Al-2

5-shakl.
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|AC|=/(4—0)* +(1+2)* =5 va | AB|=/(-5-0)* +(10+2)’ =13 ekanidan

ICLI_ S
|LB| 13
U holda

5 5
AREHCOI 0 3
x:75:5’ yziszi yokl LE,E

1+— 1+

13 13

Ikki nuqtadan o‘tuvchi to‘g‘ri chiziq tenglamasidan topamiz:

x=0 y+2
é—O z+2
2 2
yoki
11x-3y—-6=0(4L). @

2.16'. A(3:-2), B(4:6), a=z .

@& Ikki nuqta orasidagi masofa formulasidan topamiuz:

|AM = (x=3) +(y +2)*, |BM|=/(x—4)* +(y - 6)".

Misolning shartiga ko‘ra

AM|_ i VO3 (2 3
| BM | V=47 +(y-6° 5

Bu tenglikda almashtirishlar bajaramiz:
25(x* —6x+9+ 7y +4y+4)=9(x* —8x+16+ y* —12y +36),
25x7 —150x + 25> +100y +325 = 9x” — 72x + 9" — 108y + 468,
16x” —78x +16)° + 208y = 143,

16[)62 —%x+y2 +13yj:143,

, -39 (39, 13 (13) 143 (39) [(13Y)
X =2 —=x+| — | +y +2-—y+|— | =—+|—| +| = |,
16~ (16 2 2 16 \16 2
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. lim

i
In(x™ —2x-2)

5 3 . 3x* +16x-1
.an Zﬁ. 4. 1111172
5" +3 e 3_5x+4+2x
1iH13x2—2)c—40 6. lim 2x° —x-21
Tt 2 _3x—4 ) =3 x+10 —/4—x
liml—sinx 8 lim(Zx—l)zxl
) . T-2x D dx 41 '
COS X, xsf,
e.r+4 _ex:+2 T 2
o lim———. 10. f(x)= 0, —<x<m,
=2 sinIn(3x - 5) 2
2-1x, x>

13-variant

. f(x)=: 1 T | 2. xn=\/n(n+2)—\/n2—2n+3.
V1-|x

1 1 1 . Ix +6x—1

X E 4. lim ————.
1-7 3.9 2n—-1)(2n+5) o 243x—x

X' —5x—14  4-x+20

Slim— 6. lim————.
=7 2x" —19x +35 4 3464

I=sin2x 8. lim(4x+5)"".
X*}% 4x -7 -l
-X, x<0,

10. f(x)=<4-(x-1)%, 0<x<2,
x—2, x>2.

sinm l

14-variant
. f(x)=log (x> -3x+2). 2. x, = nn—\[n(n+2)(n+3).
. 1+243+--4n 4 lim7x3—7_x2—1
! NS T x243x42
.o xt=x=2 . A3x+17 =7 +x
im T2 6. lim =" .
=xT+1 =S X" +4x -5
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10-variant 39\’ 13 (15465 )
(3] (o) {15

el

- 16 2 16
. f(x)zlgzxis—3x+5. 2. x,=\In"-n’ +n.
x—10x+24
Bu tenel g [39.13 tada ‘ovlash d..lS\@
2 43 . Tx+4 u tenglama markazi | T ;-— | nugtada joylashgan va radiusi == ga
SRR 4 lm o o
27 +3 5T —3x+2 teng bo‘lgan aylanani aniglaydi.
im 3x* —2x+1 6. lim>> 3-+5+3x 3
.H"4x3+2x2—x+1' A 4x2 +3x—1 . 2.30. A(6;O),x=5,m=2.
JTrsinx—1 C(1e2x )" @ Ikki nuqta .or951dag1 mgsofa va nuqtadan to‘g‘ri chiziqqacha bo‘lgan
—_ 8. lim masofa formulalari bilan topamiz:
=0 1—cos2x e\ 34 2x 3
| AM |=/(x—6)* + (y = 0)*, |BM|=|x—>.
s x—1, x<0,
. 1im2372_t13- 10. f(x)={sinx, O<x<m, Misolning shartiga ko‘ra
(- e 5, xzn | SO
| BM | L3
11-variant 2
. f(x)=sinx +/16 -’ 2. x =n—+(n-2)(n+3). Bundan N
— 2 2 — —_
1o 1 3x*—2x+1 (=6 +y 4()‘ 2)'
X, =ttt ———————— 4. lim————. ) . o )
1-4 4.7 (3n—=2)(3n+1) 54X —x Bu tenglikda almashtirishlarni bajaramiz:
lim2x2+11x+15 6. lim xP—x—-6 x2—12x+36+y2:4(x2—3x+3}
TS 3%t +5x—12 T2 2o x—Jx+6
o x* —12x+36+y* =4x* —12x+9,
lim(1 - x)tg = 8 lim(5x+8)w 3 _ o7 Y
S ol g2 s x=2 : X y = 2 9_27_
. Bu tenglama fokuslari Ox o‘qida joylashgan va yarim o‘qlari
T X, x<-l a=3, b=3J3gateng bo‘lgan giperbolani aniglaydi.
. 13115]ﬁ 10. f(.x): .X_l, —1<XS3,
n(2x=9) —Xx+5, x>3. 3.30. A4(2;1;7), B(3;3;6), C(2;-3,9), D(1;2;5).
@ a) 4B qirra tenglamasini berilgan ikki nuqtadan o‘tuvchi to‘g‘ri
chiziq tenglamasidan foydalanib tuzamiz:
12-variant
- y-1 z-7 Ki
Ly : 352 3.1 6.7 7%
. fx)= +3/cosx.. 2. x,=n+V4-n'. - - -
=== :
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x-2 y-1 z-17 X x<=2
o o UB . In2x-Inx ’ ’
9. lim————.

.. - . . 1. . 10. =<—x+1, 2<x<],
b) ABC yoq tenglamasini berilgan uchta nuqtadan o‘tuvchi tekislik % XCOSX 0. /() x2+ <
tenglamasi bilan tuzamiz: -l x>l
8-variant
x=2 y-1 z-7
1 2 -1 =0 1. f(x):x/3—x+arcsin3_2x. 2.x =n-(n+3-n-2).
0 -4 2 5
Bundan 3. x :L_ 4. 1imw
y+2z-15=0(4BC). " (n+1)n! e 50y
‘ c) D uchdan‘ tushlrll‘ge‘lq DJ.E' bglanth AEC yoqqa pe'rpqendlkular 8y 6 — a1 915
bo‘ladi. Shu sababli DE to‘g‘ri chizigning yo‘naltiruvchi vektori 5 ={p;q;r} S. hnllm. 6. lllrslﬁ.
o . . . . H - - -Vx
sifatida 4BC yoqning normal vektori 7, ={0;1;2} ni olish mumkin. U holda
. . . . . . . —x+3
to‘g‘ri chizigning kanonik tenglamasi formulasiga ko‘ra 7 lim —cos’ x 8 hm(5 —2x j
— — — x>0 . X0 —
x 1:y 2:z S(DE). X-1gx 3-2x
.. 0 1 2 . . ns 1, x<0,
Nugtadan tekislikkacha bo‘lgan masofa formulasidan topamiz: 9. lim 2 —1. 10. £(x)={ cosx, 0<x<x,
0-1+1.2+2:5-15 345 i Infcosx) | 1 >
1 01242571 ok pp e 33 ), oo X2
0* +17 +2° 5
d) C uchdan o‘tuvchi CF to‘g‘ri chiziq 4B qirraga parallel bo‘gani )
sababli CF to‘g‘ri chiziq va 4B qirraning yo‘naltiruvchi vektori 9-variant
5, =5, = {1;2-1} boladi. U holda 1. f(x)=lgWx—4+6-x). 2.x,=n+2-(Wn+4-n-3).
x=2 y+3 z-9
= = CF).
1 T 3, Lt 4. fim 2 HOx+1
o . . : " 12 23 1’ e 3x0
e) D uchdan o‘tuvchi tekislik 4B qirraga perpendikular bo‘lgani uchun n(n+1) rer
AB to‘g‘ri  chizigning yo‘naltiruvchi vektori s, ={1;2;-1}ni izlanayotgan 5 | X =3x" +4 6. lim N2x+7 —~3x-2
e s . . . . lim o .
tekislikning normal vektori 7, ={4;B;C} deb olish mumkin. Tekislik =2 3% —x —10 =0 x* —10x+9
tenglamasini berilgan nuqtadan o‘tuvchi va berilgan vektorga perpendikular .
o o . . 1 1 4x—1
tekislik tenglamasi bilan topamiz: 7. lim| ———— 8. lim .
1-(x=D)+2-(y=2)+(=1)-(z=5)=0 TUAsiny - fgx o
. 3 x<0
yoki X+, g
Xx+2y—z=0. 9, 1@%“1’)5;‘) 10. f(x)=1—x*+4, 0<x<2,
f) AD qirra tenglamasini tuzamiz: ¢ x-2, x22.
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7. lim

4x* +7x -2
mi

2-+x

—-2(x+1), x<—1,

. . 6. im——— .
=23x" +8x+4 =4 J6x+1-5

. lim 1 =084 8. lim 2X=2) |
0 x.9IN X e 5x+1

: 2

. lim TSI = 2%) 10. £(x)= 2,

x—2 tg37DC
x—1,
6-variant

. f(x)=lgsin(x—3)+/16 - x’.

. f(x)=arccos —.
2+sinx

. _2-5+4-T7+--+2n-(2n+3)
! n+5 '

. xt+4x7 -5
. llm#.
ol xt +2x" —x—=2
1—cos8x
=50 | —cosdx

—1<x<3,

x>3.

2.x,=n-(N5+8n" —2n)

2. x,=n-n*-3.

4. lim

6. li

8. lim

X0

2x* +7x° +4
e xt_85x 42

(

3x—1
3x+4

m\/x—3—2
=T x+2-3

X

L 1424344 4 limx“—5x2+3
. 3x*-13x+4 . Ax+4-3
o lim ——— 6. lim———.
=4yt —x =12 5 Jy=1=2
3 _ 2 2x+3
] cos’ x cosx. 8. lim X J2r3
0 ]—-cos3x e X
, —X, x<0,
. 23x—l _22){
. lim=———, 10. f(x)=1 x°, 0<x<1,
=l sinmx
x+1, x>1.
7-variant
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AD qirra bilan ABC yoq orasidagi burchak sinusini to‘g‘ri chiziq bilan

x—2:y—1:z—7 (4D).

-1 1 -2

tekislik orasidagi burchak formulasidan topamiz:
0-(=1)+1-1+2-(=2) -3

sing =

VO A1 427 (1) 4 P+ (-2 V56

g) ABD yoq tenglamasini tuzamiz:

yoki

x=2 y-1 z-7
1 2 -1 |=0
-1 1 -2

x—y—z+6=0(4BD).

~ —0,54

ABC va 4BD yoqlar orasidagi burchak kosinusini ikki tekislik orasidagi
burchak formulasidan foydalanib topamiz:

0-1+1-(=1)+2-(=1)

cosy =

4.30. A(5;0;4),

@ M(x;y;z) izlanayotgan tekislikning ixtiyoriy nuqtasi bo‘lsin.

-3
JOR+ 1427 I (=) (=1 543

x-2 y+2 z-1

-3

2 1

~-0,77. O

To‘g‘ri chizigning tenglamasiga asosan M (2;-2;1) nuqta va § = {-3;2;1}
vektor to‘g‘ri chiziqda yotadi. U holda M M ={x-2;y+2;z -1}, 5 ={-3;2;1},
M,A={3;2;3} vektorlar izlanayotgan tekislikda yotadi, ya’'ni bu vektorlar

komplanar bo‘ladi.

Uchta vektorlarning komplanarlik shartidan topamiz:

yoki

x=2 y+2 z-1
-3 2 1 =0

x+3y-3z+7=0. O
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-y+2z-1=0,
530.° 77
xX+y+z+11=0.

@ To‘g‘ri chizigning berilgan tenglamasiga ko‘ra:
A4=1, B =—1, C,=2,4,=1, B,=1, C,=1.

M ,(x,;¥,;z,) nuqtani topish uchun zga z, =0 qiymat beramiz va uni
berilgan tenglamaga qo‘yib topamiz:

x() - yo = 19
x, +y,=-11.
Bundan x,=-5, y,=—6 yoki M (-5;-6;0).
To‘g‘ri chizigning umumiy tenglamasidan uning kanonik tenglamasiga
o‘tamiz:

x+5 _ y+6  z-0
-1 2 1 -1

21
I 1} |1 1| |1 1

yoki
5 6
T V0 I o
-3 1 2

6.30. x; =y_32 =ZI3,5x—2y—z—l3=0.

kesishish nuqtasini toping.

@ Ap+Bq+Cr=5-2+(-2)-(-3)+1-(-1)=15=0. Demak, to‘g‘ri chiziq
bilan tekislik kesishadi.

To‘g‘ri chiziq va tekislik M (x;y;z) nuqtada kesishsin. U holda bu
nuqta ham to‘g‘ri chiziqda, ham tekislikda yotadi. Shu sababli M, (x;y,;z,)
nuqtaning koordinatalari to‘g‘ri chiziq va tekislikning tenglamalarini
qanoatlantiradi:

-1 -2 —
X'Z =yl_3 =Z‘1 3 sy -2y —z —13=0.
To‘g’ri chiziq tenglamalarini parametrik ko‘rinishga keltiramiz:

x, =1+2t, y=2-3¢t =z =3+¢.
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. lim

. f(x)= 1g(5x_x j

. lim

.1

2x

SRR N e ey

. X, =i2(1+2+3+--~+n).
n

X' =2x-4

o lim —————,
=2 ¥ —11x+18

tgdx

0 3gin S5x

sin(x + 1)

x—>-1 25334
e

—e

4
_24+446+--+2n
n+5

n

3xt—x -2
ol 2yt —x—1"
im tg2x —sin 2x.

x>0 3x2

1g2x —sin2x
—e

e

. lim

=% sinx—1

1 —
.f(.x):m‘f' x+2.

13 2" +3"

x:§+ 44
"6 36 6"

3-variant
2. x,=35+8n" —2n
3
4. limi=7X+2x
e 3yt 4 2x +5
. N4x+1-3
6. lim——————.
x—=2 X _8
2x
8. lim(2_3xj .
=\ 5-3x
x+4, x<-1,
10. f(x)=<x>+2, -1<x<],
3x, x>1.
4-variant
2. x,=vn*+3-+n* -2.
4. 1im 0¥ ¥+
=0 3% +7x" +3
6. fim Y35 =
X3 x3 _27
2x+43
8. 1im(x+5) .
X0 x_7
x*, x<0,
10. f(x)= 0, 0<x<2,
2—x, x>2.
S-variant
2. x, =n—/n(n-1).
4 2
4. lim3x 6x° +2

o x4 3x—4
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.

4-MUSTAQIL ISH Bu koordinatalarni tekislik tenglamasiga qo‘yamiz:

1. Funksiyaning aniqlanish sohasini toping. 51+2)-2(2-3)-(3+#)~-13=0. Bundan r=1I.
2 - 3. Sonli ketma-ketlikning limitini toping. ¢ ning qiymatlarini parametrik tenglamalarga qo‘yib, topamiz:
4 - 8. Limitni toping.
9. Limitni ekvivalent cheksiz kichik funksiyalarni almashtirish
goidasi bilan toping.
10.9.1 - 10.16. Funksiyani uzluksizlikka tekshiring va grafigini chizing. 7.30.2) 9x° —2y+z°=18; b) 4x’ =3y’ =12.
10.17 - 10.30. Funksiyani berilgan nuqtalarda uzluksizlikka tekshiring.

X, =1+2.1=3, y,=2-3-1=—1, z =3+1.1=4.
Demak, M,(3;-1;4). @

@ a) Sirt tenglamasini kanonik shaklga keltiramiz:

2 2

Ox* +z° =2y+18, 9x’+z>=2(y+9), %+Z——(y+9)-

w

I-variant 5 2
= \ - 2 i = \ 2 - - . . . . . .
- f®)= 25' v l'n S 2. x, = , Sn +56 & Bu tenglama elliptik paraboloidni aniqlaydi (6-sahkl).
= M 4. limw~ b) Berilgan tenglamada z = 0. Bunda berilgan sirt yasovchilari Oz
(n+H! o X +4xt -1 0‘qqa parallel silindrik sirtdan iborat bo‘ladi.
iy 3% —6x—45 6. VY t2-V2
f s 2y —3x—35 T a1
_ 2 _ 2x-1 z
R ot 1)
w0 5x e\ 2x+3
3 V1=x, x<0,
) %%. 10. f(x)=4 0, 0<x<2,
SInnlx x—2, x>2.
y
2-variant
2
X =
. f(x)=arcsin 2. x, =\n* —2n+6—-+/n’ +2n-6. ¢
14+3+5+--+(2n-1) . 14x+3x
= . 4, lim———, 6-shakl.
* N2nt +n-2 s> 54 2x +7x° 7-shakl.
11mx"—3x—2 6. lim 3x° —4x+1
ly? —4x -5 =34 2x —/x+4 4x* —3y* =12 tenglamadan topamiz:
_ —4x 2 2
. 1im 17 9985% 8. 1im(x+5) . oYy,
x>0 4.X oo\ x4 9 3 4
x-3, x<0, Bu tenglama giperbola tenglamasi bo‘ladi. Demak, berilgan tenglama
im>— L 10. f(x)=1x+1, 0<x<3, giperbolik silindrni aniqlaydi (7-shakl). @&
= In(sin x)
2 7-x, x>3.
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Y bob
MATEMATIK ANALIZGA KIRISH

5.1. BIR O‘ZGARUVCHINING FUNKSIYASI

Funksiya. Teskari funksiya. Murakkab funksiya.
Elementar funksiyalar. Funksiyaning grafigi. Giperbolik funksiyalar.
Oshkormas va parametrik ko‘rinishda berilgan funksiyalar

5.1.1. Funksiya tushunchasi

Ikkita bo‘sh bo‘lmagan x va v to‘plamlar berilgan bo‘lsin. Har bir
xe X elementga yagona yeYelementni mos qo‘yuvchi qoidaga funksiya
deyiladi va y = f(x),x € X kabi belgilanadi.

Xto‘plam f funksiyaning aniglanish sohasi deb ataladi va D(f) bilan
belgilanadi. Barcha yeY elementlar to‘plamiga f funksiyaning qiymatlar
sohasi deyiladi va E(f) bilan belgilanadi.

Agar x va v to‘plamlarning elementlari haqiqiy sonlardan iborat,
ya’ni X cR,YcR bo‘lsa, f funksiyaga sonli funksiya deyiladi. Bunda x
argument yoki erkli o zgaruvchi, y funksiya yoki bog ‘liq o zgaruvchi (x ga)
deb ataladi. xva y o‘zgaruvchilar funksional bog‘lanishga ega deyiladi.

y = f(x) funksiyaning x = x,(x, € X)dagi xususiy qiymati f(x,)=y, yoki
. =, kabi belgilanadi.

y

Funksiyaning monotonligi

v = f(x) funksiya X to‘plamda aniqlangan va X, = X bo‘lsin.

Agar Vx,x, e X,uchun ( X, to‘plamdan olingan istalgan x, va x,
uchun) x <x,bo‘lganda: f(x,)<f(x,) (f(x)>f(x,)) tengsizlik bajarilsa,
y=f(x) funksiyaga X, to‘plamda o'‘suvchi (kamayuvchi) deyiladi;
fx)<f(x) (f(x)>f(x,) tengsizlik bajarilsa, y=f(x) funksiyaga X,
to‘plamda kamaymaydigan (o‘smaydigan) deyiladi.

& O‘suvchi, kamaymaydigan, kamayuvchi va o°‘smaydigan
funksiyalar monoton funksiya nomi bilan umumlashtiriladi. Bunda o‘suvchi
va kamayuvchi funksiyalarga gat iy monoton funksiyalar deyiladi. Funksiya
monoton bo‘lgan intervallar monotonlik intervallari deb ataladi.
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) 3x+4, x<-1,
. x)=
xP =2, x>-1,
1—cosx
. f(X): > x(,=0.
| x|

e -1

. fx)= , x,=0.
X

) sinx, x<0,
. x)=
x, x20,
xX+2, x<1,
. x) =
/) { 2x, x>1.

|~
1S

. f(x)=5", x,=3.

COS X
M f('x): L,XOZO.
4_3smx
-1
=L
E—arcsinx

=1.

23-variant

24-variant

25-variant

26-variant

27-variant

28-variant

29-variant

30-variant

2. im tg2x + xsinx
x—0 5‘ _3*2Y

2
2. hmM~
=0 2x° +sin” x

. sin3x + tgx
2. lim 02T IEY
x—0 9* _3’*

1—cos2x

2. lim

0 . (er — e").

5){ _42x
. lm_i.
0 28inx + 1g3x

er _ e—Zx
2. lim———.
0 35in x + 1g2x

4x -x
2. lim—> —4
0 3sinx + xtg2x

2
2. lim x. 1n(1+.5x) .
0 28in X — Sin 2x
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14-variant

3x
. =——>% _ x=0.
S VJ1—cos2x %o
15-variant
@) X, x <1, !
. X)= x, =1.
(x=2), x>1.""°
16-variant
* f(x): l»'xO:O'
3-2¢
17-variant
4
. f(x)=37, x,=2.
18-variant
T
. f(x)=e*, x,=0.
19-variant
3(1-x)+|1-x"|
Cfy=n TR L o
SO = e 20"
20-variant
e
. f()=T", x,=5.
21-variant
2
. f(x)=arctg , X, =3.
X—
22-variant

1

. f(x)=2"%, x,=0.

. lim

2. lim

Mim sinS5x — tgx.
x>0 43“ _ 2"‘
4x X
. lim 3729

0 gin x + sin 2x

x

3x -2
e’ —e

. lim

0 2sin x — xtgx

. tex—2sinx
m & ~smx

.
x>0 3" — 23X

9t _ 3"
0 gin 2x + 4x°

. lim

1+ xsinx —cos2x

x50 e2x2 -1

eSx _ e—x

. lim

0 gin3x +sinx

tg2x —x
x>0 9‘ — 33"
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Funksiyaning juft va toqligi

y = f(x) funksiya X to‘plamda aniglangan bo‘lsin.

Agar Vxe X uchun -xe X va f(-x)=f(x)bo‘lsa, f(x) funksiyaga
juft funksiya deyiladi. Agar Vxe X uchun —xe X va f(-x)=-f(x)bo‘lsa,
f(x) funksiyaga foq funksiya deyiladi. Juft yoki toq bo‘lmagan funksiya
umumiy ko‘rinishdagi funksiya deb ataladi.

Funksiyaning chegaralanganligi
y = f(x) funksiya X to‘plamda aniglangan bo‘lsin.

Agar shunday o‘zgarmas M (m)soni topilsaki, Vxe X uchun
f(x)<M (f(x)>m) bolsa, f(x) funksiya X to‘plamda yuqoridan (quyidan)
chegaralangan deyiladi. Agar f(x) funksiya ham quyidan ham yuqoridan

chegaralangan bo‘lsa, y’ani shunday o‘zgarmas m va M sonlari topilsaki,
VxeX uchun m<f(x)<M Dbo‘lsa, f(x) funksiya X to‘plamda
hegaralangan deyiladi.

Funksiyaning davriyligi

y = f(x) funksiya X to‘plamda aniglangan bo‘lsin.

Agar shunday o‘zgarmas 7 (T=0) son topilsaki Vxe Xuchun
x+TeX, x-TeX, f(x+T)=f(x) bo‘lsa, f(x) funksiyaga davriy funksiya
deyiladi. Bunda 7 ning eng kichik musbat qiymati 7, ga f(x) funksiyaning
davri deyiladi.

5.1.2. Aniqlanish sohasi X va giymatlar sohasi ¥ bo‘lgan y = f(x)
funksiya berilgan bo‘lsin. Agar bunda har bir yeY qiymatga yagona xe X
giymat mos qo‘yilgan bo‘lsa, aniqlanish sohasi Y va qiymatlar sohasi
X bo‘lgan x=¢(y) funksiya aniqlangan bo‘ladi. Bu funksiya y= f(x) ga
teskari funksiya deb ataladi va x=¢(y)=7"(y) kabi belgilanadi. Bunda
y= f(x) va x=¢(y) funksiyalar o zaro teskari funksiyalar deyiladi.

X va Y to‘plamlar o‘rtasida bir qiymatli moslik o‘rnatilsagina
y = f(x) funksiya teskari funksiyaga ega bo‘ladi. Bundan har ganday qat’iy

monoton funksiya teskari funksiyaga ega bo ‘ladi deyish mumkin. Bunda
funksiya o°ssa (kamaysa) unga teskari funksiya kamayadi (o‘sadi).
5.1.3. X to‘plamda qiymatlar sohasi Z bo‘lgan z = ¢(x)funksiya

aniqlangan bo‘lsin. Agar Z to‘plamda y = f(z) funksiya aniqlangan bo‘lsa,
u holda X to‘plamda y = f(p(x)) murakkab funksiya (yoki z = p(x)va
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y = f(z) funksiyalarning superpozitsiyasi) aniqlangan deyiladi.
z=@(x) o‘zgaruvchi murakkab funksiyaning oraliq argumenti deb
ataladi.
5.1.4. Quyida keltirilgan funksiyalarga asosiy elementar funksiyalar
deyiladi.
1. O ‘zgarmas funksiya y=C,C e R: D(f)=(-oo;+0); E(f)={C};
chegaralangan; juft; davri ixtiyoriy 7.
2. Darajali funksiyva y=x", aeR,a#0: D(f) va E(f) aga bog‘liq;
monoton.
3. Ko ‘rsatkichli funksiya y=a*,ae R,a>0,a#1: D(f)=(-00;+o);
E(f)=(0;+»); a>1da o‘suvchi, 0<a<1da kamayuvchi.
4. Logarifmik funksiya y=1log, x, aeR, a>0, a#1: D(f)=(0;+x);
E(f)=(-w;+0); a>1da o‘suvchi, 0<a <1da kamayuvchi.
5. Trigonometrik funksiyalar:
— y=sinx: D(f)=(-o+x);E(f)=[-1;1]; chegaralangan; toq; davri 2r ;
—y=cosx: D(f)=(-o;+0); E(f)=[-11]; chegaralangan; juft; davri 27 ;
—y=tgx: D(f):[(2n—l)7zr;(2n+l);rj,n eZ; E(f)=(-o0;+); toq; davri r;
—y=ctgx: D(f)=(nm;(n+ D) neZ; E(f)=(~w;+n); toq; davri .
6. Teskari trigonometrik funksiyalar:
—y=arcsinx: D(f)=[-11]; E(f)= [— 72[;72[}; chegaralangan; toq; o‘suvchi;
—y=arccosx: D(f)=[-L1]; E(f)=[0;x]; chegaralangan; kamayuvchi;
—y=arctgx: D(f)=(~0;+x0);E(f)= (— Zgj, toq; o‘suvchi;
—y=arcctgx: D(f)=(—0;+x); E(f)=(0;7); kamayuvchi.
Asosiy elementar funksiyalardan chekli sondagi arifmetik amallar
va superpozitsiyalash yordamida hosil qilingan va bitta formula bilan

berilgan funksiyaga elementar funksiya deyiladi.
I-misol. Funksiyalarning aniqlanish sohasini toping:

l)fuo=x+j; 2) f)=6-5x  3) f(x)=log,(4x 1

X’ -

4) f(x)=arcsin[;+x2j+200s3x; 5) f(x)=4" +9—x* +ctgx.
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- )=

J1—=cosx

c fx)=—m, x,

2x

. f(x)=3", x,=0.

sinx

. =221 k=0
X

Foy=271 0
x -1
p— x —
* f(x)_( _2)37 0
C fo =T )
3x

L
. fx)=27, x,=3.

Yo
s x)
x+4

| x|

. fx)= arctgz—, x, =1.

X

=4,

4-variant

S-variant

6-variant

7-variant

8-variant

9-variant

10-variant

11-variant

12-variant

13-variant

2. lim

2. lim

92 _ 32
0 3y + tgdx’

In(1 +4x)
=0 x? +sin3x

23x _ 32x
lim

x>0 gin 3x +sin 2x

. 2tgx—sinx’
. 11mg,7

w0 35T _ g3

. sin3x—sinx
dim—

3x -x
x—0 et —e

. 2sin2m(x+1)
o lim—————=,
0 In(1+43x)

. sin5(x+7m

. llmb(i)
x—0 e —e X
. e’ —e”

. lim

0 sin x* + sin x

2
lim In(1+4x7)

T o0 x? g2y

23,\‘ _ 21:

o lim————.
=0 x% +8in2x
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5.5.6. Murakkab funksiyani uzluksizlikka tekshiring:

2 0 bo'lsa,
l)fxz)=—§qa :{x+ asars= 0B 0y fzy=22" -3, 2 =1gx.
Z°+

x—2 agar x>0 bo‘lsa;
1

55.7. f(x)=————— funksiyani [a;b] kesmada uzluksizlikka
(x+3)(x—-4)
tekshiring:
1) [a;b]=[-4:1]; 2) [a;b]=[-2:3].

55.8. f(x) funksiyani [0;2],[-3;1],[4;5] kesmalarda uzluksizlikka
tekshiring:

1) )= 2) f)=n>"2

x2+2x-3’ x+5

5.5.9. Tenglamalar berilgan kesmada kamida bitta ildizga ega bo‘lishini
ko‘rsating:

1) x* =5x* +3x+2=0, [-1;1]; 2) sinx—x+1=0, [1;2].

5-NAZORAT ISHI

1. Funksiyaning x, nuqtadagi chap va o‘ng limitlarini toping.
2. Limitni toping.

I-variant
1 eSx _ e4x
1. f(x)=arctg—, x, =1. 2. lim———.
S ) gl—x 0 =0 x* 4 8in 2x
2-variant
1 f)=——"") x =o0. 2.1 10%
2+er tgx B
3-variant
tg2x + 6x

1. f(x) :%, x,=0.

. lim=———.
1+ 3+ =0 In(1 + 3x)
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yoki x* # 4 shartdan topamiz. Demak, D(f)=(-00;-2) U (2;+»).
2) V6 -5x funksiyaning aniqlanish sohasini 6 — 5x > 0 shartdan topamiz.
Demak, D(f)= (— o0; ﬂ

3) log,(4x —1)funksiyaning aniqlanish sohasini logarifm ostidagi ifoda

musbat bo‘lishi, ya’ni 4x—1>0 shartidan topamiz: D(f)= u;+ooj.

4) arcsin(; + xzj funksiyaning argumenti musbat. Shu sababli é+ x* <1

LB

Bundan — —<x<—
Ne) q

2cos3x funksiya Vx e Rda aniqlangan. Shunday qilib, D(f) = { )

5) a*(a>0) funksiya Vx e Rda aniglangan. Shu sababli 4 funksiyaning

aniqlanish sohasi kasrning aniqlanish sohasidan iborat bo‘ladi.

Y
Bundan x #3.

Ikkinchi qo‘shiluvchining aniqlanish sohasini 9-x*>0 yoki x’<9
tengsizlikdan topamiz. Bundan -3 <x<3.

ctgx funksiya = (nx;(n+1)z), neZ sohada aniglangan.

f(x) funksiyaning aniqlanish sohasi berilgan uchta qo‘shiluvchilar
aniqlanish sohalarining kesishmasidan iborat bo‘ladi.

Demak, D(f)=[-3;0)U (0;3). @

2-misol. Funksiyalarning qiymatlar sohasini toping:

1) f()=x*—6x+5 2) f(x)=4—x+3; 3) f(x)=3";
K f(X)Zarcsin(;+x2j; 5) f(x)=4sin3x+3cos3x.

@® 1) x’-6x+5=(x-3)"-4 va Vxe Rda (x-3)>0 ekanidan xning
barcha qiymatlarida f(x)>-4. E(x —3)=[0;+%) bo‘lgani uchun E(f)=[-4;+x).
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2) E(\J4—x)=[0;+0). Shu shababli E(f)=[3;+w).
3)E(x*)=[0;+c). Shu sababli 3 funksiyaning qiymatlar sohasi 3*
funksiyaning x>0dagi qiymatlar sohasi bilan bir xil bo‘ladi, ya’ni
E(f)=[1+00).
2 2

4) D(f)= {—} va f(-x)=f(x). Shu sababli, funksiya eng kichik

giymatiga x=0 da erishadi va eng katta qiymatiga x = i\zﬁ da erishadi:

fO=arsing =%, [ﬂ@;) % Demak, £(1)-| 5% |

5) acosx +bsinx=~/a’ +b* cos(x — @) ((p = arctg bj formuladan topamiz:
a

f(x)=+3"+4% cos(Bx — @) =5cos(3x — @), ¢ = arctg%.
E(cos(3x —))=[-1;1] ekanidan E(f)=[-5;5]. @

. 3x° -1
3 —misol. =
=350

1) £(0); 2)f(2) ;

3) f(-a; 4)1{ 3(‘;*_11)} 5) fl@)-1.

@& 1)-3). Berilgan funksiyaning analitik ifodasiga xning belgilangan
qiymatlarini qo‘yib, topamiz:

3.0-1 3.(\2)) -1 3.2-1 5
R _32mls,
/O 0+1 f&2) 3.(J2)P +1 3-2+1 7
3 :3-(—a)2—l:3a2—l
Sa) 3-(-a)*+1 3a’+1
a+l1 S
4) Funksiya a ning {3(a—1)  shartni qanoatlantiruvchi qiymatlarida
a-1#£0

aniqlangan.
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Mustahkamlash uchun mashqlar

5.5.1. Funksiyaning uzluksizligi ta’rifidan foydalanib berilgan
funksiyalarning Vx, e R da uzluksiz ekanini isbotlang:

1) f(x)=3x"-7; 2) f(x)=x>+7x—6.

5.5.2. Uzluksiz funksiyalarning xossalaridan foydalanib berilgan
funksiyalarning (—oo;+) intervalda uzluksiz ekanini isbotlang:

2) f(x)=4x-3 +sin’x +

1) f(x)=cos3x—e™";
X +2

5.5.3. Berilgan funksiyalarni uzluksizlikka tekshiring va grafigini
chizing:

x+1
1) /()= 2) fy=x + 21,
| | x+1
3x—1 agar x <0 bo‘lsa
agar x #2 bo‘lsa, . & ’
x =
3) J@)= { 3 agar x =2 bo'lsa; R % agar x2 0 bo'lsa;
Y
5) f(x)=2""; 6) f¥) =17 2] =
1 agarx<-3  bo'lsa, x> agarx<3 bo'lsa,

4 agar 2 <x <5 bo'lsa,

7)f(x)= N9—-x* agar —3<x<3 bo‘lsa, 8)f(x):

x—3 agarx >3 bo‘lsa, —x+7 agarx>5 bo'lsa,

|x—3] | sin x|
9 = 10 =
) ) x*=2x-3 ) f) (x—1Dsinx
5.5.4. a ning qanday iymatlarida berilgan funksiyalar uzluksiz bo‘ladi?
x* +3x-10
T agarx< 2 bo‘lsa, B 3" agar x>0 bolsa,
1) S0y = o2 2) J&= {a cosx+2 agarx <0 bo‘lsa.

a’ —x agar x > 2 bo‘lsa;

5.5.5. f(x)funksiyaning x, nuqtadagi uzilish turini aniqlang:

D s )_3x+4 X, =3 2) fw=2"2, X, =3
-3 x+3
5 1 3

= — . 4 _ _3

3) J () =aretg = x, = ) f@)= s % =3
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Demak, murakkab funksiya x, =2, x, = %, X, =% nuqtalarda uzilishga

ega bo‘ladi. Bu uzilish nuqtalarning turlarini aniqlaymiz.
x, =2 nuqtada: lim /(x)=lim f(z)=0, lim /(x)=lim f(z)=0.

Bundan f(2-0)=f(2+0). Funksiya x, =2 nuqtada aniqlanmagan.
Demak, x, =2 bartaraf gilinadigan uzilish nuqtasi va bu nuqtada
murakkab funksiya birinchi tur uzilishga ega.

X, = % nuqtada: 111}10f(x) = Zlimof(z) = +o0, 1i13nof(x) = :Li{zrlof(z) — o0,
Xﬁ}gf x~>5+

X, :g nugqtada: lirlril0 f(x)= 1_1'r31710 f(z)=—m, lirln0 f(x)= Zlir}t}() f(z) =+00.

Demak, x, =% va x, =% nuqtalarda murakkab funksiya ikkinchi tur
uzilishga ega.

5.5.4. Agar f(x) funksiya (a;b) intervalning har bir nuqtasida uzluksiz
bo‘lsa, u holda f(x) funksiyaga (a;b) intervalda uzluksiz deyiladi.

Agar f(x) funksiya (a;b) intervalda uzluksiz bo‘lib, a« nuqtada o‘ngdan
uzluksiz va b nuqtada chapdan uzluksiz bo‘lsa, f(x) funksiyaga [a;b]
kesmada uzluksiz deyiladi.

Kesmada uzluksiz funksiyalarning xossalarini ifodalovchi teoremalar.

Bolsano-Koshining birinchi teoremasi. f(x) funksiya [a;b] kesmada
uzluksiz va kesmaning chetki nuqtalarida turli ishorali qiymatlar qabul qilsin.
U holda shunday c € (a;b) nuqta topiladiki, bu nuqtada f(c) =0 bo‘ladi.

Bolsano-Koshining ikkinchi teoremasi. f(x) funksiya [a;b] kesmada
uzluksiz va f(a)=4, f(b)=B, A<C<B bo‘lsin. U holda shunday ce[a;b]
nuqta topiladiki, f(c)=C bo‘ladi.

Veyershtrassning birinchi teoremasi. Agar f(x) funksiya [a;h] kesmada
uzluksiz bo‘lsa, u holda u bu kesmada chegaralangan bo‘ladi.

Veyershtrassning ikkinchi teoremasi. Agar f(x) funksiya [a;b] kesmada
uzluksiz bo‘lsa, u holda u shu kesmada o‘zining eng kichik va eng katta
qiymatlariga erishadi.
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3-( a+l ]2—1 3.a7+1_1
f{\/ﬁJ: T T Aol :l’ a € (—oo;=1] U (I;+0).
3(a-1) 3.( a+1 J+1 3. a+1 ] @
3a—1) 3(a-1)
3a’-1 _1=3012 -1-3a’ -1 2
3a’ +1 3a’ +1 3a° +1°
. 8
4-misol. f(x)= 3
eng kichik qiymatini toping.
@ ¢(x)=2x-x" -3 belgilash kiritamiz.
Pp(x)=2x-x"-3=-2-(x -2x+1)=-2—(x-1)°.
Bu funksiya (-oo;+0) intervalda manfiy, (-o0;1] intervalda o‘sadi va [I;+o)
intervalda kamayadi.

U holda f(x)=% funksiya(—o;1] intervalda kamayadi va [1;+o0)
px

5) f(a)-1=

funksiyaning monotonlik intervallarini va

intervalda o‘sadi. Bunda min f(x)=f()=-4.

5-misol. Funksiyalarning juft, toq yoki umumiy ko‘rinishda ekanini
aniqlang:
1) f)=x"=8x; 2) f(x)=x"=3|x[; 3) f(x)=2e"+e;
4) f(x)=3sin x + cos x; 5) f(x)=InQ2x+~1+4x).
@ 1)D(f)=(-o;+0)va f(—x)=(-x)’ —8(—x)=—x" +8x=—(x’ — 8x) =—f(x).
Demak, funksiya toq.
2) D(f)=(—o0;+0) va f(-x)=(-x)"—|—x|=x"—|x|= f(x), ya'ni funksiya
juft.
3) D(f)=(-o0;+0) va f(-x)=2e" +e™ #+f(x). Demak, funksiya umumiy
ko‘rinishda.
4) D(f)=(—0;+0) va f(—x)=23sin(—x) + cos(—x) =-3sinx + cosx # *+ f (x),
ya’ni funksiya umumiy ko‘rinishda.
5) D(f)=(—oo;+m). Toq funksiya uchun f(-x)=-f(x) yoki
f(x)+ f(=x)=0 bo‘ladi. Tekshirib ko‘ramiz:
F()+ f(=x) =In2x + V14 4x7) + In(=2x + 1+ 4x7 ) = In(1 + 4x* — 4x*) =In1=0.
Demak, funksiyatoq. &
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6 —misol. Funksiyalarning davrini toping:
1) f(x)=sin6x; 2) f(x)=cosbx +1g4x;

3) f(x)=cos’3x; 4) f'(x)zctgg.

@& 1) sinx funksiyaning davri 7, =2z. Bundan 7 =2?”=§.

2) cos6x va tg4x funksiyalarning davrlari mos ravishda 7, =§ va T, =%.

U holda f(x)=cos6x+g4x funksiyaning davri % va %sonlarining eng
kichik
umumiy karralisiga teng bo‘ladi, ya’'ni 7, =7.

3)cos’3x = L+ cos6x ekanidan berilgan funksiyaning davri
cos6x funksiyaning davri bilan bir xil bo‘ladi. Demak, 7, = 2% = %
4) ctgx funksiyaning davri 7, =z. Bundan 7, = (17/73) =3r. O

7-misol. f(x)=log,(x++1+x*) funksiyaga teskari funksiyani toping.

@ J1+x*>/x| bo‘lgani sababli berilgan funksiya (—oo;+o0)intervalda
aniqlangan. Bu funksiya uchun f(x)+ f(-x)=0, ya’ni funksiya toq.
Funksiya x>0 da o‘sadi. Demak, berilgan funksiya xe(—o;0)da qat’iy
monoton va unga teskari funksiya mavjud.

y=f(x) desak, y=log3(x+m) bo‘ladi. Bu tenglikni xga nisbatan
yechamiz: 3* =x++1+x*, 37 =—x+/1+x* (chunki funksiya toq).

Bundan x:%(}" +37) yoki y:%(3" +37). O

5.1.5. y=f(x) funksiyaning grafigi deb Oxy koordinatalar
tekisligining abssissasi x argumentning qiymatlaridan va ordinatasi
y funksiyaning mos giymatlaridan tashkil topgan barcha (x; f(x)) nuqtalari
to‘plamiga aytiladi. Bunda har bir vertikal (Oy o°‘qqa parallel) to‘g‘ri chiziq
(x; f(x)) nugtalar to‘plamining faqat bitta nuqtasini kessa, bu to‘plam
y = f(x) funksiyaning grafigi bo‘ladi.

Elementar funksiyaning grafigini chizishda funksiyaning quyidagi
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& 1) Funksiya x =0 nuqtada aniglanmagan:

7[_

. 1 . 1
f(-0)=limarctg—= L A, [f(+0)=limarctg—= A
x—>-0 X 2 X>+0 X 2

5.

Demak, x=0 sakrash nuqtasi va bu nuqtada funksiya birinchi tur
™ (_ ﬂ)
2 2

1
f(=0)=1im2* =0, f(+0)=lim2" =oo.

uzilishga ega. Funksiyaning sakrashi u=[4, - 4|= =7.

2) Funksiya x =0 nuqtada anigqlanmagan:

Demak, funksiya x =0 nuqtada ikkinchi tur uzilishga ega.

3) y=-1, y=x+1, y=cosx funksiyalar butun sonlar o‘qida uzluksiz.
Shu sababli berilgan funksiya analitik ifodasini o‘zgartiradigan x, =-2 va
x, =0 nuqtalarda uzilishga ega bo‘lishi mumkin.

x, =-2 nuqtada: f(-2-0)= lim (-D)=-1, f(-2+0)= lim (x+1)=-1.
Bundan f(-2-0)=f(-2+0). Funksiya x, =-2 nuqtada aniqlanmagan.

Demak, x, =-2 bartaraf qilinadigan uzilish nuqtasi va bu nuqtada
funksiya birinchi tur uzilishga ega.

x, =0 nuqtada: f(-0)= vliIEO(x +)=1, f(+0)= }i@ocosx =1, f(0)=0+1=1.
Bundan f(-0)= f(+0) = f(0).

Demak, x, =0 nuqtada funksiya uzluksiz. @

4 -misol. f(z) :%6, bu yerda z =¢(x) :% bo‘lsa, f(x)= f(p(x))
z'—z— X =
murakkab funksiyani uzluksizlikka tekshiring.

& z=¢(x)= % funksiya x, =2 nuqtada uzilishga ega. f(z)=
Y —

zP—z-6
funksiya  z’-z-6=0 tenglamani qanoatlantiruvchi z =-2 va z,=3
nugqtalarda uzilishga ega.

z,=—2da -2=

! . Bundan x, :é.
2 2

X, -

1

x, =2

z,=3da 3= Bundanx;%.
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& Agar f(x) funksiya x, nuqtada uzluksiz bo‘lsa, lim f(x) = £ (x,)
tenglikni f(@nxj: 7(x,)kabi yozish mumkin, ya’ni uzluksiz f(x)

funksiyada xargument o‘rniga uning x, nuqtadagi limit qiymatini qo‘yish
mumkin.

2 —misol. lirrolw (a>0,a=1) limitni toping.
X x

log, (1+x) .

1
@ lim hml -log,(1+x)=limlog, (1+x)*.
x—0 X x—=0 X x—0

Logarifmik funksiya uzluksiz. U holda
limlog, (1+ x)* =log, (ligol(l + x)‘j.

Bundan lim(1 + x)* =e ekanini inobatga olib, topamiz:

fim P&+ _,

x>0 X

og,e. O

5.5.3. Agar f(x) funksiya x, nuqtada uzluksiz bo‘lmasa, u holda x,
nuqtaga f(x) funksiyaning uzulish nuqtasi deyiladi.

Agar f(x) funksiya x, nuqtada chekli bir tomonlma Erqo f(x)=4 va
lim f(x)=4,limitlarga ega bo‘lsa, u holda x, nuqtaga f(x) funksiyaning
birinchi tur uzilish nugtasi deyiladi. Bunda:

a) 4 = 4, bo‘lsa, x, bartaraf qilinadigan uzilish nugtasi deb ataladi;

b) 4, # 4, bolsa, x, sakrash nuqtasi va u=|A4, — 4| kattalik funksiyaning
sakrashi deb ataladi

Agar x, nuqtada f(x) funksiyaning bir tomonlama limitlaridan
kamida bittasi mavjud bo‘lmasa yoki cheksizlikka teng bo‘lsa, u holda
x, nuqtaga f(x) funksiyaning ikkinchi tur uzilishi nuqtasi deyiladi.

3 -misol. Funksiyalarni uzluksizlikka tekshiring:

1 -1 agar x<-2 bo'lsa,
1) f(x)=arctgl; 2) f(x)=2"; 3) f(x)={ x+1 agar —2<x<0 bo'lsa,
x

cosx agar x>0 bo'lsa.
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xossalarini inobatga olish kerak:

— juft funksiyaning grafigi ordinata o‘qiga nisbatan simmetrik bo‘ladi;

— toq funksiyaning grafigi koordinatalar boshiga nisbatan simmetrik
bo‘ladi;

— o‘zaro teskari y= f(x)va y=¢(x) funksiyalarning grafiklari 7va I/
choraklar koordinata burchaklarining bissektrisalariga nisbatan simmetrik
bo‘ladi;

— davriy funksiyaning grafigi Ox o‘qi bo‘ylab chapga va o‘ngga davr
birligiga surish orqali qaytariladi;

— o‘zgarmas funksiyaning grafigi abssissalar o‘qiga parallel to‘g‘ri
chiziq bo‘ladi;

— darajali funksiyaning grafiklari (1;1) nuqtadan o‘tadi va o ga bog‘liq
bo‘ladi:

— ko‘rsatkichli funksiyaning grafigi (0;1) nuqtadan o‘tadi;

— logarifmik funksiyaning grafigi (1,0) nuqtadan o‘tadi;

— teskari trigonometrik funksiyalarining grafiklari trigonometrik
funksiyalarning grafiklaridan y = xto‘g‘ri chiziqqa nisbatan simmetrik qilib
hosil gilinadi.

Funksiyaning grafigini oldindan ma’lum y= f(x)funksiya
grafigidan almashtirishlar (surish, cho‘zish, siqish) orqali hosil qilish
mumkin.

Xususan:

1) y=/f(x)+b funksiyaning grafigi y= f(x)funksiya grafigini Oyo‘qi
bo‘ylab »>0 da yuqoriga,b<0da pastga |b| birlikka surish bilan hosil
qilinadi;

2) y=f(x-a) funksiyaning grafigi y= f(x)funksiya grafigini Oxo‘qi
bo‘ylab a>0 da o‘ngga, a<0da chapga |a| birlikka surish bilan hosil
qilinadi;

3) y=kf(x)(k=0,k=1) funksiyaning grafigi y = f(x)funksiya grafigini
Oy o°‘qi bo‘ylab |k|>1 da |k|marta cho‘zish, |k|<1da |II{| marta surish
orqali hosil qilinadi;

4) y=f(kx) (k # 0,k #1) funksiyaning grafigi y = f(x) funksiya grafigini

Ox o‘qi bo‘ylab |k |>1 da |k|marta siqish, |k |<1da 11(| marta cho‘zish
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orqali hosil qilinadi;

5) y=-f(x) funksiyaning grafigi y= f(x)funksiya grafigini Oxo‘qqa
nisbatan simmetrik akslantirish orqali hosil gilinadi;

6) y= f(-x) funksiyaning grafigi y= f(x)funksiya grafigini Oy o‘qqa
nisbatan simmetrik akslantirish orqali hosil gilinadi;

7)  y=|f(x)| funksiyaning grafigi y= f(x)funksiya grafigining Ox
o‘qdan yuqorida yotgan qismini o‘zgarishsiz qoldirish, Ox o‘qdan quyida
yotgan qismini esa bu o‘qqa nisbatan simmetrik akslantirish orqali hosil
qilinadi;

8) y=f(/x|) funksiya grafigi y= f(x)funksiya grafigining Oy o‘qdan
o‘ngda yotgan qismini o‘zgarishsiz qoldirish, Oy o‘qdan chapda yotgan
qismini esa bu 0‘qqa nisbatan simmetrik akslantirish orqali hosil qilinadi;

9) y=f(x)+ g(x) funksiyaning grafigi y, = f(x)va y, = g(x) funksiyalar
grafiklarining mos ordinatalarini qo‘shish orqali hosil gilinadi;

10) y=f(x)-g(x) funksiyaning grafigi y, = f(x)va y, =g(x) funksiyalar
grafiklarining mos ordinatalarini ko‘paytirish orqali hosil gilinadi;

11) yzjgrgg funksiyaning grafigi y, =f(x)va y,=g(x) funksiyalar
grafiklarining y, # 0 bo‘lgan mos ordinatalarini bo‘lish orqali hosil qilinadi;

12) y = f(p(x)) funksiyaning grafigi avval z =¢(x) funksiyaning grafigini
chizish, keyin esa y = f(z) funksiyaning xossalarini bilgan holda y = f(¢(x))
murakkab funksiyaning grafigini chizish orqali hosil gilinadi.

8 —misol. y=2sin(3x —2) funksiyaning grafigini chizing.

@ Avval funksiyani y=2sin 3()( - ‘;‘j ko‘rinishda yozib olamiz.

1) y, =sinx funksiya grafigining bir to‘lqinini chizamiz.

2) 3-bandga ko‘ra y, =sinx funksiya grafigini Oyo‘qi bo‘ylab  ikki
marta cho‘zib, y, =2sinx funksiya grafigini hosil qilamiz.

3) 4-bandga ko‘ra y, =2sinx funksiya grafigini Oxo‘qi bo‘ylab uch
marta siqib, y, =2sin3x funksiya grafigini hosil qilamiz.

4) 2-bandga ko‘ra y, = 2sin3x funksiya grafigini Oxo‘qi bo‘ylab o‘ngga

% birlikka surib, izlanayotgan, ya’'ni y =2sin(3x —2) funksiya grafigining
bir to‘lqinini hosil qilamiz (1-shakl).
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Agar limAy=0 bo‘lsa, u holda f(x) funksiya x, nugtada uzluksiz
deyiladi. Bunda Ax=x-x, argumentning x, nuqtadagi orttirmasi,
Ay = f(x)— f(x,) funksiyaning x, nuqtadagi orttirmasi.

& xargumentning x, nuqtadagi cheksiz kichik orttirmasiga
f(x) funksiyaning bu nuqtadagi cheksiz kichik orttirmasi mos kelsa,

f(x) funksiya x, nugqtada uzluksiz bo‘ladi.

1-misol. y=cosx funksiyani uzluksizlikka tekshiring.
@ y=cosx funksiya xe Rda aniqlangan.
Vx € R nuqtani olamiz va bu nuqtada Ay ni topamiz:

Ay =cos(x + Ax) —cosx = —2sin(x + Azx) . sin% .

U holda lim Ay = yn%(— Zsin(x + Azx) -sin Azx] =0, chunki chegaralangan va

cheksiz kichik funksiyalarning ko‘paytmasi cheksiz kichik funksiya bo‘ladi.

Ta’rifga ko‘ra y =cosx funksiya x e Rnuqtada uzluksiz. @

Agar lim f(x)=f(x,) (-Lin}o f(x)= f(xo)j bo‘lsa, u holda f(x) funksiya
x, hugtada o ‘ngdan (chapdan) uzluksiz deyiladi.

f(x) funksiya x, nuqtada ham chapdan va ham o‘ngdan uzluksiz
bo‘lsa, u shu nuqtada uzluksiz bo‘ladi.

1.5.2. Uzluksiz funksiyalar haqida asosiy teoremalar.

I-teorema. f(x) va g(x) funksiyalar x, nuqtada uzluksiz bo‘lsin.
U holda f(x)+g(x), f(x)-g(x), jgrgg (g(x,) #0) funksiyalar x, nuqtada
uzluksiz bo‘ladi.

Xususan, agar f(x) funksiya x, nuqtada uzluksiz bo‘lsa, u holda
k-f(x),keR funksiya x, nuqtada uzluksiz bo‘ladi.

2-teorema. Asosiy elementar funksiyalar o‘zlarining aniqlanish
sohasidagi barcha nugqtalarda uzluksiz bo‘ladi.

3-teorema. z =¢(x) funksiya x, nuqtada uzluksiz va y= f(z) funksiya
z, = ¢(x,) nuqtada uzluksiz bo‘lsin. U holda y= f(¢(x)) murakkab funksiya
x, nuqtada uzluksiz bo‘ladi.
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5) fim th(x 2).

=2 x4 x—-6

7) hm - 1,
0 gy

. Al+sin*x -1
9) im—————;

=0 ]1—cosx

sin /x )

o0 gVr _ g

11) lim

. e —1
13) im——————;
0 In(1 + arcsin2x)

15) lim sin3x
=7 31g4x’

17)1 tgx sm4x;
=0 x* 4+ 3x

19) lim " —cos2x

=0 xsinx

21) grgx-(e”“ -1);

(e’ =1)-tg3x

23) lim

=0 In(1-3x?)(1 - cos2x)’

2
6) lim XX =4,
= gretg(x —1)

2x _1
8) hmi'
0 garesin x + 2x°

10) lim J1+xtgx -1
*0  xarcsin3x
o _ o™

12) lim
=0 gretg2x — arcsm3x

2x x
14) lim 3775
0 aresin 2x — x°

In(2 + cosx) .
=7 sinx(e® —1)
18) lim xIn(cos 3x)

16) lim

=0 tgx —sinx

20) tim 1,

za— XCOS x

22) limx-(2"" =3"%)

24) lim (WYl+1gx -1)- sm3x

) x( arcsi nx_l)

5.5. FUNKSIYANING UZLUKSIZLIGI

Funksiyaning nuqtadagi uzluksizligi. Uzluksiz funksiyalar
haqidagi teoremalar. Funksiyaning uzilish nuqtalari.
Kesmada uzluksiz funksiyaning xossalari

5.5.1.f(x) funksiya x, nuqtada va uning biror atrofida aniqlangan

bo‘lsin.

Agar f(x) funksiya x, nuqtada chekli limitga ega bo‘lib, bu limit
funksiyaning shu nuqtadagi qiymatiga teng, ya’ni lim f(x) = f(x,) bo‘lsa,

u holda f(x) funksiya x, nuqtada uzluksiz deyiladi.
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1-shakl.

y = 2sin(3x —2) funksiyaning grafigi bu to’lqinni Ox 0°‘qi bo‘ylab
chapga va o‘ngga davriy davom ettirish orqali topiladi. @

9-misol. y=[2x* —8|x|+5|funksiyaning grafigini chizing.

® Avval y =2x’-8x+5 funksiya grafigini chizamiz. Buning uchun
uni to‘la kvadrat ajratish orqali y, =2(x-2)’ —3 ko‘rinishda yozib olamiz.

1) y, =x" funksiya grafigini chizib olamiz.

2) 3-bandga ko‘ra y, =x* funksiya grafigini Oyo‘qi bo‘ylab ikki marta
cho‘zib, y, =2x* funksiya grafigini hosil qilamiz.

3) 2-bandga ko‘ra y, =2x* funksiya grafigini Oxo‘qi bo‘ylab o‘ngga 2
birlikka surib y, =2(x —2)* funksiya grafigini hosil qilamiz .

4) 1-bandga ko‘ra y, =2(x—2)* funksiya grafigini Oyo‘qi bo‘ylab pastga
3 birlikka surib y, =2(x—2)’ —3 funksiya grafigini hosil qilamiz (2-shakl).

5) 8-bandga ko‘ra y, =2(x—2)’ -3 funksiya grafigining Oy o‘qdan
o‘ngda yotgan qismini o‘zgarishsiz qoldirib va Oy oqdan chapda yotgan
gismini bu o0‘qqa nisbatan simmetrik akslantirib, y, =2x* —8|x|+5 funksiya
grafigini hosil gilamiz .

6) 7-bandga ko‘ra y,=2x"-8|x|+5 funksiya grafigining Ox o‘qdan
yuqorida yotgan gismini o‘zgarishsiz qoldirib va Ox o‘qdan pastda yotgan
gismini bu 0‘qqa nisbatan simmetrik akslantirib, izlanayotgan, ya’ni

= ‘sz -8 x| +5‘ funksiya grafigini hosil qilamiz (3-shakl). @
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=2x? 8| x| +5
Y ‘ ] ‘ y5:2x2—8|x|+5

0| T
- ¥y, =2(x-2)" -3 R )
2-shakl. 3-shakl

5.1.6. Ko‘rsatkichli funksiyalardan hosil gilinadigan quyidagi elementar
funksiyalarga giperbolik funksiyalar deyiladi:

x -x

— giperbolik sinus: y = shx, bu yerda shx =< _2e ;

— giperbolik kosinus: y = chx, bu yerda chx = e J;e :

x -x

— giperbolik tangens: y = thx, bu yerda thx = e; — e,v ;
e +e
— giperbolik kotangens: y = cthx, bu yerda cthx =< i e,;, .
e —e

Giperbolik funksiyalar uchun trigonometrik funksiyalarga xos bo‘lgan
quyidagi mos formulalar o‘rinli bo‘ladi:
ch’x —sh’x =1, ch2x =ch’x + sh’x, sh2x =2shxchx, thx = Sh—x, cthx = chx ,
chx shx
ch(x + y) = chxchy + shxshy, sh(x * y)=shxchy + chxshy va boshqalar.
5.1.7.y= f(x) funksiyaning oshkor ko‘rinishdagi berilishi hisoblanadi.
Shuningdek, ayrim hollarda funksiyaning oshkormas ko‘rinishidan

foydalanishga to‘g‘ri keladi.
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U holda

N1+ xsinx —1 . . NI+ x -1 . x
im———————=(sinx~x)=lim———————— = (I+x°)? =1~ — | =
=0 In|cosx]| =0 In |1+ (cosx—1)| 2

1, x’ x’ 1. 2x°
=—lim =|1-cosx~— |=——Ilim =-1.
2 50 cosx —1 2 ?

2x 3x 2x 3x
5) lim— 312 =lim (3, D=-C"-D
0 sin3x —arctg2x  *° sin3x —arctg2x

. 2xIn3-3xIn2 2In3-3In2 9
=lim = =In=.
x>0 3x —2x 1 8

6) 1 =t belgilash kiritamiz. Bunda x - da ¢t —>0.
X

U holda
limx(3"* —1)=lim - (3 —1)=1g§%.t1n3=1n3. o

X -0 t

Mustahkamlash uchun mashqlar

5.4.1. Quyidagilarni isbotlang:
1) x>0 da a(x)=1g2x va B(x)=3x+x’ funksiyalar bir xil tartibli,

2) x—>1 da a(x) :% va B(x)=+/x -1 funksiyalar ekvivalent;
X

3) x>+ da a(x):1+l - va ﬂ(x)=¥ funksiyalar uchun o =o(B);
X

xx +2

4) x>0 da a(x)=arcsin2x+x’ va pB(x)=1-cosx funksiyalar uchun

B=o(c).
5.4.2. Limitlarni ekvivalent cheksiz kichik funksiyalardan foydalanib
hisoblang;:

1) l}fﬂl 1g2x : b 1}3} : l—c?sx .
In(1+ 3x) X +2x +3x
3) fim— 283 _. 4) lim—>_ L,
0 gin x — sin4x” 0 arcsin 2x
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% ko‘rinishdagi aniqmasliklarni ochishda ekvivalent cheksiz kichik

funksiyalarni almashtirish qoidasidan va cheksiz kichik funksiyalarning
xossalaridan foydalaniladi. Bunda ko‘pincha quyidagi ekvivalentliklar
qo‘llaniladi:

x—0 da sinkx~kx, tgkx~kx, arcsinkx~kx, arctgkx~kx,
2
1—coskx~@, e —1~kx, a" —1~kxlna,

In(1+ kx)~kx, log,(1+kx)~kx-log, e, (1+kx)" —1~mkx.

3 —misol. Limitlarni toping:

1) tm2—L; 2) lim 20X .
=0 fgx =0 yarcsin3x’
. tg\/; . A1+ xsinx —1
3) lim TSN 4) lim 2R
) =0 gin*? 2x ) =0 In|cosx]|

3x 3x
S) lim—> =
0 sin3x — arctg2x

6) limx(3"" 1).

@® 1) x—>0da2"-1~xIn2 va 7gx ~ x ekvivalentlikdan foydalanamiz:
. 2"=1 .. xIn2
lim =lim

x—0 l‘gx x—=0 X

=In2.

2) x—0 dalgl+x*)~x’lge, arcsin3x~3x ekanidan

2 2
lim lg(1 +.x ) lim© lgezlgie'Z 1 '
0 xarcsin3x % x-3x 3 3Inl0

3) x—0 da arctg/x ~+/x, sin2x~2x. U holda

. xarctg\/; . xx 1 V2
lm = e, T S T 5 4
sin®? 2x 2x)"? 242 4

. Al+xsiny =1 . Jl1+xsinx -1
4) lim =lim .
0 In|cosx]| =0 In |1+ (cosx —1)|

x—0 daIn|l+(cosx—1)|~cosx—1, chunki x >0 da cosx—1—0.
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Funksiya X to‘plamda aniglangan bo‘lsin. Agar har bir
x € X elementga mos qo‘yilgan yagona funksiya qandaydir F(x,y)=0
tenglamani  qanoatlantirsa, u holda funksiya F(x,y)=0 tenglama bilan
oshkormas berilgan deb ataladi. Bunda funksiyaga oshkormas funksiya
deyiladi. Oshkormas funksiyaning grafigi deb Oxykoordinatalar tekisligining
F(x,y)=0 tenglamani gqanoatlantiruvchi barcha nuqtalari to‘plamiga aytiladi.

& X cR to‘plamda ikkita x=x(r) va y=y(r) funksiyalar berilgan
bo‘lsin. U holda Oxy koordinatalar tekisligining koordinatalari (x(¢); y(¢))
bo‘lgan barcha nuqtalari to‘plamiga parametrik ko‘rinishda berilgan chiziq
(egri chiziq yoki to‘g‘ri chiziq) deyiladi.

Agar parametrik ko‘rinishda berilgan chiziq y=f(x) funksiyaning
grafigini ifodalasa, u holda bu funksiyaga parametrik ko ‘rinishda berilgan
funksiya deyiladi.

Mustahkamlash uchun mashqlar

5.1.1. Funksiyaning aniqlanish sohasini toping:

Cl+x? o I+x

1) f(x)—7x3+8, 2) f(x)_7x2+5x+6’
/ 2, = S __-
3)f(x)_ 4_x7 4) f(x)_(x_l)ma

5) f()= |t 6) fx)=Y2=3¥ = x
x —=11x+18 COS/IX

7) f(x)=Ax—T7+~10-x; 8) f(x)=2x+1—-~x+1;
10) f(x)=+x* -8+

T 4. _3
9)f(x)—\/x—2+\/2—x+\/x +4; o
11) f(x)=arcsinx —arccos(4 — x); 12) f(x)=arcsin(x —2) + 3In(x - 2);

13) f(x)=log, Inlgx; 14) f(x)=Insinx;
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3T
15) f(x)=e"log,(2-3x); 16) f(x)= ln(7];
V(x—6)°
3—4x x+2 1
17) f(x)=+/3—4x +arccosx ; 18) f(x)=arccos 3 +2%;
3 . x—In(x +3)
19 =— —5sin2x. 20) 13 == =7
5.1.2. Funksiyaning qiymatlar sohasini toping:
1) f(x)=x>+4x+2; 2) f(x)=T—-x+2;
3) f(x)=2sinx-35; 4) f(x)=sinx+cosx;
5) f(x)=2" -1 6) f(x)=2¢ +1;
7) f(x)=v9—x*; 8) f(x)=larctgx;
r
1 C2x-3
9) f(x)—3IXI—g, 10) f(x)—7|2x_3|,
1) f() = 12) ()=
x4 4x+5 2 —4x+3]

5.1.3. f(x)=x’3" funksiya berilgan. Quyidagilarni toping:
D r; 2) f(¥4); 3) f(=x); 4) f(ij

5.1.4. Funksiyaning monotonlik oraliglarini toping:
1) f(x)=x>-5x+6; 2) f(x)=x"+arcsinx;
RS
x}

3) f(x)=—; 4) f(x)=arctgx - x.

5.1.5. Funksiyaning juft, toq yoki umumiy ko‘rinishda ekanini aniglang:

1) f(x)=x"-3x-x"; 2) f(x)=x"+5x"+1;
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5.4.2. Cheksiz kichik funksiyalar bir-biri bilan nisbati yordamida
taqqoslanadi.
a(x) va B(x) funksiyaar x — x, da cheksiz kichik funksiyalar bo‘lsin.

1. Agar lim ZEX; = A#0(A—chekli son)  bo‘lsa, a(x) va B(x)
X=X X
funksiyalarga bir xil tartibli cheksiz kichik funksiyalar deyiladi.
a(x)

=0 bo‘lsa, a(x) funksiya g(x) funksiyaga nisbatan

X

2. Agar yf?ﬂ(
yugqori tartibli cheksiz kichik funksiya deyiladi va a =o(f) deb yoziladi.

3. Agar lim ZEX; = bo‘lsa, a(x) funksiya B(x) funksiyaga nisbatan
X=X, X
quyi tartibli cheksiz kichik funksiya deyiladi.

a(x)

4. Agar lim = mavjud bo‘lmasa, a(x) va B(x) funksiyalarga
X

X=X

tagqoslanmaydigan cheksiz kichik funksiyalar deyiladi.

543. © Agar lim2®
T

=1 bo‘lsa, u holda x—»x, da a(x) va B(x)

ekvivalent cheksiz kichik funksiyalar deyiladi va a(x)~ B(x) kabi
belgilanadi.

1. Agar ikkita cheksiz kichik funksiya nisbatida cheksiz kichik
funksiyalarning har ikkalasini yoki ulardan bittasini ekvivalent cheksiz
kichik funksiya bilan almashtirilsa, bu nisbatning limiti o‘zgarmaydi.

2°. Chekli sondagi har xil tartibli cheksiz kichik funksiyalarning
yig‘indisi quyi tartibli qo‘shiluvchiga ekvivalent bo‘ladi.

Cheksiz kichik funksiyalarning yig‘indisiga ekvivalent bo‘lgan cheksiz
kichik funksiyaga bu yig‘indining bosh gismi deyiladi. Cheksiz kichik
funksiyalarning yig‘indisini uning bosh qismi bilan almashtirish yugori
tartibli cheksiz kichik funksiyalarni tashlab yuborish deb yuritiladi.

2 —misol. Hmw limitni toping.

=0 sin x
® x—>0da 2x+5x° +3x* funksiyaning bosh qismi 2x dan iborat. Shu
sababli x > 0da 2x +5x* +3x*~2x va 1-ajoyib limitga ko‘ra sinx~x.
Demak,
2x +5x% +3x"

. . 2x .
m =220 T2 im 2 Cim2 =2, @
x—0 sin x x>0 X x>0
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5.4. CHEKSIZ KICHIK FUNKSIYALAR

Cheksiz kichik funksiyalar. Cheksiz kichik funksiyalarni taqqoslash.
Ekvivalent cheksiz kichik funksiyalar

5.4.1. Agar h»n% f(x)=0 bo‘lsa, f(x) funksiyaga x, nuqtada yoki
x = x, da cheksiz kichik funksiya deyiladi.

Chekli sondagi cheksiz kichik funksiyalarning algebraik yig‘indisi
va ko‘paytmasi cheksiz kichik funksiya bo‘ladi. Shuningdek, cheksiz kichik
funksiyaning chegaralangan funksiyaga va chekli songa ko‘paytmasi cheksiz
kichik funksiya bo‘ladi.

Agar lgr(} f(x)=4 bo‘lsa, a(x)=f(x)-4 funksiya x, nuqtada

cheksiz kichik bo‘ladi.

Agar Ve>0 son uchun shunday §=35(¢)>0 son topilsaki, xning
|x—x,|<8 tengsizlikni qanoatlantiruvchi barcha xeR, x=#x, qiymatlarida
|f(x)|>¢ tengsizlik bajarilsa, f(x) funksiyaga x, nugtada yoki x— x, da
cheksiz katta funksiya deyiladi.

Bu holda hin f(x)=o deb yoziladi va f(x) funksiya x—x, da
cheksizlikka intiladi yoki x = x, nuqtada cheksiz limitga ega bo‘ladi deyiladi.

cheksiz

& Agar f(x) cheksiz katta funksiya bo‘lsa, u holda

fx

kichik funksiya bo‘ladi va aksincha, agar f(x) cheksiz kichik funksiya
bo‘lsa, u holda cheksiz katta funksiya bo‘ladi.

S(x)

1-misol. f(x)=(x~-3)*cos ( ! 3) funksiya x-—>3da cheksiz kichik

bo‘lishini ko‘rsating.
® lim(x-3)=0 ekanidan a(x) = (x —3)* funksiya cheksiz kichik.

ﬁ(x):cos( ! cos( ! j
x= x=3

f(x) funksiya cheksiz kichik «(x)funksiyaning chegaralangan g(x)
funksiyaga ko‘paytmasidan iborat. Shu sababli u cheksiz kichik funksiya
bo‘ladi. O

<1.

3), x =3 funksiya chegaralangan, chunki
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tg2x

3) f(x)= 4) f(x)=ctg3x+cos2x;

5) f(x)=n (3+x) 6) f(x)=In(x+~x*+1);
X

7T) f(x)=2]x|-3; 8) f(x)=x|x];

9) f(x)=3" (x+sinx); 10) f(x):(zX _22xjx.

5.1.6. Funksiyaning eng katta va eng kichik qiymatlarini toping:
1) f(x)=(k—n)cos’x +n (0<k <n); 2) f(x)=4sinx’;
3) f(x)=sin2x+cos2x; 4) f(x)=3sinx+4cosx;
5) f(x)=sin*x+cos’x; 6) f(x)=|cos4x|.

5.1.7. Funksiyaning monoton, qat’iy monoton yoki chegaralangan
ekanini aniqlang:

1)/(x)=sin’x; 2)70=22
_ . S agar x<0 bo'lsa,
/@) _M7 @) _{— 3, agar x>0 bo'lsa.

5.1.8. Funksiyaning davrini toping:
1) f(x)= —2005%; 2) f(x)=ctg(2x —3);

3) f(x):tgx—cosg; 4) f(x)=sin2x+cos3x;

5) f(x)=sin"x —cos* x; 6) f(x)= sin%cos%cosxcos 2x;

7) f(x)=sin2x]; 8) f(x) = cos3x|‘

3x 2x 3x X
9) ](x)—s1n7+cos? 10) f(x)= g——ctg7+sm§.

5.1.9. Funksiyaga teskari funksiyani toping:

1) y=3x+5; 2))/:7)6 ;
1+x

3) y=4+log, x; 4) y=2sin3x.

5.1.10. f(g(x)) va g(f(x) murakkab funksiyalarni toping:
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1) f(x)=3x+1, gx)=x"; 2) f(x)=sinx, g()=|xl;
/@=L gm=-t 4) f(x)=2", g(x)=log, x.
X 4—x

5.1.11. Funksiyaning grafigini chizing:

1) y=x*+4x+3; 2) y=-2sin3x;
2x -1
) y=— 4) y=-x"|x;
2x+1
5) y=xsinx; 6) y=x+sinx.
1
7) y =arccos| x|; 8) y=3~.

5.1.12. Ayniyatni isbotlang:

1) 1_;h2x:L; 2) cthzx—lzi,
ch’x h X

3) ch'x ch2x+1 4) sh'x ch2x
) 2 ’

5)sh(In x) = xz_l; 6) ch(ln x) = ol
X

5.1.13. Qaysi nuqta y +cosy— x =0 tenglamaga tegishli ekanini
aniqlang: 4(1;0); B(00); C( 2) D(rx - 1;7).

. =7 — 1 . . .
5.1.14. Qaysi nuqta {x t2 +’1 parametrik tenglamalar bilan berilgan
y =

egri chiziqqa tegishli ekanini aniqlang: A(1;5); B(; fj C(2;8); D(0;1).

5.1.15. Parametrik ko‘rinishda berilgan funksiyani y = y(x) ko‘rinishga
keltiring:
1) {x:t:rz, 2){x:3smt,
y=t" +4t+5; y =2cost.

5.2. SONLI KETMA-KETLIKLAR
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13) lim ﬁ’
oyt =3t
15) lim sz.

oo xt =2yt 43

17) }ngx(\/4x -1-2x);

19) hm[ : x};
e x? =2

21) tim €2,

x—=0 X

23) linnl[;r —x)tgx;
25) liml —e0s X,

=0 xsin2x

sin 3x

SN
29) 11m(1 - ctng

=0\ sinx

27) lim

31) lim (x = etgre;

33) lim arcsin(x +1)

ool X px

35) i [ 1) :
o\ 2x 4 1
37) lim(?’x_;j ;

ool oy 4

39) lim<—¢

x=2 X —

41) lim(1 + sin x);

43) lim(3 - 2x)m;

45)11m e’

0 fox — Zsmx
47) lim x(In(x +1) ~ In x);

3x*-4

>

14) lim

v +3x x°

16) lim -2
=0 2x 4 x -4’

18) lim(~/x* —4 + x);

X—>—w0

3 2
20) lim L
=\ 5x" 41 Sx+2

22) lim —sinx

=0 x +sinx’
sin3x

24) lim

7 gin 2x

26) lim tgx—flnx;

x>0 X
f x/l +cosx

SlIl X

30) lim(tgx— ! );
T cos x

32) lirrll(; - x]tgmc;

28) lim

34) Tim arctg(x —2)

= x? = 2x

36) Ii (3x 4j;

=2\ 3x 42

38) lim(zx +23j ;

X0\ oy 4

b

40) Tim " =1

ey —pe

42) linol(cos2x)””gz";

44) lim(3 —x)ff.

46) lim—¢—¢

0 gresin x + 3x

48) lim (4x + 1(In(3x +2) -

In(3x - 1)).
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Mustahkamlash uchun mashgqlar

5.3.1. Funksiyaning limiti ta’rifi yordamida isbotlang:

1) lim(2x -3) =1;

3)linllx2 =1

2) lim(1-3x)=4;

4) lim(zj 2.
3\ 4—x

5.3.2. f(x) funksiyaning x=x, nuqtalardagi chap va o‘ng limitlarini

toping:
1) f(x)=[x], x, =3;

3)/(0) ={

x agarx <2 bo‘lsa,

x> —4 agarx>2 bo'lsa, X, =2;

2) f(x):2%7xo =0;

20-x-|1-x| _,

KEA T

5.3.3. f(x)=signx funksiyaning x, =0 nuqtada limitga ega emasligini

ko‘rsating.

5.3.4. f(x) = x —[x] funksiyaning x, =2 nuqtada limitga ega emasligini

ko‘rsating.
5.3.5. Limitlarni toping:
1) lirg(sz +3x-1);
2
. -9
3) 1 xi;
) lim x*—2x-3
. Al+2x -3
5) lim————=;
x4 \/; _ 2
3 f— [—
7) lim N8-x-2
x> x

X' +4x’ +6x+3

5

9) lim -
oo 2xT +3x+1

) lim(2x+l_ x-7 );

=2\ x=2 x*=5x+6

2) limg;
=237 4+9
2_
4) lim x —=Tx+10

=5 2%t —11x+5’

. N2—-x-1
6) hmi;
x—l /5_x_2

8) lim %V”x_l;

x>0 X

10) lim—*"*=2

R S S

. 3 1
12) lim +—
) *‘L‘()f -1 l—xj
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Sonli ketma-ketlik. Sonli ketma-ketlikning limiti.
Yagqinlashuvchi ketma-ketliklar. ¢ soni

5.2.1. Har bir » natural songa mos qo‘yilgan x,x,,x,,...x,...
haqiqiy sonlar to‘plamiga sonli ketma-ketlik deyiladi va {x }kabi belgilanadi.
Bunda x,x,,x,,.,x,.. sonlar {x }ketma-ketlikning hadlari, x, bu ketma-
ketlikning umumiy hadi, » uning nomeri deb ataladi.

Analitik usulda ketma-ketlikning umumiy hadini topish formulasi
beriladi. Rekurrent usulda ketma-ketlikning » —hadini oldingi hadlar orqali
topish formulasi beriladi.

1-mis ol Berilgan ketma-ketliklarning birinchi beshta hadini toping:

n L, n juft bo'lsa,
1) x _GD 2) x, = n—1
n n > n n

2

3) x,=3,x,=n-x,,.

——, ntoq bo'lsa;

n +1

@ Birinchi ikkita ketma-ketlikda » ning o‘rniga 1,2,3,4,5 giymatlar
go‘yib topamiz:

1 3 1
2) X = x, =1, Y=g Y=y

T 26
3) Uchinchi ketma-ketlikning birinchi hadi x, =3. Keyingi hadlarni
rekurrent formuladan topamiz:
x,=2-x,, =2-x,=2-3=6, x,=3-x,=3-6=18,
x,=4-x,=4-18=72, x,=5-x,=5-72=360. O

Agar Vne N uchun x, =c(ceR) bo‘lsa, {x,} ketma-ketlikka o zgarmas
ketma-ketlik deyiladi.

Agar shunday o‘zgarmas M (m)soni topilsaki, Vne N uchun x, <M
(x, >m) bo‘lsa, {x,} ketma-ketlikka yuqoridan (quyidan) chegaralangan
deyiladi. Agar {x } ketma-ketlik ham quyidan ham yuqoridan chegaralangan
bo‘lsa, ya’ni shunday o‘zgarmas m va M sonlari topilsaki, Vze N uchun
m<x <M bo‘lsa, {x } ketma-ketlikka chegaralangan deyiladi.

Agar v4>0 son uchun {x } ketma-ketlikning |x |> 4 tengsizlikni
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qanoatlantiruvchi hadi topilsa, {x,} ketma-ketlikka chegaralanmagan
deyiladi.

2-misol {x}= {”1} ketma-ketlikning chegaralanganligini
n+
ko‘rsating.
@ Birinchidan x =—"—=1- Lo, Demak, ketma-ketlik yuqoridan
n+1 n+1

chegaralangan. Ikkinchidan x, = " . to‘g‘ri kasr. Shu sababli x, >0. Demak,

n+
ketma-ketlik quyidan chegaralangan. Shunday qilib, 0<x <1 (m=0,M =1)),
ya’ni berilgan ketma-ketlik chegaralangan. @

AgarVne N uchun: x,<x,, (x,>x,,) bo‘lsa, {x,} ketma-ketlikka
qat’iy o ‘suvchi (qat’iy kamayuvchi ) deyiladi; x, <x,, (x,>x,, ) bo‘lsa, {x,}
ketma-ketlikka kamaymaydigan (o‘smaydigan)deyiladi.

O‘suvchi, kamaymaydigan, kamayuvchi va o‘smaydigan ketma-ketliklar
monoton ketma-ketlik nomi bilan umumlashtiriladi. Bunda o‘suvchi va
kamayuvchi ketma-ketliklarga gat iy monoton ketma-ketliklar deyiladi.

3-misol {x}= {3”} ketma-ketlikning qat’iy kamayuvchi ekanini

ko‘rsating.

xnﬂ

@ Agar ketma-ketlik qat’iy kamayuvchi bo‘lsa, x, <x, yoki <1

n

bo‘ladi.

, X

n+l

n+1 .
=3 ekanidan

X

n+l

x 3T 33y n 3

n

Demak, berilgan ketma-ketlik gat’iy kamayuvchi.

_n+l n_(n+D3" _n+l 1_ 1+l ~1£(1+1)~l:z<1.
n) 3 3 3

Ikkita {x,} va{y |} ketma-ketlikning yig‘indisi, ayirmasi, kopaytmasi,
bo‘linmasi (bunda y, #0)deb har bir hadi bu ketma-ketliklar mos hadlarining
yig‘indisidan, ayirmasidan, ko‘paytmasidan va bo‘linmasidan iborat bo‘lgan
ketma-ketlikka aytiladi.
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Demak,

. 3x
lim—
0. ginSx

31
51

W | W

8) x—>0da % ko‘rinishdagi anigmaslik berilgan. ¢ =arcsinx

almashtirish bajaramiz. Bunda x —0da 1 — 0. U holda

. arcsinx . t . 1 1 1
lim =lim——=lim——= ——_=1.
=0y >0 gin¢ 0 sint .. sint ]
— lim——
t =0 t

9) x> o da 17 ko‘rinishdagi anigmaslik berilgan.

Kasrning butun gismini ajratib, almashtirishlar bajaramiz:

1-4x

1 1-4x 1 2x+4 \ 2344
1+ =1+ .
( 2x+4) ( 2x+4]

x—oo da 2x+4—w bo‘lgani sababli yuqorida keltirilgan 9-formulaga

ko‘ra
1 2x+4
lim| 1+ =e.
2x+4

X0

U holda
1
l—4x . "% 0-4 . 245" 1
lim =lim*— = =-2 ekanidan lim =el=—.
e2x+d or, 4 240 =\ 2x + 4 e’

X

10) x>0 da % ko‘rinishdagi anigmaslik berilgan. Almashtirishlar

bajaramiz:
e’ -1 e -1
e —1 . -2x 5 llg)l 5
lim =lim—=% ==. X
x>0 tg3x x>0 [g3x ) 3x 3 hm [g3x
3x ™0 3y

Kasrning suratiga yuqorida keltirilgan 5-formulani va maxrajiga
1 —formulani qo‘llaymiz.
U holda
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3) x>7da % ko‘rinishdagi anigmaslik berilgan. Kasrning surat va
maxrajini +x—-3+2 ko‘paytirib, topamiz:

L Wx=3-9(Wx-3+2) . x-3-4
lim (x-7)Wx=3+2) =T (x=T(x=3+2)

x—7 . 1 ! !

O 3+ B 542 T34z &

4) ¢* = x almashtirish bajaramiz. Bunda x —»1da r—1. U holda

_ 3_ _ 2 2
Vaol_p £l D@kt ] 3

m =lm = = ==,
Sy =1 =1 ST @ =DE+) T+l 2

5) x—>3 da wo—o ko‘rinishdagi anigmaslik kelib chigadi. U holda
. 1 27 . x*43x-18

lim{ ———— =lim——F———=

>\ x=3 x =27) = x =27

im (x=3)(x+6) —1im xX+6 :l.

>3 (x=3)(x* +3x+9) 3 x*+3x+9 3

6) x >+ da - ko‘rinishdagi anigmaslik berilgan. Kasrning surat
va maxrajini vx*+9 +x ko‘paytirib, topamiz:

(\/x +9-x)Wx*+9+x) . x*+9-x’

= lim =

e T

= lim

e \/1+0+1
11+ +1 +—

7) x>0 da 6 ko‘rinishdagi anigmaslik berilgan.  Almashtirishlar

bajaramiz:
3
lim— —fjm—> 3.1
»0ginSx 0 sm5x 5 lim sme
5x =0 5x

sm5x:1.

Yugqorida keltirilgan 1-formulaga ko‘ra lim 5
x—=0 X
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Xususan, {x,} ketma-ketlikning chekli songa ko‘paytmasi deb har bir
hadi {x,} ketma-ketlik hadining shu songa ko‘paytmasidan iborat bo‘lgan
ketma-ketlikka aytiladi.

Agar Ve >0 son uchun shunday N =N(¢) nomer topilsaki, Va> N

uchun | x, <& bo‘lsa, {x} cheksiz kichik ketma-ketlik deyiladi.

4-misol {a}= { }ketma -ketlik cheksiz kichik ekanini
n’ +1

ko‘rsating .
2n
P+1

2n

& Ve>0son olamiz. <5<
n

2l etengsizlikdan n> 2
n &

tengsizlik kelib chigadi. N = [2} desak, Vrn> N uchun |, |<¢ bo‘ladi.
&

Demak, { }ketma -ketlik cheksiz kichik ketma-ketlik. @
n+1

Chekli sondagi cheksiz kichik ketma-ketliklarning algebraik
yig‘indisi va ko‘paytmasi cheksiz kichik ketma-ketlik bo‘ladi. Shuningdek,
cheksiz kichik ketma-ketlikning chegaralangan ketma-ketlikka va chekli
songa ko‘paytmasi cheksiz kichik ketma-ketlik bo‘ladi.

Agar V4 >0 son uchun shunday N = N(4)nomer topilsaki, Vrn> N lar

uchun | x, |> 4 bo‘lsa, {x } cheksiz katta ketma-ketlik deyiladi.

X
n

Agar {x,} cheksiz katta ketma-ketlik bo‘lsa, u holda {1} cheksiz

kichik ketma-ketlik bo‘ladi va aksincha, agar {«,} cheksiz kichik ketma-
ketlik bo‘Isa, u holda {1} cheksiz katta ketma-ketlik bo‘ladi.
a”

5.2.2. Agar Ve >0 son uchun shundayN = N(¢) nomer topilsaki,
Vn>N uchun |x, —al<e bo‘lsa, o‘zgarmas a songa {x,} ketma-ketlikning
limiti deyiladi va limx, =a kabi yoziladi.

& Cheksiz kichik ketma-ketlikning limiti nolga teng bo‘ladi.

Cheksiz katta ketma-ketlik limitga ega bo‘lmaydi. Uning limitini  deb
qaraladi.
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5_misol. lim 27>
oo g4 1

& Ve¢>0 olamiz. Misolning shartidan topamiz:

=2 ekanini isbotlang.

| x

n

\2n+5_ 3] 3

‘n+1 _‘n+1‘_n+1

|x, —al<e tengsizlikni qanoatlantiruvchi » ning qiymatlarini topish

uchun % < ¢ tengsizlikni yechamiz. Bundan » > 3_ 1.
n+ €

N nomer sifatida (3—1j sonining butun qismini, ya’ni N:F—l}
& &
sonini olish mumkin. Bunda V&>0 son olinganda ham Vz>N uchun
|x, —1|< & bo‘ladi.
U holda ketma-ketlik limitining ta’rifiga ko‘ra

im2* -, o
e 4]

5.2.3. Ghekli limitga ega bo‘lgan ketma-ketlikka yaginlashuvchi
ketma-ketlik deyiladi.
Yagqinlashuvchi ketma-ketliklar quyidagi xossalarga ega.
1°. Yaqinlashuvchi ketma-ketlik yagona limitga ega bo‘ladi.
2°. Yaqinlashuvchi ketma-ketlik chegaralangan bo‘ladi.

3. Agar {x} va{y } ketma-ketliklar yaqinlashuvchi bo‘lsa, u holda
1”1513 (x,ty)= limx ilimy bo‘ladi.

4°. Agar {x} va{y } ketma-ketliklar yaqinlashuvchi bo‘lsa, u holda

lim x, -y, =lim x, -lim y, bo‘ladi.

n—m

Xususan, lim x, =a bo‘lsa, u holda lim x, = a*, lim/x, =¥a, k=2,34,....
5°. Agar {x,} va {y,} yaqinlashuvchi ketma-ketliklar bo‘lib, lim y, =0

mxﬂ ¢ .
n =2~ bo‘ladi.
=y, limy,

n—w

6°. Agar {x} ketma-ketlik yaqinlashuvchi bo‘lsa, u holda
lim ¢-x, =c-lim x, (c € R) bo‘ladi.

n—on
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f(x)
9. lim(l+lj =e¢, buyerda x > da f(x)—> .
S (x)

x>0

10. lim (1 + /(x))70 =e, bu yerda x—0 da f(x)—>0.

2 —misol. Limitlarni toping:

2 2
1) lmL‘ 2) th-
14y 4 5x 42 = xt +2x =15
3 Jx-3-2. 4 Vx-1
) lim s ) lim
x—7 x_7 x>l 3\/7 1
5) hm( L _ 327 ] 6) lim(\/x2 +9—x);
x—3 xX— 3 x = 27 X—>+0
7) tim 3x 8) lim arcsmx;
x—0 Sln5x x>0 X
1-4x
9) 1im(2x+5j ; 10) fim &1
e\ 2x +4 =0 tg3x

@ 1) Limitlar haqidagi teoremalardan foydalanib, topamiz:

2t -1 lim(2x* — 1) lim 2x? — lim 1

x—o-1 x—o-1

m = = =
> 45 +5x +2 l_irr_11(4x2 +5x+2) 1ir{1|4x2 +lim 5x + lim 2

2limx’* —1 2(limx)2 -1 2(=1° -1

x—>-1

411mx +511mx+2 4(11mx) +511mx+2 4(-1)° +5(- 1)+2

x—>-1

2) Bu limit uchun ikki funksiya bo‘linmasining limiti haqgidagi
teoremani qo‘llab bo‘lmaydi, chunki x —3 da kasrning maxraji nolga teng

bo‘ladi. Bundan tashqari suratning limiti nolga teng. Bunday hollarda %

ko‘rinishdagi anigmaslik berilgan deyiladi. Bu anigmaslikni ochish uchun
kasrning surati va maxrajini ko‘paytuvchilarga ajratamiz va kasrni
x-3#0(x— 3, lekin x #3)ga bo‘lib, topamiz:

(x=3)@+3)_ . x+3_6_3

=3 (x=3)(x+5) P x+5 8 4
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6-teorema. lim g(x)=0, lim f(x)=C =0 bo‘lsin. U holda:

1) agar |x—x,|<8 (5>0) tengsizlikni qanoatlantiruvchi barcha x lar

J(x) J(x)

uchun >0bo‘lsa, lim £==2 =+ bo‘ladi;
g(x) = g(X)
2) agar |x-x,|<8 (6>0) tengsizlikni ganoatlantiruvchi barcha x lar
uchun TAC)] <0 bo‘lsa, lim SO _ —o0 bo‘ladi.
g(x) o g(x)

5.3.3. Birinchi ajoyib limit

. sinx
lim =1.

x—0 X

lim [1 + lj =e.
o X

Ajoyib limitlar va limitlar haqidagi teoremalar asosida quyidagi

formulalar hosil gilingan:
L Tim S0 R
X0 kx x>0 IOC x50

[ (L) 1

Ikkinchi ajoyib limit

SME i 1 e R
x—0 kx

2. : =m (m>0).
3. fim RO
x50 /ﬂ:
k!r_
4. lim“ ' Ina (a>0).
kx
5. im& 1o,
x—0 kx

6. limx“Inx=Ilimx™ Inx=Ilimx“e™ =0 (a>0).
x>0 X400 X—>+0

) lim(l—kk) =et
X—0 x

k
- lim(1+x)* =e!

~

oo
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7°. Agar {x,} va {y} vyaqinlashuvchi ketma-ketliklar bo‘lib, biror

nomerdan boshlab x <y (x >y ) bo‘lsa, u holda limx, <limy,
(lim x, > lim y, ) bo‘ladi.

8. Agar f{x,} va {z} yaqginlashuvchi ketma-ketliklar hamda
lim x, =lim z, = a bo‘lib, biror nomerdan boshlab x, <y, <z, bo‘lsa, u holda

lim y, =a bo‘ladi.

6 —misol. {x,}= {( " +z 2] } ketma-ketlikning yaqinlashuvchi ekanini
n
ko‘rsating.
® Birinchidan +22 <! +22” =3—?:ésl, n>6da.
n n n n 2
Ikkinchidan "*2>1%2_3 . vien da.
n n- n

»,=0, z, = ZL belgilash kiritamiz. Bunda limy, =limz, =0 va Vn>6

uchun y <x <z bo‘ladi.

U holda 8’ xossaga ko‘ra limx, =0, ya’ni berilgan ketma-ketlik
yaqginlashuvchi bo‘ladi.

Limitga ega bo‘lmagan yoki cheksiz (0)limitga ega bo‘lgan ketma-
ketlikka uzoglashuvchi ketma-ketlik deyiladi.

5.2.4. Sonli ketma-ketlik uchun ushbu

lim [1 + lj =e
o n
formula o‘rinli bo‘ladi.
e soniga Neper soni deyiladi. esoni irratsional son. Uning taqribiy
qiymati 2,78 (e=2,718284828459045...) ga teng.
Umumman olganda
f(n)
hm(Hf(l)J =e, buyerda n > da f(n)—>o. 2.1
inee n
Sonli ketma-ketliklar mavzusining asosiy masalalaridan biri uning
limitini topishdan iborat. Ketma-ketliklarning limitini topishda ketma-ketlik
limitining ta’rifidan, yaqinlashuvchi ketma-ketliklarning xossalaridan va
(2.1) formuladan foydalaniladi.
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7-misol. Quyidagi limitlarini toping:

5n+3 . N4 +3n—-1-n

1) lim 2) im—————;

n—e 7}’[ 2 n—o n-— 5

e . n-1

3) limyn+ 2 +33—n; 4) i 2O ¥ 18 #2337

Pty == 4.3 45
5) lim (n+1)-5n! 6) hm( 3n —1)"’””

v 3k2(n + 1)) »3n-2)

® 1) Ketma-ketlikning surat va maxraji limitga ega emas, chunki ular
chegaralanmagan ketma-ketliklar. Shu sababli yaqginlashuvchi ketma-
ketlikning 5° —xossasini qo‘llab bo‘lmaydi. Bunday hollarda avval ketma-
ketlikning surat va maxraji » ga bo‘linadi va keyin yaqinlashuvchi ketma-
ketlikning kerakli xossalari qo‘llaniladi.

Demak,
. 3
5+é lim| 5+ — 1im5+1imé
. Sn+ 3 . n =0 n neo n- p
lim =lim 5= N 5
Tn=2 g = lim(7—) lim7 — lim =
n n— n n—w n—n g
5+3lmL 5431
~ }Ein T e _5+3:0_5
1 7-2.0 7

7 —2limf 7-2-—

n—n gy 0

Keyingi limitlarni topishda avval ketma-ketlikning xossalarini
qo‘llashga olib keluvchi almashtirishlar bajaramiz, so‘ngra xossalarni

qo‘llaymiz:

2 4+f———1
\/4n $3n—1-n_ \/4+n n '“(V J J4+0-0-1
lim s m(l_) 1-0

n n—® n

Wrv2433-n {0+ 2 ~nr2DG-m) +\3-n)
Jn+2)" —3/(n+2)3=n) +/(3-n)’ -

=1.

3) limyn+2+33-n=1lim

n+2+3-n

"“\/(n+2) —J(n+2)3-n) +3(3- '
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Agar Ve>0 sonuchun shunday &=35(¢)>0 son topilsaki, x ning
x>0 (x<-6)tengsizlikni qanoatlantiruvchi barcha x e R, x # x, qiymatlarida
| f(x)—A|<e tengsizlik Dbajarilsa, 4 soniga f(x) funksiyaning
x>+ (x - —o0)dagi limiti deyiladi va lim f(x)=4 (lim f(x)=4) kabi
belgilanadi.

5.3.2. Limitlar haqidagi teoremalar.
1-teorema. Ikkita funksiya algebraik yig‘indisining limiti bu
funksiyalar limitlarining algebraik yig‘indisiga teng, ya’ni
lim(f(x) £ g(x))=lim f(x) £ lim g(x).

2-teorema. Ikkita funksiya ko‘paytmasining limiti bu funksiyalar
limitlarining ko‘paytmasiga teng, ya’ni

lim(f(x)-g(x)) =lim f(x)-lim g(x).
I-natija. Funksiya x — x,da yagona limitga ega bo‘ladi.

2-natijja. limC=C, C-o‘zgarmas funksiya.

3-natija. lim(k- f(x)=k- hm f(x), keR.

4-natija. lim( f(x))" = (lim f(x))", lim 1 (x) = lygl f(x), k=123,....

3-teorema. Ikki funksiya bo‘linmasining limiti bu funksiyalar
limitlarining nisbatiga teng, ya’ni
lim f(x)

f( ) el , limg(x)=#0.
o g(x) hm g(x) = ©—x

4-teorema. Agar x, nuqtaning biror atrofidagi barcha xlar uchun
f(x) <p(x) < g(x) tengsizlik bajarilsa va lim f(x)=1lim g(x)=4 bo‘lsa,
u holda lim ¢(x) = 4 bo‘ladi.

]

S5-teorema. Agar x, nuqtaning biror atrofidagi barcha x lar uchun
f(x) < g(x) tengsizlik bajarilsa va f(x), g(x)funksiyalar x — x,da limitga ega
bo‘lsa, u holda lim f(x)<lim g(x) bo‘ladi.

X=X ]
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=5lim ! .
5.3. FUNKSIYANING LIMITI 3 f(n+2)" =3 [(n+ 2B —n) +3-n)’
J(n+2)* —3/(n+2)3-n) +3/(3 - n)* ketma-ketlik cheksiz katta.

Funksiyaning limiti. Limitlar haqidagi teoremalar.

Ajoyib - limitlar Shu sababli : ketma-ketlik cheksiz
5.3.1. ® Agar Ve >0 son uchun shunday & =5(¢) >0 son topilsaki, Y +2) =3f(n+2)3-n) +33-n)’
xning |x-x,|<8 tengsizlikni qanoatlantiruvchi barcha xeR, x#x, kichik bo‘ladi.
qiymatlarida |f(x) - 4|<e tengsizlik bajarilsa, 4 soniga f(x) funksiyaning Bundan
x, nuqtadagi yoki x—x, dagi limiti deyiladi va lim f'(x) = 4 kabi lim 1 -0.
yoziladi. ° e (n+2) —3(n+ 2B =n) +3/G-n)’

Bu ta’rif funksiya limitining Koshi ta’rifi deb yuritiladi.
Y g v Demak, limi/n+2 +3/3-n=0.

1 —misol. lim(5x - 6) =4 ekanini ta’rif orqali isbotlang.

. .. L 1-3"
> . = 2
; 5vds >0 sog Olim‘li 5=35(¢)>0sonini  shunday tanlaymizki " 1im2+6+18+"'+2'3w . 2 . ¥
|[x=2[<oda | /(x)-dl<e bo'lsin. ' 4.3 4s 2 4.3.3'£5 =7 12.3'+5
U holda | £(x)—4 = (5x—6)— 4= 5x —10|= 5(x — 2)|= 5| x — 2 |< £ bo*ladi. |
Bundan \x—2\<% Agar 5(5):2 deb olsak, |x—2|<6da |f(x)-4l<e —nml_?" _[1-0]_1
. = 5 12
bo‘ladi. 12+3ﬁ 12+0) 12
Demak, 4
lim(5x-2)=4. @ 1-5n! (n+1- - ==
im( ) 5) lim 3(11' +21(). 5;1).' . 7(;;1 +21 52)) i 2n 45 i ,g _ ; (()) - % .
o ) == 3p42(n+ 1)1 = nl(3+2n + e+ 5 e +
Agar Ve>0 son uchun shunday §=65(¢)>0 son topilsaki, x ning 2+ "
X, <x<x,+06 (x, -6 <x<x,)tengsizlikni qanoatlantiruvchi barcha o
xeR, x#x, qiymatlarida |f(x)-4|<e tengsizlik bajarilsa, 4 soniga f(x) 6) lim( 3n—1jw1 =lim(l+ 1 jw :lim((l+ 1 )MJ“
funksiyaning x, nuqtadagi o'ng (chap) limiti deyiladi va lim f(x)=4 \3n -2 =\ 3n-2 " 3n-2
yoki f(x+0)=4 (lim f(x)=4 yoki f(x-0)=A4) kabi belgilanadi. f(n)=3n-2 deb olsak, n - o da f(n) > . Shu sababli ichki qavs uchun

f(x) funksiyaning X, nuqtadagi O‘ng va Chap limitlari1  bir (2 1) fOI‘mulani va tashql gavs uchun yaqinlashuvchi ketma-ketlikﬂing
4’ —xossasini qo‘llab, topamiz:

tomonlama limitlar deyiladi. Agar f(x) funksiyaning x, nuqtadagi o‘ng va 1

6n+l

chap limitlari mavjud va ular o‘zaro teng, ya'ni f(x,+0)=f(x,—0)=4 T e =AY R b
bo‘lsa, f(x) funksiyaning x, nuqtadagi limiti mavjud va lim f(x)= 4 hlg((l * 2) j =" l=e "=eT' = O
bo‘ladi.
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Mustahkamlash uchun mashgqlar

5.2.1. Ketma-ketlikning birinchi to‘rtta hadi berilgan. Uning umumiy
hadini toping:

1111 25 125 62

1) At TP PP 2) 5,75,75,2,...;
25811 26 24

3) ~ L1, 4) 1515,....

5.2.2. Chegaralangan ketma-ketliklarni ko‘rsating:

1) x, = Z > 2) x, =cosnm + 2ignn;
2+n

3) v, =0 4y x =\ 1-n
NG

5) x, =(=1)"n; 6) x, =In(n+1)—Inn.

5.2.3. Ketma-ketliklardan qaysilari monoton va qaysilari qat’iy
monoton?
n

1 =—; 2) x,=l,x =———;
)% =3, )w=by =
3)x, = 4)x =",
n 5"
5) x, =} 6)x, =2
n.
5.2.4. 1%%% ketma-ketlik cheksiz kichik ekanini isbotlang.
o
2
5.2.5. 1—7,3—7,§,...,4n2 1 Ketma-ketlik 2 ga teng limitga ega ekanligini
14°29°50° 3n" +2 3

ketma-ketlikning limiti ta’rifidan foydalanib isbotlang.
5.2.6. Ketma-ketlikning limitini toping:

5-n’ 3n’ +2
1 X = ) 2 X = 5
)X, 3+2n° )% 4-n
3 2 3
3)x”: Zz’an+n : 4)xn= 272 +3n-1 :
2n° +3n+7 n —2n+1
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5) x,
2n+17
3n’ 1-5n

7) x = ;
)%, 1430 5Sn+1

9) x =Jn+2-+n-2;
11) x, =4/n(n—5) —n;

_(n+2’-(2-n)

>

13)X_A.
At +n+s
! !
15) x, = nH+(n+1)! :
(n+1)!-2n!
17)x”:2—5+4—7+...+2n—(2n+3);
n+5
19)x,,=i+ ! ot ! ;
1.7 7-13 (61— 5)(6n+1)
20)xnzi+i+...+;;
2.4 4.6 2n(2n +2)
1
21) x, =21
3" +1
23) xn:§+i+i+...+l+2 ;
4 16 64 4"
25) x”:lcosnz— 3n ;
n 6n+1

27) x. :(1—1j :

n

29) X :(2n+lj :
2

n—1

6) x _(n+) —(n-1’

>

! 3n* +2
8w =
n+2 2n+l1

10) x, =vn* +n —n’ —n;

12) x, =\/n’ —4n’ —n;

3/n4_1
14) x, = ;
Vr+1
! !
16) x,,=(2n+1)'+(2n+2)';
2n+3)-2n+2)!
18) x”=1+22+3+...+n.
n —-2n+1
22) x”:6~6 +5_3m;
2-3"+1
n-1
24) x”:1+3+9+2...+3 )
2-3"+5

2
26) x, :lsinn3 +22L
n n -1

28) (1j .

1+n

30)x, :(”;‘lj .
n-+1

E

205




 
 
    
   HistoryItem_V1
   SimpleBooklet
        
     Create a new document
     Order: multiple bindings (signatures)
     Signature size: 408 pages
     Add blank pages: no
     Sheet size: 11.693 x 8.268 inches / 297.0 x 210.0 mm
     Front and back: normal
     Align: centre pages top to bottom, pull to centre
      

        
     0
     CentreSpine
     Inline
     10.0000
     20.0000
     0
     Corners
     0.3000
     None
     1
     0.0000
     1
     0
     0
            
       D:20230331103818
       841.8898
       a4
       Blank
       595.2756
          

     Wide
     408
     Multiple
     1101
     240
    
     0
     Custom
            
       CurrentAVDoc
          

     1
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

   1
  

 HistoryList_V1
 qi2base



